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CHAPTER 1

GENERAL OVERVIEW

Quantity measurement of the change in energy by a force from any dynamical
action has been used for modern dynamical mechanics. Newtonian mechanics need a
free body diagram to analyze positions, velocities, accelerations, and forces acting on any
dynamical systems. From a free body diagram, vectors are another thing that we have to
keep track of cross and dot products, so Newtonian mechanics is required to know the
analysis of vectors or vector mechanics. Momentum and forces are essential features in
vector mechanics. Unlike Newtonian mechanics, analyzing energy methods requires
knowledge of kinetic energy and potential function. Since kinetic energy, potential
functions, and work are scalar quantities, we do not have to analyze vector mechanics.
By analyzing energy along with variational calculus, Lagrangian Dynamics and
Hamiltonian Dynamics have been established. In Chapter 2, we review these two
dynamics systems in terms of how they were developed and how they were used in
mechanics.

Understanding of constraint would also help in modern dynamical mechanics. In
Newtonian mechanics, the constraint forces such as boundary conditions and initial
conditions are required to be known in addition to applied forces. Because coordinates
used are dependent on the system, we need to take account of all the constraint forces.
However, using generalized coordinates that are independent of the system (we will also
review in Chapter 2), we can embed constraint equations that will be seen in Lagrange’s
Equations of Motion (Chapter 2). The number of degrees of freedom in generalized

coordinates is the same as the equation of motion. The number of degrees of freedom in



space is different than that in configuration space (collection of generalized coordinates).
For example, a freely moving particle has three degrees of freedom in space and six
degrees of freedom for generalized coordinates, three for position and three for
orientation, in configuration space. Having six equations of motion in configuration
space rather than three equations of motion and constraints in space, for Newtonian
mechanics, this particular example is embedding the constraint equation into the system
of equations. Therefore, it is easier to solve for the constraints because constraints in
configuration space are adjoined to the problem formulation as side conditions.

Thus we need to discuss briefly the classification of constraints. There are four
kinds of constraints: holonomic, nonholonomic, rheonomic, and scleronomic. There are
two forms of equations that will consider holonomic constraints; they are either surface
constant or time dependent.

fx1, x2, x3) = constant and  f{(x1, x2, X3, f) = constant

Nonholonomic constraints are constraints that cannot be expressed in form of
holonomic constraints. Some examples of the rate of changes are inequalities and
nonintegrable differential expressions.

g(x1, x2, x3, 1) >0

Ardxy + Axdx, + Asdxs + Aodt =0
Rheonomic constraints are constraints that time, ¢, appears explicitly at least in a
constraint for a given system of equations (like nonautonomous equations). Scleronomic
constraints are constraints that time, ¢, does not appear explicitly in any constraint for a

given system of equations (like autonomous equations). In this paper, we will look into



all kinds of constraints that are embedded into systems of equations and solve for them
numerically.

Once we get the solution from Lagrange’s Equations of Motion (Chapter 2), the
result describes a single point in the configuration space. Because analyzing energy
methods are based on kinetic energy and potential functions, we should have scalar
quantities such as the result was a single point. An infinite number of different solutions
may be encountered with different velocities at the same point. For example, a simple
spring-weight oscillator can have different velocities at a single position (slower and
faster velocities will be encountered at the same point in the middle of a spring while
oscillating). Therefore considering position and velocity independently will be much
more valuable. The motion of a point in the plane is analyzed by having one axis for the
position and the other for the velocity. This is called a phase space, and it is the logical
plane for analysis.

In later Chapters we will discuss numerical solutions of a system of equations by
Lagrangian, Hamiltonian, and First Integral solutions, like holonomic constraint system
(explained in later Chapters). Lagrangian systems are holonomic systems for which the
forces are derivable from a generalized potential function V(§,4,7), and so are
Hamiltonian systems. Again, since results are scalar quantities, we can take advantage of
solving them numerically. When compared with conventional numerical methods that
are applied to the equations of motion of classical mechanics, such quantities conserve

the total energy and momenta only in the order of the truncation error; round-off errors

are eliminated.



CHAPTER 2

BACKGROUND

2.1 INTRODUCTION LAGRANGIAN DYNAMICS

To systematize equations of motion, coordinates used should be independent of
the system. Thus, generalized coordinates are introduced. Although a freely moving
rigid body, as an example, has three degrees of freedom, it can be determined by six
coordinates: three coordinates is for the position of the center of mass of the body and
three others for the orientation of the body in space. Therefore, a freely moving rigid
body that is like two independent masses moving freely in space, requires a total of six
coordinate specifications. The details of units are not important as long as the six values
uniquely describe the configuration of the system. The collection of all possible points
with the coordinates is called configuration space.

Before we go into Lagrangian Dynamics, we need to discuss about the kinetic
energy of a system because both Lagrange and Hamilton analyzed dynamics based on

energy. A single particle moving in space has kinetic energy as,

3
T=1im) i (2.1.1)

i=1
In here, x is a total time derivative. If we choose qi, q2, and g3 are generalized
coordinates, we must have transformation between the physical and generalized
coordinates as,

X = xi(ql: q27 q3: t) (212)



Taking total derivatives to the transformation with respect to time will be,

ox,

?_Z[Gq, .’} o @13)

Substituting absolute velocity of (2.1.3) into (2.1.1), the kinetic energy of a

particle becomes (using tensor analysis),

T:% o, q.+% . ﬁ.qk+% (2.1.4)
aq] 7ot )\ oq, ot
_ 1 Ox, Ox; . ax,..ax 6xi'%+(%)z
"\ Bq, 2q, 1 Tog U T ag, o T\ o
e Im a%, Y
" 2q, g, VI " ag, - S ot
so that
3 3
T=1%22 a,4, qﬁZﬂ g+
Jj=1 k=1
where
o, om0 g O (08
* =", o, =g, ot T

Thus, the kinetic energy is transformed as a scalar function of the generalized

coordinates and velocities.
T=T(3.4.1) 2.15)

which has total of three generalized coordinates and three generalized velocities.



Likewise, for an N particle system in three-dimensional space, absolute velocities

of the system are

=%y [5’%' .q1]+é’x_f 2.16)

Also, the total kinetic energy of N-particle system in terms of the generalized coordinates

and velocities is,

3N 3N

T=42 > a,q, qﬁZﬂ q,+y 2.1.7)
j=1 k=1
again,
T =T7(4,4,1) (2.1.8)

which has total of 3N generalized coordinates and 3N generalized velocities.
Grouping with respect to the powers of the generalized velocities, we can write
the total kinetic energy as,
T=T+Ti+ T (2.1.9)
Also generalized momentum, p; is defined as the rate of change of the total

kinetic energy with respect to a particular component of generalized velocity g, .

= 2.1.10
20 ( )

Both Lagrangian Dynamics and Hamiltonian Dynamics are based on analysis of
energy along with variational methods. Therefore, instead of generating the equations of
motion from free body diagrams, we will analyze the variation of energy and the
minimum number of coordinates to characterize the dynamics of the system. The

formulation of the dynamics problems in terms of generalized coordinates is called

Lagrangian Dynamics.



The governing equation in vector form for the i-th particle is,

F,o=m,a, = 9P. @2.1.11)
dt

We will now analyze the analytical mechanics. The time rate of change of the

generalized momentum corresponding to the k-th-generalized coordinate is,

d d( ar
y, = — = 2.1.12
Py dr () di [ﬁqu ( )

Because of the total kinetic energy of the system for N-particles systems in

Cartesian coordinates is,

N
T =4 m (%} +y!+2]) (2.1.13)
i=1
Thus pi becomes,
oar & [ &, &, 0’21
p,=——=2 m|x——+y = —+i 2.1.14
£a, zzz; A, k A, ( )

Using the transformation from (2.1.6) and taking partial derivatives with respect

tog becomes

ox _ ox, (2.1.15)

o4, 99, .
Thus, equation (2.1.14) becomes,

or & [ &, &, 0}}

p,=——= D m|x% +y, T4z — 2.1.16

g A, ; a9, a9, aq, ( )
Also, taking time derivative becomes,

T (2.1.17)

Pe= "4\ 24, -



N
pe=Y m{x LTI TR }
i=1 9, a9,

N Cd( ox cd(o,) . df e, J
+ m,| x, — — |+ Y, — + 2z, —
- dt\ Jq, dt\ 9q, dt\ 7q,

According to Newton’s Second Law, the first summation of (2.1.18) becomes,

(2.1.18)

F, =mx,
Fiy:miyz
F..=m.Z

For the second summation of (2.1.18), we will again use equation (2.1.6)

d N N
E(xi)z JZZI EZ(Xi)qj +E(xi)

. L, Ox, . . : o . . .
and replacing x, with 3 - in the equation, and its derivative with respect of time will be

dt\dq,) 520q9,\%,) o\,

& d°x, p J%x,
7o 09,09, ' o1dg,
V74 " Ox, Ox

= 2 54,
aq, | T2 ﬁqj ot

ox

d(&xiJ o [ ]= ¢

dt \ 99, -0 9 a9,
where 7 is the coordinates, and N is number of particles.

Thus, equation (2.1.18) becomes,

pk d EEJZQ/(-FimJ[X.:I d&i +y1 @‘/i +Z @}IJ

i\ &y, S w, a a,



Therefore, the Lagrange’s Equation of Motion becomes,

d|( or or \
— - = 2.1.19

We will now briefly discuss three different types of Lagrangian Dynamic’s

systems. They are Conservative, Non-conservative and Dissipative Lagrangian systems.

Conservative Lagrangian Systems

For a conservative system, L = 7— V' ;where V is a generalized potential function

usually given as

v =V (@) 2.120)
Therefore,
ov ov
0, = - and — =0
¢ a9, aq ,

as we have usually seen.

Thus, the Lagrange’s Equation of Motion becomes,

d(olt@in-r@)) aG.qn_, __¥@
dt a4, aq, g aq,

Pl (a(T(q,é,t) - V@)J‘ o(1@.3,0-v @)
dt 0”(?,, &qk

(aw,q*,r)J _ A4, _ 2.121)

a
dt 4, a9,



Therefore Lagrange’s equations of motions are,

p, =2 V) _ (2.1.22a)
4 4

d (I -v)_ or oV _ L (2.122b)

a 44, /9, 99, 99,

pk:

Non-conservative Lagrangian Systems
For a non-conservative system, assuming generalized potential function V exists in a way

that is given as,

0,-4 [GV@,&J)}_ (3,4, 2.123)

Cdt| 9g, oq,

If we substitute the given generalized force into Lagrange’s equations (2.1.19), we have

4\ TGq0 | TG40 _d|VGEN| V@I ()9
dt 6q,( aqk dt aq" aqk -

Since L(§,4,1) = T(§,4,1) -V (4,3,1), we get

d|a@4n | oL@qn _, (2.1.25)
dt aq, aq, a

We cannot say the above equation is conservative system although (2.1.25) is
similar to (2.1.21) because the generalized potential function does not depend on the
generalized coordinates only. Therefore a conservative system is a special case of a
Lagrangian system.

For the general non-conservative system, not assuming the generalized potential

function as (2.1.23) or not derivable from a generalized potential function, we can split

Ok as

10



Qk _ cons + nonc _ __afz_l_Q:C (2126)

T Xk k
k

where the conservative component is derivable from a potential function.
Thus, constructing the Lagrangian function L = T — V, we formulate the Lagrange’s

equations of motion as,

i{aL(éﬁJ)}_aL@?J)_ k=12  .n 2.127)

dt|  ag, oq,

where J° are generalized forces which is not derivable from a potential function.

Dissipative Lagrangian Systems

If we have dissipative systems as

Fix = _Cx,- xi
y = G
iz _cz,- Z;

The virtual work done by these dissipative forces under a set of virtual displacement is,

W = ZF OF = _ﬁ (Cx,xiax: +Cyi.)>f5yi +Cz,21521‘) (2.1.28)

i=1

where

11



Also, using equation (2.1.15),

ox, ox,

a9 , - a9 ,

the virtual work done (2.1.28) becomes

n N
W = ‘Z[% Z;—(Cx, X +c,yl+e, 2 )}@k 2.129)

k=1 k=1 04}

Therefore in general we can split more on Oy as,

Qk — :ons +Q:anc +D:_ﬂ/‘+Q:c +D (2130)
0q,
where
N
D=13c, i +c, 32 +c, ) 2131)
=l

D is known as Rayleigh’s Dissipation Function. The Lagrange’s equations of motion

then is,

4\ LG5 | LG4 , DG _ (2.132)
dt g, aq, g, ’ N

where (; is a generalized force which is not derivable from a potential function or a

dissipation function.

12



2.2 INTRODUCTION HAMILTONIAN DYNAMICS
Now we show how to transform Lagrangian Dynamics into Hamiltonian

Dynamics. We can review the Legendre Transformation for the connection between
Lagrangian and Hamiltonian functions.
If f{x) a twice-differentiable function which is strictly convex,

f"(x)>0 (2.2.1)
and let p be a tangential coordinate defined as

p=r'(x) (222)

The Lagendre Transformation is given as

g(p)=xp-f(x) (2.2.3)
so that

d dx df dx

P a d g
and

px—g(p)=px-(p - f(x) = f(x)
Therefore, Lagendre Transformation has a property that p is the tangential coordinate for

g(p) and x is the tangential coordinate for f{x). Therefore is completely symmetrical.

= (loge)l so that x = loge and
x

p

0
As an example, if ¢(x) = log x , then p = %x)

o(x) = log(lﬁg—e} Thus finally, the Legendre transformation of ¢(x)1is
p

loge
g(p):px—rp(x):loge—log( ;‘f ]

= log(—e—] +log p =0.7965 +log p
loge

13



Now we can apply a Legendre transformation to a function of several variables.

Let f(x1, X2,..., X, Y1, Y2,...,Vm) be a function of n + m variables where

o f
det| —=—| =0 (2.2.4)
[é,ylé,y]:|

We introduce new coordinates

., m (2.2.5)

Now we can define the Legendre transformation of £, with respect to the variables

yl:)’%---:ym as
g(x1, X2,..., Xn; Z1,22,.. ., Zm) = Zy,. —f (2.2.6)
i=1
o o
£ _ _ / where k=1,2,... n (2.2.7)
ox , ox ,
Also,
Sy, X2, ., Xy 21,22, ., Zm) = Zy,. - g (2.2.8)
i=1

Again the transformations are completely symmetrical like in one-dimensional
case. There is one more property that is the variables x;, x;,..., x, do not actively
participate in the transformation.

Therefore, the dual function H, the Hamiltonian function transform from

Lagrangian function through Legendre Transformation then is

H=Ypdg -L (2.2.9)

i=1

Lagrangian function can then be rewritten with the Hamiltonian as

14



L=Ypq4 -H (2.2.10)
where

= - (2.2.11)

Thus, if we want to write so-called Hamilton’s Canonical Equations, similar to
Lagrange’s equations, we have

OH

- — 2.2.12
27 ( 2)

P =

but for the ¢, notice the generalized coordinates g; are not transformed by (2.2.7),

therefore

G, = — (2.2.12b)

Thus we have a total of 2» first-order differential equations.

An example of Hamilton’s Canonical Equation of Motion is given below.

2 2 2
_P P P

H= 2m  2mr*  2mr? sin29+V(r’9’¢)
The canonical equations are:
’:‘:ﬁ:& Q:ﬁ: Po ¢:ﬁ:_})¢—
G, m’ Py mr*’ @, mrsin’ 6
. _ _OH _ p; | py oV
Pr = T T e mrisin’d o

. OH _ pgcosb o
Pe =750 " mrisin’0 06

, __GoH __oV
Pe™ " ag ~ o4

15



For the Hamiltonian, one more property can be observed. Since both Hamiltonian
and Lagrangian both were established from kinetic energy expressing in terms of
generalized momenta and generalized velocities, we will look very closely on distinguish
the two expression. Hamiltonian is also a form of energy with expression in terms of the
generalized momenta instead of generalized velocities because generalized coordinates
are not transformed for the generalized velocities; we can compare (2.1.22) and (2.2.12).

Therefore, T} from the (2.1.9) is zero. Therefore

H=3%pg-L=(T,+T)y ~ (L, +T,-V),

i=1
H=T,-Ty+V by (2.2.11)
Furthermore, for natural systems, the kinetic energy is purely quadratic in the velocities.
That is
T=1, and Tp=0
and so the Hamiltonian is
H=T+V (2.2.13)
which is the total mechanical energy of the system.

The time rate of change of the Hamiltonian is

dH [ 6H . 6H SH
- = Z —qi + ___pi 4+ —
dt ~ | aq, 3p, ey

The summation represents the implicit dependence on ¢ through the coordinates
and momenta. The last term represents the explicit dependence of the Hamiltonian on
time ¢ If we substitute the canonical equations,

N o
qi_af)pi pi_

16



we have

g dp ] 28
dt —~ i1 qipi é’t
dH _ JH
Lot 2.2.14
dt ot ( )

The total mechanical energy is conserved that is a special case for the
Hamiltonian (such as the conservative systems are the special case for the Lagrengian
Dynamics). Conservative in here means the autonomous system, time is not explicitly
express in the system of equations that is shown in (2.2.14). Therefore the interesting
statement is that the Hamiltonian function A is a constant throughout the evolution of the
system. That is, the Hamiltonian is an integral of the motion (also called first integral of
equation, we will discuss on later sections), representing the conservation of some portion
of total energy.

Furthermore, since ¢ is not active in the Legendre transformation, it follows from
the property (2.2.7) that

oH oL

(2.2.15)

ot~ o
which means that the variable ¢ appears in the Hamiltonian if and only if # appears in the

Lagrangian function.

If we consider the Hamiltonian as the velocity field of fluid in the Eulerian

description such that the vector fields are given as
% =F(x,%,1)

X, =F(x,%,1)

17



The collection of curves that are tangent to the velocity field at any fixed instant

ds _dy
E R

of time are called steamlines which can shown as—

If fluid is incompressible, there is no change in volume of particles moves along the flow
field; the shape may change during the motion. Thus the incompressibility of the fluid is

o, , oF,
ox

div(v) = —+ =0

1 axZ
Therefore, the Hamiltonian in a stream function for the flow of an imaginary fluid

in 2n-dimensional space becomes

div (%) = Z 04 +Z %P - (2.2.16)
i apl
where
‘F‘l_qx:ﬁ and FZ_pl__ﬁ
api aqx
so that
div(V) = Z Z

1 Op, 6q, ) 6q,5p,

Therefore using Liouville’s Theorem, we can build Hamiltonian (Example 2.2.2).
There is one thing to be noted that div (v) = 0 does not necessarily means the
conservative system of Hamiltonian; it just means Hamiltonian can be easily built

(Example 2.2.2). In Chapter 3, We will discuss how to check analytically whether if the
given Hamiltonian is conservative or not.

Some examples of transforming from Lagrangian to Hamiltonian or vise visa,
verifying Hamiltonian systems using Liouville’s Theorem, and finding the Hamiltonian

and finding Lagrangian by given canonical equations will be shown below.

18



Example 2.2. 1

If the Lagrangian is given as

L =Lx?-Llop?x? 4+ exxi® - 6x°
using (2.1.22a)
oL
p=——_=x=i=23&+2x:‘c
aq X

and (2.2.9)

H=Y"pq,—L=pg-L=Q2%+2x0)x -1x* -1 o’x* + 0’ - &

i=]

H=1x*+10’x* + oct® + &
Thus the Hamiltonian can be determined.
Analyzing example 2.2.1, if we assume we have T = L%* + sxx’andV =10’x* + &,
conservative system with 7;and 71 = Ty = 0, then we can clearly define Lagrangian
system, L = T'— V and Hamiltonian H =T+ V. See example 2.2.6.
Example 2.2.2

X =% +x,

X=X -X
In order to determine if system of equations is Hamiltonian, we use Liouville’s Theorem

on that system of equations of a particle in two dimension.

iaqi +Zap,. _ 0x, +ax2 1120
5 0q, ‘Sop, Ox Ox,

19



Therefore Equations in example 2.2.2 satisfy Liouville’s Theorem and it is a
Hamiltonian system. Thus, we can construct a Hamiltonian equation using potential

function approach.

X =% =% +X,

H(x,x,)=xx, +§+F()q) and % =% +F(x)
Also,

—X, =%%’i) = tX
Therefore,

F(q)=—x% and F(x.)=—§+C
Finally,

5 %

H =xx, +—=—-——+C
(6, %) =xx, 5

We will use this example in later sections.

Example 2.2.3

% =x+2%

%=X %
Again using Liouville’s Theorem to determine if the system of equations are
Hamiltonian,

Z": 04, £y op, _ 0% +6x2 S 1-2y%0
i=1 aq, i=l apz axl ax2

Therefore the given system is not a Hamiltonian system

20



We can also use Liouville’s Theorem for nonautonomous systems to find Hamiltonian
such as Example 2.2.4.
Example 2.2.4

=x1—2x,

=X +x/
Again using Liouville’s Theorem to determine if the system of equations are
Hamiltonian,

Zaq" +Zap" L% e
m 0q;, ‘o 0Op, Ox 0Ox,

Therefore the given system is not a Hamiltonian system
Example 2.2.5
=xf+2x,
% =xf —xt

Again using Liouville’s Theorem to determine if the system of equations are

Hamiltonian,
Zaq, Zap,z ax2=t_t=0
i=1 aqx apl xl axZ
Therefore the given system is a Hamiltonian system
. _ OH(x,%) _
X = =x%1+2%
ax,

=% +F(x)

H(x,x)=xxi+<¢+Fx)  and d’fg; x,)

21



Also

2

. dH(x,

-X :—((;lq %) =—xt’+xt

Therefore,
t2

F'(x))=—xt* and F(x1)=—7 +C

Finally,
7
H(x, %) =%+ —% +C

Example 2.2.6

Consider a mass that only a spring attaches to the wall.

X

e

I

Figure 2.2.1 A mass is attached to the wall only by a spring

Kinetic and potential energy of the system will be

_ 12
=1m

T

V=+lmd

and because the system is conservative, the Lagrangian will be
L=T-V=1m -1m¢

or for our convenience,

L=T-V=im -img¢

22



so that

p=Zomi amd p=Z=mg
& >

H=pi-L=m’ ~4mi’ ~smq) =L mf’ +3mq
Therefore,

H=im +iméd =T+V
We can also prove that Hamiltonian is kinetic energy plus potential energy for

conservative systems.

Example 2.2.7

If one of the canonical equations for a single degree of freedom Hamiltonian system is

given as
p=p -2q+2p

then, we can find A because
. dH
p=——=p -2q+2p
g

H(g, p)=-P'q+q —2pq+F(p)

and
4=%=—2pq—2q+F ‘@) (2.2.17)

Also, we can determine ¢ because it’s a Hamiltonian system, so Liouville’s Theorem has

to satisfy such that

23



a—q:—Zp—Z
oq

g=-2pq—-2q+F(p) (2.2.18)
Comparing (2.2.17) and (2.2.18), we find that

F(p)=F(p)
so that F(p) can be either exponential or zero.

If zero is simple, we can choose F(p) to be €. Therefore,
q=-2pq-2q+e’

and
H(gp)=-P'q+q —2pg+e’

also if we want to convert A to L, we need

gp =-2p°q-2pq+ pe*
Thus,

Lg p)=p—-H=-209-2p¢+pé +P 94— +2pq-¢ =—/q—q +(p-1¢’

24



CHAPTER 3

ANALYTICAL PREDICATION OF CONSERVATIVE SYSTEMS

FROM THE HAMILTONIAN AND FIRST INTEGRALS
3.1 ENERGY PRESERVING ALGORITHMS

For the application of the Hamiltonian, we need to introduce the energy
preserving algorithms. The energy preservation shows some interesting properties of

conservation in Hamiltonian. It is given as

Ma,, +K(d,,)=F, 3.1.1)

d.=d, +ia,+7,,) (3.12)

V., =¥, +LA(a, +ad,,,) (3.13)

4. AUd,)-Ud,)] G.L4)
o -a.f K0, £(d,)

d,=d (3.1.5)

b, =7 (3.1.6)

where U is the potential that generates K,ie, DU =K . This algorithm obeys the
identity
E@,..%,n)= Ed,,5,)+d,, ~d,) (F,, +F,) (3.1.7)
The energy-preserving algorithm (3.1.1)-(3.1.6) can be defined for a general

Hamiltonian system (finite or infinite-dimensional) as well,

B - oH
q:— p:—

— 3.18
op oq ( )

by the following implicit scheme
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In which:

and;

(H(qnﬂ 7ﬁn+1)—H(qn+l7ﬁn)) /—i’
A (B = Pn)

qnﬂ = (—in + At

/l'l (qn+l _qn)

ﬁn-ﬂ :}—5"
~ OH ~ 5
b= @ (=03, B0+ (1= H)P,)

_ OH , . . B,
A= —a—q—(yq,.+l +(1-7)4,,P,,+(1-6)p,)

where «, 3, 7, 0 are arbitrarily chosen in the interval [0,1].

For the proof of conservation of energy,

Equation (3.1.9) becomes,

(3.1.9)

(3.1.10)

(3.1.11)

(3.1.12)

(H(érﬂl’ﬁnﬂ)—H(qn+l7ﬁn))/{

(anrl—qn)‘(ﬁnJr]—ﬁn):At l]‘

Take transpose to both side

then,

Also (3.1.10) becomes

H(a D — a D -,
p»n))’f :At( (qn+1’pn+1)_. H(q,,+1,p,,)) /'lT

(G —G,) Pt — =

(G —8,) Brs =B,
At

(Bus =P =3 _ a5 w5y

At

= —H(qn+l’ﬁn)+H(6n7ﬁn)
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subtracting (3.1.14) from (3.1.13) becomes

(G =3B =B ~((Bra PG, —3)
N

=0=H(4,.,P,.)-H4,P,)
so that
H@q,.,P..)=H,D,)

Example 3.1.1

Example in simple harmonic Oscillator

dF p
H@g p)=——>+=
4P S 5
since n = 1, one particle,
. H . dd
g=—=p and p=—I{=-dafq
@ q

and we want to show the system is conservative using energy preserving algorithms. So,

OoH
1= Bag,, ~0-a)g, f. + 0= )

A=Bp,. +1-PB)p, and A=A
and

p= %(mm +(1-7)9,,0,. +1-8)p,)

H=0(1g,.,+1-7)q,) and uo=p
then,

g =g, + AT Goss: o) = (G0, 2,))

(pn+1 _pn)
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0)qu+1 _+_p:+1 _ ‘02‘13“ _+_p_z
2 2 2 2

qn+l = qn + At
pn+1 - pn
At 2,2
qn+1 = qn S (pn+1 pn)
2 pn+1 - pn
At
Do =+ (Prar +2,) (3.1.15)
})n+l - pn _ At (H(an?pn) _H(qmpn))
(qn+1 _qn)
2,2 2 2,2 2
a)qn+l+&_ a)qn_,{_&
2 2 2 2
pn+l = pn - At
qn+1 _qn
At (0*(q2, - ¢
P =p. _ At (0 (40— 9,))
2 qn+1 _qn
o’ - At
Pra =P~ (@ T 4) (3.1.16)

Now we have two finite difference equations such (3.1.15) and (3.1.16)

Jq P

If we can proof H(g,.,,P..)=H(q,.D,) == +7 =constant, the system will be conservative,

and the phase curve will be elliptical.

Thus,

H(qmbpml): 2 2

N L SN ’
=—a§(qn+5(pm m)j +—[p,, —T(qm +qn)j

2
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G N :
:—2_(% 4_2@m1 +pn)j

_+_l ﬂ{ _A + )+ }2
zpn 2 qn 2 ntl pn qn

4. +Mq(p,, +pn)+—(pm1 +p, ]

4—;( a2 0,4 B +p,,>}+“’—)z{zqn+—<pm m)fj

where (&)’ ~0
Thus,
o cozAt )2 o’ (&)
=4t P +p)+in R ——(%&(pm +P,)
again (Af)’ =0,
Therefore,
o , @'Ng, oNg,  p
=g+ + ot N
2 qj 2 er—l 2 pn 2 pnqn

o , N W't
L P .

o , N
—2_ qzn +T% (pm-l _pn) +&

and we know from (3.1.16) that

w* - At

pn+1_pn:_ (qn+1+qn)

Therefore

o , dNg( &N,
H(qn+1>pn+1) qz 9 ( 2 \qml +qn)j };n

qz ()qn

Hi (CI»H >pn+1) = (qm-l +qn)
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since (Af)* ~O0,

2

Hi (qrﬂ-l)pm-l) zgqf +p_2,, ZH(q,,, p,,)= constant.

Therefore we proved that the given simple Harmonic Oscillator Hamiltonian
system is conservative.
We will now find out whether the given Duffing equation is conservative or not

using energy preserving algorithms.

Example 3.1.2

We know the given Duffing equation does not have damping so that
X+ +x=0

So we can write
x=y
y=—x-x

By using Liouville’s Theorem,

Zn:aq"+zn:ap":a—x+a—y:0+0:0
o 0q, ‘S 0p;, Ox Oy

The system is Hamiltonian. Thus,

x:q:ﬂ:ﬂ:p:y and H(x,y):£+F(x)
dp Oy 2
oH
— =F'(x
ax (x)
also
'—x+x3—_'—ﬁ—%
r= -F 0q Ox
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Thus,

x> x*
F'(x)=x+x’ and F(x)= —+"—
2 4
Finally,
¥y ¥ X
H(x,y)=—+—+—
) 2 2 4
or for our convenience set,
2 4
r.q .9
Hgp=—+—+=
4P)="+ 2
where,
. dH . OH
g=—-=p and —p=—=q+q
@ &

We now show that the system is conservative using energy preserving algorithms. So,

OH

ﬂ' = E(aqnﬂ + (l - a)qn’ﬂpnﬂ + (1 - ﬂ)pn)

ﬂ’:ﬂpnﬂ-{_(l_ﬂ)pn and /1T:ﬂ
and

OH

H= E(}/qnﬂ +(1_}/)qna§pn+1 +(1_§)P,,)

=G+ 4 )+ A-7)g, +4,) and uo=u
then,

qn+1 — qn +At (H(qn+1’pn+1)_H(qn+]’pn))

(pn+l _pn)
Quis , Gun , Pan |_(Dua | Gun , Pa
A 2 4 2 2 4 2
n+ = qn + t
q 1 pn+l _pn
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At 2 2
g =g + 0P =P))
2 pn+1 - pn
At
qn+1 :qn+7(pn+l+pn) (3117)
2 At 2
In here, do not try to solveg—”z—”— = %(qn +7( P + P )) and set (A7)’ ~0. g, and p, |

are to be solved simultaneously.

At Gp>P,) = H (G, P,))

p"+1 ) p" (qn+1 - qn)
2 4 2 2 4 2
pn+1 = pn - At
9ni1 —49n
g, =p Y lg2.)-(a2)] arllgi)-(g))

2 qn+1 - qn 4 qn+1 - qn

At At
Pt =Py — 7(%1 +q,)- T(qnﬂ +q,)4qr, +4q,) (3.1.18)

Now we have two finite difference equations such (3.1.17) and (3.1.18). Using these two

equations for the next point in A,

4 2
@+h+& (3.1.19)

Hi =
(@os Pr) 2 4 Ty

substituting (3.1.17) and (3.1.18) into (3.1.19)
=%(qn 4%1(1% er,,)]2 %{(qn %(pm er,,)jz}2
%{Pn —Azf(qn %(pm1 +p)+q) —% @, 4%1@,»1 +p)+q) (qn 4%1(1% +p,,)j2 +q, }I
setting (Af)’ =0
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=1{q + Mg (P, +p,) + 1@+ Mg (p +n)f
+%{pn —%(241")—%(24")({615 +Mgq(p,., +pn)}+95)I

=g +Mq p,, +p)) il +2xg +p,)
N
+12 pn —At% —_Eqn<2qzn +At%(pn+] +pn)):f
=g + Mg (p + 1) +Hd +204 +p))+1p, ~Avg, - Ag)
=@ + Mg D+ p)) 4G -2 G (D + )+ (22 ~200p,g, ~20p, ;)
2 \1n nt+l n 4 \'In ntl n 2 \W'n nin nln
“lgs N
24 E (pn+1 +pn)+4qn +— q3(pm1 +pn)+2pn nqn _Aqui
Now, we substitute equation (3.1.18), so we get
N N N
=14, = q{pn 5 @%@, +3 )+ ) +pn}+% q;
N N N
v cﬁ{pn 5 @797 G +4,)d +qi)+p"}+%p§ ~-Npg,-Npg,
again, setting (A7)> ~ 0
_;_ +_qn[2pn]+ qn +_q3[2pn]+2pn nqn _Atpnqi

=34, +Apg, +19, + Mg, +1 P, - Mpg, - Mip g,
Therefore,

HG,.,P)= h*‘ﬁ Bni ﬂ q— p——H(q,,,p,,) =constant

4 2 2 4 2
Therefore we proof the given system of Duffing equations is conservative. The

phase curves will be closed contours.
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Runge-Kutta, xdot=y, ydot=x-x3’
0.03

I T i

0.02

0014

y ==>
o
I

-0.01

-0.02

03 L L )
-0.03 -0.02 0.01 0 0.01
X ==>

Figure 3.1.1 Runge-Kutta approximation for example 3.1.2 .
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Example 3.1.3

From example 2.2.2

I
H(Jq,xz)—ﬁqwz 2+C

For our convince, let C =0,
2
r_q

H(g p)=gp+—-
(quv)qp2 5

To show the above Hamiltonian is conservative or not, we can again use energy

preservation algorithms,

q—g{—qﬂv and —P—%_—Cﬁp
@ o}

So, it follows that:

oH
A= %;(aqn+l +(1_a)qn’ﬂpn+l +(l_ﬂ)p")

/’L:aqnﬂ+(1_a)qn+@n+l+(l_ﬁ)pn Wlth /’LT:/’L

and
oH
M= “é‘q‘(?"]m +(1 _7/)qn’5pn+l +(l_5)pn)

M= W —~(1=7)4, + P + (=), with 4" =u
Then,

(H(qn+1’ pn+1) - H(q,,+1,P,,))
(pn+1 - pn)

2 2 2 2
qn+l pn+1 qn+1 pn
- - +==L1-|q, p,— =+~
l:[qnﬂ pn+l 2 2 ] [qn pn 2 2 ]:l

pn+l _pn

qn+l = qn + At

Gy =9, + A
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At (prn = P2)

D =9n
1 2 pn+1 - pn
At
qn+1 :qn+7(pn+l +pn) (3120)
q 2
In here, do not try to solve ~2L = %( (p,,+1 +p, )) and set (A1)’ ~0. g,.,and p,,,

are to be solved simultaneously. Hence

— At (H(qnﬂapn) _H(qn’pn))

pn+1 :P,, (qnﬂ n
2 2 s
[(qm-pn—q—"z“—ﬂz"j (qn p,,—%" %H
Prn :pn_At
9 — 4,
Do = P» +£[( 3+1)_( :)I_At(qnﬂ _qn)pn

2 qn+1 - qn qn+1 - qn

At
Pon =D, + 7(% +q,)—Ap,

At
P =P, +7((qn+1 +4,)-2p,) (3.1.21)

Now we have two finite difference equations such (3.1.20) and (3.1.21). Using

these two equations for the next point in /.

P o

3.1.22
— (3.122)

H(G,1, L) =G Pon T

substituting (3.1.20) and (3.1.21) into (3.1.22)
N N

+%(p,, +§((q,,+1 +q,,)—2p,,)j —%(qn +%(p,,+1 +p,,)j

36



setting (Af)* ~ 0

=4,'p, +%qn((%ﬂ +4,)-2p,) %pn(pm +p,)
+%W +A/((g,, +q,,)—2pn))—%(qi +Aq,D,. +pn))

We again substitute (3.3.20),

N N N
=4, D, +E qn(% +E(pml +pn)+% —2pn)+3pn(pml +pn)

+%[Pi +Ap) g, % o +2)*4, —%)]—%(613 +G (P, +,)

N N N
= qn 'pn +5qn(2qn +5(pm»l +pn)_2an +Epn(pm~1 +pn)

+%[Pi +Al:0n( A +§ Drn +p.,)—2pn)j -3 (qi +Aq,(p,. +pn))
setting (Af)* ~ 0

=q, p,+q -Ngp, +§p,,(p,.+1 +P,)
+1{p2 +20g p, ~2007) (G + Mg, (py +P)
=q, p,+ g -Ngp, +%p,,(xv,,+1 +P,)
4,

2

p AZ

Iy Ngp —Npf -2 —— +
+2+ 9.~ —, 2%(1% D,)

N
:qn .pn +N¢ +Epn(pml +pn)

2

D q N

2 NG - ——q (Pt
+2 n 2 2qn n+l pn)

N
:qn 'pn +At¢ +5pn(pn+l +pn)

2
VR A S
+ 2 M 2 2 qn(pml pn)
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We now substitute (3.1.21), so we get

N N
=q, p,+q +3pn[pn +3((q,,+1 +4,)-2p,) +p,,)
? N
+%’—Atpf, qzz zq{ , ((%H +qn)—2pn)+pnj

N N
=q, p,+1q, +5pn(2pn +5((q,,+1 +qn)~2pn))

2
D 4 N
+=r— +q,)-2,
again, setting (Af)> ~0

2
=q, p,+Nq +Nrf +£2" ~Ngf —i—Mm

2

=4, D, +£2,,_qu +Nq(q,-p,)

Therefore

H(qn+1> pn—l—l) qn+1 pn+1 2 éﬂ _qn pn 2 qz'% +N%(% —pn) i]{(qrppn) #constant

Therefore we proof the given system of equations is not conservative. The phase
curve will not have closed contours. In this example, we showed that conservative

systems are a special case of Lagrangian or Hamiltonian systems. Not all Hamiltonian

systems are conservative.
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Runge-Kutta, xdot=x+y, ydot=x-y
1 O T 1 T I T ] T T T

§ sk 3
>

Figure 3.1.2 Runge-Kutté. approximation for example 3.1.3
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3.2 FIRST INTEGRAL FROM EULER-LAGRANGE EQUATION
From Euler-Lagrange equation, we have

ﬁ—i(ﬁ):o (3.2.1)

g de o
where I is a functional, a function of a function, such as
F=F(x,y,y")

and we have second order equation

{855k
@ |x(F y\ 9 y'\ P

There are two special cases from Euler-Lagrange equations.

Case [

If F'is a functional of function x and y ",
F=F(x,y"

then the Euler-Lagrange equation becomes

M = constant (3.2.2)
oy
because
aF(x,y") _0
&y
Case Il

If Fis a functional of function y and y ",
F=F(,5)

then the Euler-Lagrange equation becomes
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I (x,y")
@/!

F(y,y)-y = constant (3.23)

Equation (3.2.2) and (3.2.3) are first-order differential equations. One less
equation has to be integrated. Physically, a first integral represents the conservation of a
certain quantity. The left-hand sides of equation (3.2.2) and (3.2.3) represent the

quantities that are conserved.
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CHAPTER 4

NUMERICAL ODE SOLVERS THAT PRESERVE FIRST INTEGRAL
4.1 ORBITAL DERIVATIVES AND FIRST INTEGRAL

As we have discussed on page 2 of Chapter 1, equations in which the independent
variable 7 does not occur explicitly are called autonomous equations. A vector equation
of autonomous can be written as

= f(x) (4.1.1)

In here, we call equation (4.1.1) an autonomous differential equation because ¢
does not explicitly appear in the equation.

A pomt in phase space with coordinates x; (), x; (¢), ... , x, () for certain ¢, is
called a phase point. In general, for increasing 7, a phase point shall move through
phase-space. In carrying out the projection into phase space, we do not generally know
the solution curves of equation (4.1.1), but it is simple to formulate a differential
equation describing the behavior of the orbits in phase space.

Equation (4.1.1) can be written out in components as
x, = fi(x) ;i=1,...,n
We now use one of the components of x, such as x;, as a new independent

variable. In order to get x; to be such independent variable, f,(x) # 0 . Therefore

dx dx
-d—tlzfl(x) and d_:=fk(x)
and dividing dx, into dx,, we have
dr, _ df(x) k=2 ...n (4.1.2)
dx,  fi(x)
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Example 4.1.1

Harmonic oscillator ¥ + x = 0
The equivalent vector equation in with x = x,, x = x,
X, = X, X, = —X

The orbits of given two dimensional Phase space are described by

dx, __x
dx, X,
x,dx, = —x,dx,

Integration yields
2 2
x, + x, = constant

Or using Liouville’s Theorem,

iaqz Zapz: xl a2:0_0:0
a1 04, 10p; Ox, Ox

Therefore the system is a Hamiltonian system

_GH(x,x)
a,

H(&,&)=§+F(Jq) and

=%

a5, %) _ p
& )

Also,
_ %) _
&
Therefore,
’ _ _i C
F'(x)=x and F(x,)—2+
Finally,
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H(x,x,) :g +§ +C

H(x,x)— C—() xZ

Solutions of system (4.1.2) in phase space are called orbits. In equation (4.1.2),
time has been eliminated, so it can be integrated in a number of cases, producing a
relation between the components of the solution vector. Since simple harmonic
oscillator is conservative, H(x, x;) = C is constant, differentiation with respect to 7 gives,

XX +x06 = X(¥+x)=0

Now we will introduce the concept of orbital derivative. Let L, be the orbital
derivative. Consider the differentiable function I: R* — R and the vector function x:
R— R". The derivative L, of the function 7 along the vector function x, parameterized
by 7, is

61 ol ol ol .
L1I= =—X +—XxX,+..+—X
6x Ox, ox, Ox

n
n

If we consider the equation x = f(x), x € D < R"; and if

then /(x) is called first integral of equation. In example 4.1.1

OH OH

LH=—x+—X, =xX+Xx,%, =xx+x(-x)=0
ox, Ox,

Therefore, H in example 4.1.1 will be a first integral of equation /. If a surface is
constant or if the rate of changes are integrable, it means the system of equations involve

holonomic constraints.
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LExample 4.1.2

Let us consider so-called Volterra-Lotka equations
X = ax — bxy
y=bxy —cy

The equation for the orbits in the phase plane is

dl_ia—by

dc« ybx-c
Thus the equation is separable and integration yield
bx —clnx+by—alny=C=1(x,y)

We will now check with orbital derivative,

LI=""%+ a—yy - (b _ %)(ax—bxy) + (b —%j(bxy —cy)
=(bx —cXa-by)+(by —a)(bx-c) =0

Therefore resultant/(x, y)is a first integral of the equation. This may also

involve holonomic constraints. However, Volterra-Lotka has some interesting properties

that if we now let p =Inx— x = e”and ¢ = In y — y = e?the equations can be observed

as Hamiltonian

coxap

=2 o epp:(a—beq)e"%pz(a—beq)
/4

T R VR W

H(q,p)=be? —cp +be? —aq

So that Where the resultant A is Hamiltonian and
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. OH . ©OH
p=—— and g=—
Oq op

Another approach of finding a first integral is rather simple for conservative
problems. Consider example 3.1.2 and rewrite two system of equations into
¥+x+x’=0
Where we introduce fix)= x + x°

So that multiplying by x becomes

x¥+x(x+x’)=0 or d(%)’cz)+— (x+x3)dx=0

d( . dx* x*
Z(%x2)+ 5[7 + TJ =0
Therefore the first integral of the equation is then

2 4
. X
I =1x*+=—+ = =constant

That is just the advantage of finding the first integral equation in conservative systems.

Example 4.1.3

Let us now look at three-dimensional system of equations
Ax=(B-C)yz By =(C - A)zx Cz=(A-B)xy

The equations for the orbits in the phase plane are

dc _y(B-CY_B — A = _
E‘x( - J(C_Ajﬁ«c A)A)xds = (B(B - C))ydy

(C - A A)x* +(B(C-B)y* =1,(x,y)

dy _z(C-4Y C _ —(C(C -
Z‘y[ - j[ € Bj»«A BB = (C(C A

(B-A)B)y’ +(C(C-A)z* =1,(3,2)
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Now we have to construct in a three-dimensional differentiable function 7 = I(x, y,
z), so we have to use the so called Lyapunov function construction.. If we lety =2z =10,
then x becomes arbitrary such as xo. Then, /; or /i(x, y)- Ii(xo, 0) is not sign definite in a
neighborhood of (xp, 0, 0) and /; is semidefinite. One of the ways to construct a

Lyapunov function is
](X,y> Z) = []1 (x>y) _]l (x0>0)]2 +[2(y>z)

—[AC-4p2 + BC-By ~AC-4ef + BB- A +OC-47

I(x, y, 2) = A(C— A)x* +2AC - AB(C - B)¥y* —24(C - AP %% + B(C- B} y*

413
—24BC-A)(C-B)2y + £(C-Ay% + B(B-A)y +C(C-A)Z (*13)

We will now check with orbital derivative,

LI =—a£5c+—a£y+a—lz'
Ox Oy 0z

‘Zéx =[442(C- ¥ +44C-A)BC-B)ny ~44*(C -4 xx‘?[(B;lC)j'v i

a

L y=lac-sane-ney-a5 -7y -aanc-AC-ity+2-Ap] D

% 2=2C(C - A)z((ig;@jxy

LI = 4A(B-C)(C - A)* x’yz+4B(C - A)(C-B)B-C)xy’z—4A(C - A)* (B—C)xx; xyz

+4A4(C—B)(C—A)*x’yz—4B(C— A)(C—-B)* xy’z —4A(C-4)*(C-B)xxlyz
+2(C — A)(B - A)xyz+2(C — A)(A-B)xyz
=0

Indeed, the resultant 7 in (4.1.3) is a first integral of the equation and give

holonomic constraints.
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4.2 INTEGRAL-PRESERVING NUMERICAL INTEGRATOR SYSTEMS

In the last section we showed that the first Integral of the equation, /(x) is a
constant (4.2.1), and it is typically a holonomic constraint. A system of equations that
involves damping can be thought of as embedding of scleronomic constraints, because
time 7 is implicitly involved. Consider:

1(X) =constant (4.2.1)

Taking the time derivative gives

oI —igﬁ_+i%+...+ a dx" =0

o & dt &, dt & dt
gz(ﬁj).%z(ﬁj).]?(i):o “+ I(¥) =constant (4.2.2)

If we know I(X,)=constant, we should be able to construct /(¥ ,)similar to the

energy preserving algorithms in Chapter 3. Therefore, as a first step we need to find a

skew symmetric matrix, S, that has property (S” = -S), i.e.,

ST:—S:[O SlZ:l
-8, 0

Now we can convert the system to skew-gradient form:

sl [Fr)=2 = s 423)

Multiplying with (VI)” to both sides will give
VI [SkVI) =(VI)T - F®)=(VI)- F(%) (4.2.4)
Taking the transpose of both sides
(@7 [S1En) =07 IsT @0 =) - F)

where ((?I )T)T =(VI)is obvious. Also because §'=-8,
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- (VD[S VD =(VD - F®
or
(VD' [SIVD) =~(VI) - F(%) (4.23)
Thus comparing (4.2.4) and (4.2.5), we have
VI - FG3)=-VI - F(%) or VI - F(%)=0 (4.2.6)
Equation (4.2.6) is the same as equation (4.2.2). Therefore the skew symmetric
matrix does not change the meaning of the first integral of the equation that is / is

constant. Therefore, we want to find such S, skew-symmetric as a first step.

The next step is splitting. The n- dimensional vector fields
& 0
F=YF —

is split, using the skew-symmetry of S, into essentially 2-dimensional vector fields

This is not splitting into 2» systems of equations. The components x; from the /

split into 7 two-dimensional vector fields. Each of the vector fields, 17“,]4, is equivalent to

the system of equations

dx _g & (4.2.72)

dt 7 o

g d (4.2.7b)

dt Y o,

%"_:o where k#i,j (4.2.7¢)
t
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It immediately follows that

Therefore, I(x)is also a first integral for each of the system of ODEs (4.2.7)
similar to the operator, skew-gradient form, to (4.2.3).
The final step is to write down first-order integral-preserving numerical

integrators for the system similar to energy preserving algorithms. They are given by

I(x ) I(xz,xj)

x—x

*
X, =x, + AtSij

. I10x %) —1(x,,x

¢, 1008 1)
X, —x,

X, =X, k#i,j

in which the asterisk (-*) represents the updated values

Note that

A= (E)T =5, gl—(ax; +(1—a)x,.,,6x; +(1-B)x;)
X

j

{SU ai—(ax +(1-a)x, B +(1- ﬂ)x}.)}

— e a] * *
A== Sy 5 i +(A-7)x,,0c; +(1-0)x;)

T
ol . .
:l:Szj o (x, +(1_7)x,»,§xj +(1—5)x}.)}
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Example 4.2.1
We again take example 3.1.2
X =x,
X, =-x —x;

which has the Hamiltonian,
A
Hx,x)="+1+24C
(, x,) R

1s also a first integral of equations / because

OH . OH .
LtH :—871)‘:1 +—ax—2x2 :(x1 +x13)x2 +x2(_x1 —xf):O

Therefore H = 1. Now we need to find the skew-symmetric matrix,

s, ST

where S12 = 1. After splitting the vector fields, the system of equations becomes

- g:
xl_S;z@cZ X

X, =-&z%=—1(>q +X) ==X =%

Which is the same as the original system of equations in this case. Therefore a

first-order integral-preserving numerical integrators for the system are

[(xl’k’x;)_l(x;’xz)

Xy =X,

x, =x, +AS),

. 2 4 2 2 4 2
x, =x +A .
X, =X,

[(x:)z L' (x;f]_{(xrf L <x2>2}
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1) -)?)

X, =x +A -
Xy =X
X =X, +%(x; +X,) (4.2.8)
X, =x, - AIS, I(xl,xz*)—l(xl,xz)
X X
G, )] [ @) &)’
) 2 4 2 2 4 2
x2 =x2 _At 0

a6 =) 3D @) (6D? + )

X —Xx X, —X
= +x1)—%(xl* +x)- ()7 + (0)?) (4.2.9)
Substituting (4.2.8) into (4.2.9)
R G Ae I LY TCERS IRy CPE-C RSBt

setting (Ar)* ~0 (Without setting (Ar)> ~0, x; is coupled and leads to cubic order terms

which are not separable. Thus, we will set (Af)* ~0 only if it is necessary).

% =3~ ()2 (o) ()7 + B 5 ) + ()

2 VT

X, =x, — At - A (4.2.10)

Substituting (4.210) into (4.2.8)

. At
X, =X +?(x2 - Arx, —At:\rl3 +x,)
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w
X, =x, +Ax, —

(A;)z (x, +x) (4.2.11)

Finally, the system of equations from example 3.1.2 can not only predict that the
phase curves are close contours, conservative, but we can also predict the next value in
the phase plane at a given time step using first integral of equation or Hamiltonian in this
case. Figure 4.2.1a shows Adams-Bashforth approximation of above example. Figure
4.2.1b shows Integral-Preserving approximation of above example. Figure 4.2.1c shows
comparison between Runge-Kutta, Adams-Bashforth, and Integral-Preserving of above

example.
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Adams-Bashforth, xdot=y, ydot=-x-x*3
0. 03 [ 1 T T 1

0.02 i

0.01

0.01

-0.02

-0.03 . ' L ! v
-0.03 -0.02 -0.01 0 0.01 0.02 0.03

Figure 4.2.1a Adams-Bashforth approximation for example 4.2.1
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Integral-preserving, xdot=y, ydot=-x-x3
0.03r

0.02

0.01

-0.01}

-0.021

-0.03

L 1 1 1 i}
-0.03 -0.02 -0.01 0 0.01 0.02 0.03
X==>

Figure 4.2.1b Integral-Preserving approximation for example 4.2.1
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0.03

RK, *, AB, +, IP, 0, xdot=y, ydot=-x-x*3

T I T

0.02

T

0.01

y ==>
o
T

-0.01

-0.02

-0.03

1

-0.03

! i
-0.02 -0.01 0

X ==>

I8 1
0.01 0.02

Figure 4.2.1c Comparison between Runge-Kutta, Adams-Bashforth, and Integral-

preserving for example 4.2.1
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Example 4.2.2

We again take example 3.1.2
X=X+
X, =% X,

which has the Hamiltonian,

I
H@JQ—%&+2 2+C

1s also a first integral of equations 7 because

OH . OH .
LH = ——% +—%;, = (%, =x)(x, +%,) +(x, +x,)(x, —x,) =0
Ox, ox,

Therefore # = 1. Now we need to find the skew-symmetric matrix,

[S]- [?]]z 0 Sy x—x _|atx
_S21 0 X +x, X=X
where S12 = 1. After splitting the vector fields, the system of equations becomes

, a
&=Sh5g:&+&

a
Y. =—, 2—:—1 — =X —
X, == o (g, —x)=x-x,

Which is the same as the original system of equations in this case. Therefore a
first-order integral-preserving numerical integrators for the system are

I(x,%,) - 1(x], x,)

X, —X,

{xfx;‘ + ()" (xf)z}—[xfxz + ()’ —ﬁ}
2 2 2 2

*
X, =X

*
X, =x +AS;,
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x (5 - x,) +3 () - (x,)?)

*

Xy =X,

X, =x + M
X, =x, +At(x]* +%(x; +x2))
x (1-Af)=x, +%(x;+x2)

X, + %(x; +x2)

x = 4212
2 (4212)
X =x, ~ NS, I(x, 7x22—](x1,x2)

X=X

e () () %) (x)
x2 :x2 _At *
X =X
BNt Vo | GOl W)
Xp =X

x; =X _At(xz —%(x; +x]))
% AV
X :xz(l—At)+?(x] +x]) (4.2.13)

substituting (4.2.12) into (4.2.13)

A,
) At x]+3—(x2+x2)
x, =x,(1-Af) +—
2 (1-4A9)

* At *
xz(l_At):xz(l_At)2 +?(x1 +%(x2 +x2)+x1(l—At)j
x;(l_A[):xz(l_At)z +%(2x] +%(x; +x2)_x]Atj
4x;(l—At):4x2(l - Ar)? +4x1At+(At)2(x; +x,) = 2x,(Ar)®
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4, (1- At — (A1)*) = 4x,(1 - 24t + (A)?) + (A1) x,, + 4x, At — 2x, (A)?

oo (12An + S5(A1)* x, + 4x, At — 2x, (Ar)?

2 3 (4.2.14)
- M- ()

Substituting (4.2.14) into (4.2.12)

x + £(4x2(1 —2A8) + 5(A1)* x, +4x, Ar = 2x, (A1) + 4(1 _N_(N)Z)XZJ
L 40-M-@W)?)
] (- Ar)

x +g 8x, —12Arx, +(At)2x2 +4x,At—2x1(At)2
4(1-Ar—(An)?)
(1-A)

- 8Arx, —12(Af)’x, + (A1)’ x, + 4x, (Ar)* —2x, (AF)?
. 8(1- At —(Ar)*)
(-4

. [8Ax, —12(A1)*x, + (A1)’ x, +4x,(Ar)* — 2x,(Ar)® + 8x, —8Am, —8(Ar) x,
: (8 —8AN)(1— At —(A1)?)

(4.2.15)

. [ 8Am, —12(A)*x, + (A1)’ x, + 8x, —8Amx, — 4(Af)* x, — 2x, (AF)?
(8 —8AN(1- A — (AF)?)

Finally, the given system of equations can predict that the phase curves are open
contours by example 3.1.3, not conservative. Also, we can predict the next value in the
phase plane at a given time step using first integral of equation or Hamiltonian in this
case. Figure 4.2.2a shows Adams-Bashforth approximation of above example. Figure
4.2.2b shows Integral-Preserving approximation of above example. Figure 4.2.2c shows

comparison between Runge-Kutta, Adams-Bashforth, and Integral-Preserving of above

example
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Adams-Bashforth, xdot=x+y, ydot=x-y

Figure 4.2.2a Adams-Bashforth approximation for example 4.2.2
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10-

Integral-preserving, xdct=x+y, ydot=x-y

Figure 4.2.2b Integral-Preserving approximation for example 4.2.2
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RK, *, AB, +, IP, 0, xdot=x+y, ydot=x-y
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Figure 4.2.2¢ Comparison between Runge-Kutta, Adams-Bashforth, and Integral-

preserving for example 4.2.2
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Example 4.2.3

In order for us to understand splitting vector fields, we should study a three dimensional

problem.

dx,

2 —g" 4"
dt

= _ Be® +e*
dt

Either the orbital derivative, L I = 0 or (VI)- F(¥)=0 will give us the first integral

of the equations. That is,

(W)-F(i):@x1 +ﬁx2 +ix3 =0
N

ge"’ +£(e

i +e’°’)+£(Bé“ +e"’)=0
o O

Let L —g, % _p and- L —c. Thus,
ox, Ox. ox,

2
ae® + b(e"1 + ex’)+ C(Be"‘ +e"’)=0
The parameters a, b, and ¢ do not have to be zero.
(b+Bc)e™ +ce” +(a+b)e”® =0
Letting a + b = 0, we have
(b+Bc)e™ +ce® =0
—ae’ +c(Bet +e™)=0
a=c(B+e"™)

we can choose ¢ = 1 for our convenience SO that
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oI
a=—=(B+e*™) (4.2.16a)

ol
b:—:—B— X275
. e (4.2.16b)
ol
C:—:l
ox, (4.2.16¢)

Now we will solve three-dimensional potential form in order to find the first
integral of the equations, /. Integrating equation (4.2.16a) with respect to x; gives
I(x,,%,,%)=Bx —e™*™ +1(x,,x;) (4.2.17)
Take derivative to above equation with respect to x; and compare with (4.2.16b)

aI(')C17')C27')C3) _exl—xl + aI(x27x3) =b=_B_exl—xl

Ox, Ox,

ol(x,,x;)
x,

-B

Integrate the equation with respect to x;.
I(x,,x)=—Bx, +1(x,) (4.2.18)
Take derivative to above equation with respect to x3 and compare with (4.2.16¢)

ol (x,,X;) _ al(x,)

=c=1
ax3 ax3
Integrate the equation with respect to xs.
I(x3)=2x, (4.2.19)

Combining (4.2.17), (4.2.18), and (4.2.19), we have the first integral of the equations.
I(x,,%,,%,)=—€""" +B(x; —x,) + %,

Now we need to find the skew-symmetric matrix, S,
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0 S12 S13 e*™ +B e™
[S][%I]:[F] = —S12 0 S23 —e™ _ B (= e +ex3
-85 -8 0 J1 Be™ +e™

solving three equations and three unknowns yield

0 0 e’
[S]=|0 0 (e® +e®)
—e® —(e"+e”) 0

We will now split three two-dimensional vector fields so that we will have three
sets of systems of equations in which each set has two system equations. That is

For x; and x; plane, §i; = 0.

d. al

& S, 7—=0

dt ox,

d. ol

g S, =0
dt ox,

For x; and x3 plane, S13 =.e™

d_x1.=S13 1:ex3 -1
dt o,

o _ A a. —-e" (e™™ +B)
dt ox,

For x; and x3 plane, Sy3 =.e™ +e”

d—xz—S a—Iz(e"‘ +e%)-1

dt - 2333

dxg aI Xy —X.
B8, —=—(e"+e”)(—<e"" -B
i ( X )

We will show how to find the new values from the x; - x; plane in the next

example. Let us now choose x; - x3 plane to solve new values of x; and x3. For that, we
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have to treat x; as a constant. Using the first order integral-preserving numerical

integrators, we get

(=" + B(x —x,)+ %)) (=™ +B(x —x,) +x,)

X=X+ A .
X =X,
X =x +Atxi —%
X3 —X3
X =x +AM
and
_EmN * e _
= —ar CET B0 =)+ 0) = (27 + Bl — %) + ;)
" —x
K=, - pe S )+ BGT 7 x)

*

X=X
substituting x; = x, + Afinto above equation yields,

(—e* ™Y +€") + BAt
Af

X =x-M

X, =x+e" (e —1)-BA

At

X =x+e* z —BAt
e

Now we can show the new value for x; and x3 in x; - x3 plane. The same procedure

can be done for x; - x3 plane.
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Example 4.2.4
Consider: X, =x+Xx
X, =X —XX,

which does not satisfy the Liouville’s Theorem so that it is not an Hamiltonian system.

. 0q, op;, 0x, ax2
L= =1-x #0
Zl oq, Z ‘op, o, ox, .

To find the first integral, we have to set the orbital derivative of F to be zero.

ol ol ol ol

Lt] zal-x'l +ax_2x2 ZE(XI +x2)+§2(x1 —xlxz) =0
let g:a and ﬂ:b so that
o, ox,
a(x, +x,)+b(x, —xx,)=0 and (aer(l—xz))x1 +ax, =0

letb=-a

(a-al-x,))x, +ax, =0 and (ax,)x, +ax, =ax,(1+x) =0

Therefore a = b = 0, and / is just an arbitrary constant. Therefore, the system of

equations may have involved a nonintegrable differential expression (nonholonomic

constraints may be embedded in the given system) that vanishes in the attempt to find the

skew symmetric, S. Then the skew-symmetric matrix can not be defined. Thus, still

preserving, the first integral, we cannot predict the next point in the phase space. Figure

4.2.3 shows Runge-Kutta approximation, and Figure 4.2.4 shows Adams-Bashforth

approximation of above example. One may find above two figures are not similar

because both are unstable systems, and the proof is beyond the scope of this thesis since

the integral preserving method would not give the prediction.
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Runge-Kutta, xdot=x+y, ydot=x-xy
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Figure 4.2.3 Runge-Kutta approximation for example 4.2.4
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Adams-Bashforth: xdot=x+y, ydot=x-xy
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Figure 4.2.4 Adams-Bashforth approximation for example 4.2.4

x==>

69



Up until now we have been given problems without damping.  If the problem
have some damping, a dissipation function, or a generalized force that is not derivable
from a potential function or dissipation, we still can find the first integral of the system.
First integrals of these systems appear to be embedded scleronomic constraints (time
implicitness involves even after writing as system of equations).

Example 4.2.5

Consider
#+(1-2P)=0
X =%,
%, =% +X%,

which does not satisfy the Liouville’s Theorem so that it is not an Hamiltonian system.

> o4, +> P, _ %% + 0%, =0-1+x] %0
i=1 56],- i=1 ap,. axl axz

Taking the orbital derivative and set L/ to be zero gives

ol . ol . ol ol )
L]l=—x +—x,=—(x,)+—(x, +x/x,)=0
¢ ox, X o, X2 axl( 2) 6)(2( 2 1X;)
let g:aandizb so that

2
a(x,)+b(-x, +x'x,)=0
a+b(-1+x')=0

a=b(-x)
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let 5 =1 so that

a=%_a-x) ad =Ly
ox, ox,

Integrating a with respect to x;, we get

3
I=x ——);L+I(x2)

Take derivative above equation with respect to x, and compare with .

A ey=b=1

X,
Therefore, integrating with respect to x, gives
I(x,)=x,+C

Thus

3
X,
I=x-"2+x,+C
3

Then the skew-symmetric matrix is then

[s]- [%1]= E s, ﬂ[i . ’ﬂ :[fzxz ; xf’xj

Si2 becomes arbitrary and S,, = ¥, = x,. Also, splitting the vector fields, the system of

equations becomes

) ol
X =8, 6x_2 =8,=x,
. d
X, Z‘Sza =x%(¢ ~1)

A first-order integral-preserving numerical integrators for the system are
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X =x +AIS, I(xl’xzz_l(xl’xz)
Xy =X
. x* 3 *\3
[x] (]3) +x, |- ]*—(I) +x,
X, =Xx, + Arx, *
Xy =X
X, =x, + Atx, (4.2.20)
also,
x;:xz _Am, I(x, x?—](xl,xz)
X =X
. () ;
[ 1 _{ ;) +x, |- xl—x?l+x2
x, =x, — Ax, .
X =X

(4.2.21)

substituting (4.2.20) into (4.2.21)

N Arx, (x) +3A x, +3(A0)* x,x2 + %, (A1) —x7))

X, =x, —
2 =% A%, 3 (x, + Arx, —x))
¢ s — g, A0 OR8] 2 (8)°)
AtxZ
x3(At)3

x, =x, — Ax, + A x, + (A1) x,x% + 2 3

Figure 4.2.5a shows Runge-Kutta approximation of above example. Figure
4.2.5b shows Adams-Bashforth approximation of above example. Figure 4.2.5¢ shows
Integral-Preserving approximation of above example. Figure 4.2.5d shows comparison

between, Runge-Kutta, Adams-Bashforth, and Integral-Preserving of above example.
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Runge-Kutta, xdot=y, ydot=-y+x*2*y
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Figure 4.2.5a Runge-Kutta approximation for example 4.2.5
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Adams-Bashforth, xdot=y, ydot=-y+x2*y
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Figure 4.2.5b Adams-Bashforth approximation for example 4.2.5
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Figure 4.2.5¢c Integral-preserving approximation for example 4.2.5
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RK, *, AB, +, IP, 0, xdot=y, ydot=-y+x2*y
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Figure 4.2.5d Comparison between Runge-Kutta, Agams—Bashforth, and Integral-

preserving for example 4.2.5
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Example 4.2.6
Consider the next example of dissipation and a generalized force that is not
derivable from a potential function or a dissipation function.
X+(1-x¥) =0
That is,
X =X,
%, ==+
which does not satisfy the Liouville’s Theorem so that it is not a Hamiltonian system.

n

D A . W R S N PN
= 09, S 0p, Ox, Ox,

To find the first integral, we have to set the orbital derivative of F to be zero.

LI :ﬂfcl +a—]3'c2 :ﬂ(xz)+a—](—x22 +x2x2)=0
o o, t o, o,

let g:aand—ag—zb so that
Ox,

a(x,)+b(-x, +x/x;)=0
a+bx,(-1+x’)=0
a=bx,(1-x7)

we cannot let b = 1 because, if b6 =1

Il
—_

a=2 =x,(1-x?) and b=—
= x,(1-x7) o

Integrating a with respect to x;, we get

3
Xy Xy

I=xx, - +1(x,)
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Take derivative above equation with respect to x, and compare with b.

ol x;
—=x,——+1 =b=1
o, X 3 (x,)

The above cannot be true or cannot be equalized. Therefore a = b must be zero.
Thus a first integral of the given system is an arbitrary constant similar to example 4.2.4.
I =constant
Then the skew-symmetric matrix can not be defined. The next point in the phase
space cannot be established. Also, conventional numerical methods show that the vectors
fields are approaching to a constant point like exponential. Figure 4.2.6a shows Runge-
Kutta approximation of above example. Figure 4.2.6b Adams-Bashforth approximation

of above example

78



Runge-Kutta, xdot=y, ydot=-y*2+x*2*y*2
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Figure 4.2.6a Runge-Kutta approximation for example 4.2.6
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Adams-Bashferth, xdot=y, ydot=-vA2+x*2*y*2
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Figure 4.2.6b Adams-Bashforth approximation for example 4.2.6
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We now need to discuss one last kind of constraint that are embedded in the system
of equations. That is, rheonomic constraints such as nonautonomous system of
equations. Now we will take example 2.2.5 for further studies. We will keep in mind
that the only difference between example 2.2.5 and example 2.2.4 is that one has a
Hamiltonian and one does not. We are now trying to find first integral of the equation
with time 7 explicitly shown in the system of equations.

Example 4.2.7
% =x+2x,
Xk =xf* —xf

Again using Liouville’s Theorem to determine if the system of equations are

Hamiltonian,

Z 04, +Z op,; _ Ox, +8x2 =0
w09, 5 0p, Ox; Ox,

To find the first integral, we have to set the orbital derivative of ' to be zero.

LI= —a[—)é] +—a[—)é2 = —ai(x]t +2x:,_)+—a[—(xlz‘2 -x,0)=0
ax] axZ ax] axZ

let g:aandizb so that

2
a(x,t+2x,)+b(xt* —x,t) =0

(at + bt*)x, + (2a—bt)x, =0
!
Ifwelet a=b—
2

(a+bt)x, =0
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which leads to

a+bt:%+bt:%:0:>b:0:>a:0

Again the result shows that first integral of equation is an arbitrary constant, and
we cannot predict the next point in the phase space. It cannot also be predicted by
Runge-Kutta or Adams-Bashforth methods; it may be because the ‘time’ step and the
explicit ‘time’ shown in the equations may not be separated in the calculations (both /
and x will be ‘time’ in the equations of appendix). One may find the details on
classifications of ‘time’ and may predict the solutions for Runge-Kutta and/or Adams-
Bashforth, but again the results from Runge-Kutta and Adams-Bashforth are beyond the
scope of this thesis since the Integral Preserving method can not be predicted. Also,
embedding rheonomic constraints in the system of equations (time explicitness) behaves
like that of nonholonomic constraints. Essentially, there is no numerical solution for

rheonomic constraints or nonautonomous systems by Integral Preserving method.
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CHAPTER 5

SUMMARY AND CONCLUSIONS

Lagrangian Dynamics and Hamiltonian Dynamics driven by kinetic energies and
momenta through generalized coordinates have been reviewed. The classification of
constraint forces is also reviewed. Round off errors are eliminated by preserving
energies. More accurate numerical solutions are believed to be solved by energy
preserving method with only truncation error. By preserving the first integrals, we have
interesting results such that for a system of equations whether we can predict numerical
solution more accurately or whether we cannot predict numerical solution at all (when the
first integral is an arbitrary constant) by energy preserving algorithms.

For a conservative Hamiltonian system (example 4.2.1), the Hamiltonian is the
same as the first integral (because it satisfies both Liouville’s Theorem and orbital
derivatives), and it can have more accurate numerical solution. The solution matched up
with conventional numerical methods. Such system can be viewed as a holonomic
system because the surface is integrable and is a constant after preserving the first
integral. For non-conservative Hamiltonian system (example 4.2.2), the solution still
exists, and the Hamiltonian is again the same as the first integral. The solution matched
up with conventional numerical methods; we can also assume the system was holonomic
system. For the particular example (example 4.2.2), the system is semi-stable. Integral
preserving may show better results by observing points (quantities) which are closer
packed than the ones from conventional methods.

For some non-Hamiltonian system (example 4.2.4), the first integral was shown to

be an arbitrary constant. We can clearly see this kind of system as nonholonomic system;
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the potential functions from the set of equations cannot be integrated (non-integratable) to
find a first integral. There will not be any numerical solution by integral preserving
method for this kind of system.

For damping problems where time is implicitly involved, scleronomic systems, the
Hamiltonians are not usually the same as the first integrals (example 4.2.5 and 4.2.6). If
we find the first integral is constant, other than arbitrary one, scleronomic system can
have more accurate solution (example 4.2.5). If we find a first integral that is an
arbitrarily constant (example 4.2.6), scleronomic system can not have integral preserving
numerical solution.

For rheonomic system, where a system of equations has time explicitness, the
Hamiltonian may or may not be the same as the first integral. Rheonomic systems do not
have numerical solution by energy preservation algorithms because the first integrals
always give arbitrary constant.

Therefore, we can predict whether we can have integral preserving numerical
solutions (more accurate solutions) or not by preserving the first integrals because the
solutions exist only if we have non-arbitrary first integrals constants. In addition, we
know that sets of equations may be viewed as embedding constraint equations into the
problem formulation. In this way the constraint forces do not appear in the equations of
motion. By adjoining constraints to the problem formulation, some or all of the
constraint forces may be solved for after the generalized coordinates have been obtained.
The equations of motion for the configuration coordinates are free of constraint forces.
These forces are then expressed in terms of the motion of the system, based on

Lagrange’s equations for the auxiliary constraint variables. Thus, constraints are not to
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be kept track as initial conditions or boundary conditions while solving numerical
solutions by energy preserving algorithm. Along with embedding constraints into
problem formulation, predicting the first integral (to find numerical solutions to be more
accurate without keeping track of initial conditions and boundary conditions) gives more

appealing method to use as a new and improved numerical method.
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Appendix

All the examples in this thesis have a time step of 0.01s.

Runge Kutta Method for Two First Order Ordinary differential Equations

Given: dz/dx = z' = f(x, y, z) with initial condition z = z; at X = X;
dy/dx = y' = g(x, y, z) with initial condition y= Viatx =X

K =bAx, ¥ %) Jy=hg(x;, Y %)

K, =bfx; + /2, y, +],/2, 7 +K,/2) I =hg(x + W2,y +1)/2, z+K/2)
K, =hflx; +b/2, y; +1,/2, z,+K,/2) Js hg(x; + W2, y; + 12, z+K,/2)
K,=bfx;+h,y; +J;, z+K;) J,=hg(x;+hy, +J; z+K;)

Z =% + (K, + 2K, + 2K; +K)/6 Vi = ¥i HI+20,+ 21+ 1)/6

Adams-Bashforth 4% Order Formula for Two First Order Simultaneous Equations

f(x,y,z);y(x,) =X

= g(x,,2).2(%) =2,

&IF‘- &I‘%

Y =Mt EZ(“gfu-s +37f,., =59 55£,)

Zm =4 +'2",Z("9gt-3 +378,2 =398 +558,)
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