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UNIVERSITY OF SOUTHAMPTON

ABSTRACT
FACULTY OF ENGINEERING, SCIENCE & MATHEMATICS
Institute of Sound and Vibration Research

Doctor of Philosophy

RANDOM VIBRATION RESPONSE STATISTICS FOR FATIGUE ANLYSIS OF
NONLINEAR STRUCTURES

by Karl Albert Sweitzer

Statistical analysis methods are developed forohiténg fatigue time to failure for nonlinear sttuces
when subjected to random loading. The change inetfigonse, as structures progress from a lineaneegi
to a large amplitude nonlinear regime, is studirelddth the time and frequency domains. The anaipses
the two domains are shown to compliment each o#tlenying keen understanding of the physical
fundamentals of the problem.

Analysis of experimental random vibration dataaitetd at Wright Patterson Air Force Base, is inetlid

to illustrate the challenge for a real, multi-modenlinear structure. The reverse path frequengyorese
identification method was used with the displacenaenl strain response to estimate nonlinear frexyuen
response functions. The coherence functions ottheSmates provided insight into nonlinear modéls

the system. Time domain analysis of the nonlineta slhowed how the displacement and strain departed
from a normal distribution. Inverse distributiomfttion methods were used to develop functions that
related the linear to the nonlinear response othecture. These linear to the nonlinear functivese

subsequently used to estimate probability densitgtions that agreed well with measured histograms.

Numerical simulations of a nonlinear single degrereedom system were produced to study other
aspects of the large deflection structural respovisgy large sample size data sets of displacement,
velocity, acceleration and stress were used totfydhe rate of convergence of several randomaasp
statistics. The inverse distribution function metheas also applied to the simulation results toveste
normal and peak linear to nonlinear functions. THaeetions were shown to be useful for probability

density function estimates and for estimating rafagsponse zero crossings.

Fatigue analysis was performed on the experimamigisimulated linear and nonlinear data. The time to
failure estimates for the nonlinear results waswshto increase dramatically when compared to thesli
results. The nonlinear stresses have significantippsnean values due to membrane effects, thahwhe
used with fatigue equations that account for mé@asses, show reductions in time to failure. Furthe

studies of the nonlinear increase in the frequerictress response are included in the fatigueysisal
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LIST OF SYMBOLS
English symbols

Upper case

A cross-sectional area;’m
sinusoidal fatigue strength coefficient at one eycl
state space system state matrix

B bandwidth; Hz
state space input matrix

C narrow-band random fatigue strength coefficierdrad cycle
D damage ratioD = 1 failure of median sample
E elastic (Young’s) modulus; MPa

E[] expected value

F() distribution function (cumulative distribution futhen (CDF))
FY() inverse distribution function (IDF)
F force; N
expected frequency

F(), FY() Fourier transform, inverse Fourier transform

G, ) onetz-sided auto spectrum (power spectral densitpYP8&ormally
unit/Hz

H, H(f), H(w) frequency response function
H(s) transfer function (in Laplace domain)

| second moment of area*m

K stress concentration factor
chi-squared degrees of freedom

L, L() frequency response function with uncorrelated isput
N number of data points

P probability of occurrence



R stress ratio
S tensile force; N
) two-sided auto spectrum
T time period; s
U() frequency domain variable
W histogram or PDF bin width
X() frequency domain variable

Y() frequency domain variable

L ower case
a acceleration; mfs

b bias
fatigue strength exponent (slope of stress — lifee)

¢ viscous damping constant; N s/m
erf, erf*, erfc error function, inverse error function, complemeytrror function
expK) €
f frequency; Hz
g acceleration due to gravity; approximately 9.806°rat sea level
g() function, typically on the right hand side of thgual sign

h() function, typically on the left hand side of thauatsign
h height (thickness); mm

k instrument gain
stiffness; N/m

| length; mm
In natural logarithm
m mass; kg

m, spectral moment; unifls



n number of cycles
p() probability density function (PDF)
s complex frequency
t time;s
v velocity; m/s

x linear displacement; m
general variable

y nonlinear displacement; m

z standardized variablew{ i)/ Gy
state vector

Greek symbols

Upper case
A incremental change in value
®[ x] rate ofx; Hz

I gamma function

L ower case

a modal force; mfs
nonlinear acceleration; ni/s
Duffing equation linear response term
hypothesis acceptance value

[ Duffing equation squared response term
x° chi-squared statistic
o logarithmic decrement

& error
strain; m/m

Xi



y Walker equation fitting exponent

Hn

Subscripts

alt

a0

bend

Duffing equation cubic response term
coherence function

skew

transient response decay factor
kurtosis

mean value
van der Pol nonlinear damping term

spectral moment; unitls

probability of occurrence
density; kg/m

angle

standard deviation

variance

stress; MPa

ratio of zero crossings to peaks
frequency; rad/s

mean squared value

viscous damping ratio

amplitude

alternating, fully reversed stress
amplitude, mean

bias (error)

bending

Xii



block data block (record, or file)
bot DoOttom surface value
cube Fesponse cubed
qit difference
eq €quivalent
¢ failure
i,j integer indices
in linear
max Mmaximum
ms Morrow fatigue equation with true fracture (Brickm)astress
memb Membrane
mi Morrow fatigue equation with SN curve intercepess
min MiNimum
mM  Minimum, maximum
n hatural
nb Narrow-band
nhonlinear
ninorm NONlinear transformed normal
nipeak NoNlinear transformed peak
niray Nonlinear transformed Rayleigh
norm Normal
nyg Nyquist
ode from Ordinary Differential Equation
p+ -p+, +p+ POSitive peaks: negative valued, positive valued
peak Peak distribution

 random (error)

Xiii



ray

rfc

square

sum

top

total

whb

XX

Xy

1:2

3:2!

Rayleigh distribution

rainflow cycle

response squared

summation

top surface value

response total; combined result of several effect
Walker fatigue equation

wide-band

complex frequency domain variable with respectdeli
complex frequency domain variable of inpuwith respect to output
mean value of a variable

input value 1 that is uncorrelated with input 2
input value 3 that is uncorrelated with inputs & an(or 2!)

modified Walker fatigue equation from MMPDS-1 (raptment for
MIL-HDBK-5)
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1 INTRODUCTIONAND LITERATURE REVIEW

The main motivation for this research is the neepredict fatigue lives for structures
that exhibit nonlinear response to random loadingonlinear response is indicated by
a change in response that is not proportionaldioaamge in the input load. It can be
observed in the time domain or the frequency dombmlatter can show that the
response spectrum contains frequencies that wengesent in the excitation. Fatigue
life estimates based on linear theory may be eithey conservative or, for some
nonlinear structures, very optimistic. Rigorouslgsia techniques need to be developed
to either take advantages of the longer lives @nsure that premature failures do not
occur. Random loading dictates an analysis teclenilgat includes the probabilistic
nature of the random response. Nonlinear randopornse cannot be assumed to be
Gaussian even if Gaussian loading can be assurhechdn-Gaussian response requires

a further level of analysis sophistication.

Common examples of nonlinear random responsegireMeight aerospace structures
subjected to acoustic pressure loadings. Very leigbls of acoustic pressures can be
generated near rocket or jet engines. When apfaiéghtweight panels, either curved
or flat, these acoustic excitations can induce gagomnonlinear behavior when the
deflection is large enough in proportion to thergetry. Membrane forces in panels
tend to increase the stiffness of a structure amdacld tensile mean stresses. Curved
panels can have further nonlinearities that maylr@s asymmetric response levels and
in extreme cases “snap through” behavior. Eleviatperatures from exhaust or from
supersonic flow at space re-entry can further caraf@ the nonlinear response analysis
by introducing the need to consider nonlinear niateroperties.

This thesis will discuss methods to estimate tepaase statistics, with an emphasis on
the resulting fatigue life, for nonlinear structsigubjected to random loading.
Examples of predicted and measured nonlinear regpdue to large deflections of
beams will be used extensively throughout thisithéata from clamped-clamped
experiments will be used to illustrate frequencg itme domain analysis techniques
that have been shown to be useful for identifyind guantifying the nonlinear

behavior. Additional numerical simulations will beed to further the analysis and



investigation of the nonlinear response. Fatigigedstimates, based on the nonlinear
strain response, are compared to baseline linsponse estimates. The times to failure
for this class of stress stiffening nonlinear stmoe are shown to be longer than those

based on linear estimates.

Cyclic fatigue is considered in this thesis to e tiltimate failure mode of the
structural material when subjected to large numbésséress cycles. The random
loading can lead to large deflections and high medsses, and repeated loading that
accumulate damage resulting in fatigue failure.o&pace structures typically are
subjected to short periods of intense loading mixed longer periods of reduced
loading. Take-off and landing events are typicalhere the loads are the greatest.
Supersonic events or brief bursts of gunfire vibraare other high load conditions. The
combined effects of all the accumulated cycles nedxk included in the fatigue
analysis to help ensure satisfactory service lifmnomic factors that lead to the desire
for continued service from older equipment, ordisire to have reusable vehicles are
additional reasons for requiring long times todaé failuresEquation Chapter 1

Section 1

1.1 Nonlinear structural analysis

There are many reasons why structures can extublinear and/or non-Gaussian
random responses. This section will review theotsgiparameters that can lead to
nonlinear system response and discuss methodsrtfidand predict the nonlinear

response.

1.1.1 Nonlinear system parameters

Physical systems often can be described by lineses parameters, but often some
nonlinear terms can have a significant impact entdtal response. These nonlinear

terms are grouped into categories and discusst ifollowing sections.



1.1.1.1 Mechanical system with nonlinear restoring force

The physical geometry of systems comprised of timegterials can lead to system
properties that result in nonlinear response. Tagsec example of this is when the
structural change in shape results in modificatiorthie system restoring force. This
case is often known as the large deflection problem

A very common example of a nonlinear large deftecproblem is a simple pendulum,
oscillating under the force of gravity (see for exde [1]). The free vibration equation

of motion is
é+|§sin9 =0 (1.1)

A power series expansion of the sin function, kegphe first two terms is
3
67+|9( —%J:o (1.2)

whereg is the gravitational acceleratidns the length andis the angle from vertical.

The resonance frequency of the pendulum tendsa@dse as the angle increases.

Another basic large deflection case is the vibratiba tensioned string (or wire) with
central mass, fixed between two points; as the mass defledistancex from its
nominal position, the length of the string hasnioréase, thereby increasing the
restoring force. This change in length and resgpfamce is a nonlinear relationship of

the change in lateral position (see for examplg [1]

mi+| s+ AR | 2X_ g (1.3)
2|2 /|2+X2 )

whereSis the initial tensionA is the cross-sectional area, dha the elastic modulus
of the string (wire). The simplified free vibrati@guation of this system for moderate
lateral displacements is

mx+ ?( + AEX =0 (1.4)



The nonlinear stiffness increase in this case temdsrease the resonance frequency of

the string. These two approximate equations cageberalized by the Duffing equation

(2]
X+ax+ X +yx=0 (1.5)

The pendulum approximate solution las 0 andy< 0, while the string mass system

approximation hag= 0 andy> 0.

The natural extension of the large deflection gtpnoblem is when the material
dimensions increase enough to require the addifidrending stiffness terms; the string
becomes a beam. If the boundary conditions are fatéoth ends, the lateral
displacement again leads to a change in lengtictheges a tensile axial force. The
stiffness of the fixed-fixed beam system is a nwgdr combination of bending and axial
terms (see [3-7]). The large deflection beam sgnon-linearity can be assumed to
act like a Duffing oscillator (see for example §8). A review article [10] summarizes
the status of analysis techniques as of 2000.

Curved beam geometry under large deflections camrakult in non-symmetric
stiffness (i.e. lateral deflections toward the eemtf curvature tend to have reduced
stiffness, while deflections away from the centiecwrvature tend to increase stiffness).
The curved beam approximate Duffing solution wdlvkeS+# 0. Very large deflections
of curved beams can lead to an unstable “snapdhfatondition. One example of a
curved beam used in engineering applications isdiled wire rope isolator.

As the beam material dimensions increase, addltiofalane terms are added as the
beam becomes a plate or shell. The shell is aalaxtension of the string problem
where the axial force translates to a membranefdrke large deflection plate problem
will include nonlinear bending and membrane effeCisrved plates have nonlinear

properties similar to curved beams [11, 12].

Further examples of nonlinear restoring force unaleye deflections can be described
with bi-linear stiffness due to additional matesiabming into contact as gaps close [1].
A physical example of this is a spring or isoldtwat has a snubber (additional stiffness)

mounted to it to limit large deflections.



1.1.1.2 Mechanical system with nonlinear damping

Another category of nonlinear system parameteomginear damping. The classic

example of this is the nonlinear damped van deoBaillator [13]
X+/,1(1—x2)x+ x=0 (1.6)
The periodic forced response van der Pol equation
X+,u(1— x2) x+ x= asin( 2wr) (1.7)

can lead to highly nonlinear results, the studwbich has opened up several areas of
research (see, for example [14, 15]). Damping timcsural models can take various
forms (e.g. viscous, hysteretic, etc.), and in tbgearch project, the issue of nonlinear

damping is not of concern compared to nonlineffinsss.

1.1.1.3 Mechanical system with nonlinear stress

Linear structures are often assumed to have sirebsstrains that are linear functions of
displacement. Large deflection cases often havénear displacement to strain
relationships. One example that will be discussedktail in this thesis is the nonlinear
displacement to strain function for beams and pl#tat involves a combination of
bending and membrane terms. These are often dexstémsstatic loading conditions

[3]. One approximation of the displacement to stfar stress) function is [16]

£=Cy+GY (1.8)
wherey is the nonlinear displacement, adgdandC; are constants. Note: this is a
nonlinear instantaneous relationship, not a noalinkfferential equation.

1.1.1.4 Nonlinear materials

Materials can often have basic properties thahardinear functions of displacement,
temperature or strain rate. Elastomer materiafs (ebber) are common examples that

exhibit nonlinear load deflection responses as Indkerials. Plastic and elastomeric



materials often have a complex shear modulus (@optex modulus) that changes with
temperature and loading frequency. The experimemnédhods for determining complex

modulus are well-established [17].

1.1.1.5 Non Gaussian loads

Many random noise sources in nature and engineapptications can be considered
Gaussian as a first approximation. There are hokyewene random loading conditions
that have been shown to be non-Gaussian. Non-@awessvironmental loads that are
of concern in the field of civil engineering areedio wind [18, 19] and waves [20-27].
Additional non-Gaussian loads that are of concerraérospace engineers are due to
turbulent boundary flow [28, 29], supersonic flo30] and thermal acoustic conditions
[31, 32]. Non-stationary random loads from diffargipes of road or ground surfaces
over the life of a vehicle can also be considesedan-Gaussian operating loads [33,
34]. The response of linear systems to non-Gausgsarns have been documented [35-
37]. Methods to generate non-Gaussian loads tisteries may be of interest to the
reader [38-42]).

1.1.2 Analysismethodsfor nonlinear response prediction

The study of solutions to nonlinear differentiabajons has been active since the early
1900’s. Work by Kelvin [43], Duffing [2], van derdP[13], Hamel [44] and others (see
summary articles [14, 45]) have laid the foundafmmthe mathematical theory. This
section will review the analytic and approximatetimoels developed to analyze

nonlinear and non-Gaussian responses.

1.1.2.1 Analytic solutions

Recent work in the area of general nonlinear dfféial solutions can be found in many
references [46-55]. Additional work in the areanoh-stationary random process can be

found in [56-58]. Chaos theory has also been apptieengineering problems [59, 60].

Of particular interest to this thesis is the stofljevel crossings and extreme values.

The seminal work by Rice [61] was followed by tlzele study of nonlinear statistics



by Lin [16] Crandall [62] and others [63-65]. Ret®ork in the area with particular
interest to nonlinear, non-Gaussian responsesdmsiaed to advance the theory [66-
73]. Level crossings and extremes based on timeadomoments have been
developed, most notably by Winterstein and assesigi4-76]. Probability distributions
based on Non-Gaussian variables have also beetogedg26, 69, 77-83].

1.1.2.2 Equivalent & stochastic linearization

Approximate methods to solving systems of nonlirdifierential equations have been
proposed since the first work to solve them. A madtknown as equivalent linearization
has been researched and applied to random vibnatadriems for more than 40 years
[5, 84-94]. An equivalent linearization techniqudves for equivalent linear model
stiffnesses for a given magnitude of load, withgbal of minimizing the error in the
system response standard deviation. This methotdesshown to also produce good
estimates of the change in system modal frequenmigst cannot estimate changes in
response probability density functions or harmalstortion of the resonances. The
equivalent linearization method has been extendédgher order powers of the
response in an effort to estimate extremes of tmiimear response [95]. Another
alternative to the equivalent linearization methibe, probabilistic linearization
technique, has been proposed whereby the errcappeximate probability density
function of the response is minimized with resgedhe nonlinear probability density
function [96, 97]. Challenges to the standard lirzedion method are well-documented
(see [98, 99]).

Linear and nonlinear analysis methods based ohastic moments and cumulants
have been proposed as an alternative to solvingdhknear Fokker-Planck equations
[100, 101]. Other methods to predict nonlinear oesg are based on linear systems
with stochastic system properties. Several methagis been proposed to estimate the
power spectral density (PSD) of the nonlinear raspdy treating the system natural
frequency [102, 103] and other system parameté&s, [105] as random variables.
Modal methods have also been proposed as methedsintate PSDs of nonlinear
systems [106-108].



1.1.2.3 Reduced order nonlinear differential equations

The need to develop larger and more detailed madedagineering structures has led
to efficient techniques to reduce the order ofrttoelels for subsequent dynamic
simulations. Modal analysis methods have provereta very effective way to predict
the time and frequency domain behavior of lineateayps. Recently modal methods
have been applied as a technique to reduce the @irdenlinear systems [109-114].
The basic idea is to first find the linear reduoceder modal properties of the system,
and then to use them to develop a nonlinear orglidiffierential equation (ODE) model
of the system. Once the reduced order nonlinear @&heen solved numerically, the
full model results can be estimated by expandirgk fi@m modal coordinates to
physical coordinates. Since this method solvesitiiinear ODE in the time domain, it
has the benefit of allowing estimation of time damstatistical parameters, in
particular probability density functions of the pesse. The reduced order nonlinear
models also allow inclusion of nonlinear physicahavior such as membrane stiffness.
Similar methods have been employed using nonlimesttal representations of

substructures of larger system [115].

1.1.2.4 Nonlinear Laplace and Fourier transforms

The related field of communication theory has savapplications of nonlinear
functions, particularly in the area of detectonsrireivers. The behavior of signals and
background noise in nonlinear communication systeassbeen documented in classic
books by Middleton [116] and Davenport and Roo[[LThese texts should be
consulted for a through development of nonlinegrlaee and Fourier transforms as

well as advanced developments of the statistidaer of nonlinear systems.

1.1.3 Nonlinear frequency domain identification

Advances in experimental signal processing andyarsahave led to methods that can
be used to estimate nonlinear properties of systéms has been a very active area of
research in the last 10 years [118-140]. Nonpanacn@ibdels, that require no
knowledge of the system or excitation, have beerldped [141, 142]. The “reverse

path” technique [125, 143], where the responseisstormed into nonlinear functions
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and used as the input to a multi conditioned irgpaictral analysis, will be presented

and used extensively in the rest of this thesis.

1.2 Fatigue and damage analysis

Cyclic fatigue is one of the most important failunedes for structures that are required
to withstand repeated applications of dynamic lodtiss section will give a review of
fatigue theory, with emphasis on random, non-Gamnssiress cases (e.g. sonic fatigue).
The following sections will give a brief review eérly fatigue work, but will also
concentrate on recent theoretical developmentgyigaequations and notation will be

introduced in chapter 2.

1.2.1 Sinusoidal fatigue

The study of fatigue in materials can be traced/tihler [144] in the late 1800's.
Research in the early 1900’s led to an exponergiationship between stress amplitude
and life by Basquin [145] and a secondary effedliferdue to mean stresses by
Goodman [146]. A recent paper by Dowling [147] eav$ sinusoidal fatigue equations,
comparing the predictions of various equations ithatide mean stress to experimental
data. Another recent paper [148] discusses bidlifeggue models (attributed to
discrete changes in the slope of S-N curves, aatigtvain life models (see also [147]))
that attempt to more accurately predict the sirdaddatigue life of materials. Mean
stress effects for fatigue in welds [149] due tasbidal and random loading have also
been documented.

Some engineering materials, most notably rubbdribehighly nonlinear elastic
isotropic behavior with incompressibility. Sinusalidatigue analysis methods for
rubber, based on strain and strain energy, hawerstmmatch experimental results
well [150].

1.2.2 Variableamplitudefatigue

Many situations in engineering fatigue problemsncarioe considered as constant

amplitude sinusoidal loading. A simple example machine that operates at different

9



speeds, with different structural forces at eadedpwhilst complex examples include
transient and random loading. Methods that have degeloped to determine the time-

to-failure or damage for variable amplitude loadivifj be discussed next.

1.2.2.1 Linear cumulative damage

The founding theory of variable amplitude loadisgitributed to Palmgren [151] and
later Miner [152] will be described in this theas a linear cumulative damage rule. It
simply states that damage is cumulative, and thett stress cycle contributes to

damage as a function of the number of cycles tarfafor that cycle amplitude. Linear
cumulative damage neglects any sequence effegtdde. amplitude followed by high

amplitude vs. high amplitude followed by low amgpdle) that may change fatigue life.

1.2.2.2 Narrowband random fatigue

The Palmgren-Miner linear damage rule was extemol@drrow band random fatigue
by Miles [153] in the mid 1950’s. Miles extendee tinear summation of damage to an
integral of stress peaks scaled by the probalalbtysity function of stress peaks, which,
for a narrowband random system, was known to baydelRjh distribution. The

resulting damage equation was a function of thessiital stress versus number of
cycles to failure (SN curve) fatigue properties émelstandard deviation of stress.
Similar derivations with reference to Miles workndae found in [4, 154, 155]. The
same derivation was developed independently agten by Lambert [156], who
extended the development to include statisticgb@rties of the stress-probability
density function (PDF) integrand as well as equmstiior random fatigue life with

variable stress or strength.

Seminal work with nonlinear response probabilitpsly functions and their effect on
fatigue can be traced to two papers in 1963 by[1f) and Crandall [62]. Lin
developed relationships for nonlinear stress P¥sgth on a quadratic displacement to
stress equation, with the additional assumptionttieadisplacement PDF was also
nonlinear. The number of peaks and troughs wereldpgd, with attention to the
formation of negative stress peaks in the nonlistaicture. Lin’s concluding remarks

still apply today: “...analytically determined didiution of stress peaks in a nonlinear
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structure shows marked differences from that inealr structure, especially in the
regions of negative stress peaks...”. In particudathis thesis, “...it is suggested that
further research be carried out with special atterto nonlinear response”. Crandall
developed equations for the rates of zero crosgorgsonlinear, non-Gaussian systems,
plus peak PDFs for nonlinear Duffing “hardeningisgt oscillators and other systems
with nonlinear restoring forces. Recent derivatioheandom fatigue due to nonlinear

stress peak PDFs have been developed [157-160].

1.2.2.3 Wideband random fatigue

The special case of narrowband random loading wiehded to arbitrary stress cycles
in the 1960’s, using cycle versus amplitude cogntirethods. The de-facto standard
that emerged was called the Rainflow cycle methttdputed to Matsuishi and Endo
[161]. Research showed that the Rainflow cycle w@itombined with the linear
damage model gave the most accurate estimatesgufddife [162]. The rainflow
counting technique was later redefined in more eratitical terms by Rychlik [163-
165] and Bishop [166, 167]. It should be statecthikat rainflow cycle counting is a
time domain method that is computationally inteasiv

Parallel work with multimode responses was pubtish@sed on probability theory.
Lambert extended his narrow band theories to naleigree of freedom random damage
functions [168] based on published one and twoekegf freedom experimental data.

Other methods have also been proposed to fit #oaimange PDF [169-173].

The difficulties with the computation of rainflowdes distributions from time domain
data has led to the development of frequency doiteaimiques. The seminal work by
Rice [61] and research since has shown that thed®pEak response can be
determined from moments of the frequency domaipaese power spectral density
(PSD) (also called spectral moments), and thap#ad PDF is a combination of a
Gaussian and a Rayleigh PDF. Dirlik [174] developa@mpirical equation for a
rainflow PDF by performing numerical experimentkisTmethod was applied to
engineering problems (see for example [175]). Aewnof the spectral moment
technique theory and applications of it to randatrgtie problems can be found in
several recent papers [176-179]. Reviews of thékDeguation and other published
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rainflow PDF empirical equations [180] have beeblghed by several authors [181,
182]. Alternative methods of estimating the rainflBDF using spectral moments have

recently been proposed [183, 184].

A second aspect of wideband random fatigue isdinass cycles can have mean values
that are not zero (compared to the ideal narrowltasd). Sinusoidal testing has shown
for over 100 years that the addition of a tensieamstress can reduce the fatigue life. It
is therefore theoretically advantageous to exteedainflow cycle amplitude PDF to a
multi-dimensional PDF. Two multi-dimensional ramft cycle PDF formats have been
proposed: 2D PDF of amplitude (or range) and medmes [185-187], and 2D PDF of
minimum (or trough) and maximum (or peak) values [B55, 188, 189].

A slightly different approach to the cycle countimgthods using Markov chain models
has been proposed [188, 190-192]. This Markov chathod is especially useful for
including sequence effects in damage models.

A natural extension to the uni-axial cycle countingthods has been proposed to
include multiaxial states of stress (see [193Jd@ummary review as of 1998). Recent
papers that operate in the time [194] and frequelaeygain [195-197] are also of

interest.

1.2.2.4 Non-Gaussian random fatigue

The area of research for this thesis is the spe@fiic of non-Gaussian random fatigue.
One of best examples of engineering problems mdhea is the study of acoustic
fatigue. Summary reports [198, 199] review theestdtacoustic fatigue in 1987 and
1994, and propose plans for future theoreticalequrimental work. One of the prime
motivations for the research documented in thisitheas earlier theoretical work by
the author for the US Air Force, under a Small Bass Independent Research (SBIR)
contract F33615-02-M-3236, titled Rapid Fatigueslifrediction for Nonlinear Loading
and Structures. Other research in this area céoupel in [34, 189, 200-209].

Sarkani et al. [158] developed a nonlinear tramsé&dion of the narrowband Rayleigh
distribution and used this to estimate fatigue dgerfar various nonlinear exponents

(and their resulting kurtosis values) and mateidlfatigue exponents.
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1.2.25 Nonlinear cumulative damage

Although this thesis assumes the linear PalmgremeMilamage rule, as stated above
and detailed in the following chapters, there dna@&lenges to the linear theory that
should be noted. Experimental and in service fadun the 1950’s gave rise to the field
of fracture mechanics which concentrates on crackip rather than overall structural
fatigue (see the summary article [210]). One oflisic findings of fracture mechanics
is that the crack growth rate is a nonlinear fuorctf the current crack length, the
surrounding material geometry and the applied |&at.ent work on fracture mechanics
with application to random loads may be of intefesfuture research [211-218].
Fracture mechanics analysis has in some ways explaore classic fatigue analysis,
but the nonlinear sequence effect of stress onglififficult to treat stochastically in

closed form.

Parallel work with multi level fatigue testing alsballenges linear Palmgren-Miner
damage theory. A comprehensive review of the lim@ar nonlinear cumulative damage
theories was published in 1998 [219]. Additionablications since then may be of
interest [220-227]. Comments by one author [226hanintroduction of his article
summarize the situation well. In short, the lingezory “...is the most often used due to
its simplicity.” “Moreover, the final mathematicakpressions of many (nonlinear)
prediction rules are so complex that they are simpt suitable for random loading
applications, especially in analytical form.” Théseclearly a need for more research

and practical engineering approaches to the prablem

1.2.3 Réliability dueto fatigue

The field of reliability has a strong link to theady of fatigue. The famous author
Weibull began his work by developing a statistiteory for the static strength of
materials [228], and then extended it to the faigtrength of materials [229].
Reliability analysis has branched out into manid8eof applications, but the
underlying physics of the problems often has maléakigue as its root. Later work by
Weibull [230] addressed the joint effect of cydied random peak loading, noting that

the data did not follow the linear Palmgren-Minanthge rule.
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Work by other researchers is of interest. Lami#81] developed a random fatigue
failure model based on a simultaneous variancé&refigth and stress. Random service
loading, with the inherent scatter and uncertaimtymited measurements, has been
studied by several authors [33, 232-235]. Practisdussions of reliability predictions
for mechanical structures are a topic of continmégtest [236-239]. Structural fatigue
life with system uncertainty is another area oereavork [240, 241]. Recently,
methods to model complex, large-size stochastichargcs problems have been
developed [242-246]).

1.3 Summary

This introductory chapter has presented a revieth@honlinear random vibration
literature and the response failure criteria oflicyfatigue. The field of nonlinear
random vibration has many important applicationsiodern engineering problems and
is an active area of research and practical dewedop. The field of random fatigue is
also an active area of research. Methods for fatanalysis based on extensions to
sinusoidal linear damage fatigue theory have beesented, whilst still other methods,
based on more recent nonlinear damage theoryf(@ajure mechanics), have been

cited.

1.4 Thesis objectivesand overview of the content

The thesis topic, “Random Vibration Response Siedidor Fatigue Analysis of
Nonlinear Structures”, will be explored in the @lling chapters using a combination of
experimental test and numerical simulation resiilte goal of this work will be to
introduce analysis techniques that will show bynegle how the resulting fatigue life
estimates of one important case of nonlinear sirastchanges as more nonlinear terms
are included. The findings of this work are apgiesto improving the time-to-failure

estimates for modern engineering structures.

This thesis will continue in chapter 2 by brieftyroducing equations and techniques
for random linear and nonlinear signal analysise Tdpic of probability density and

distribution functions will be stressed, and the abthe inverse distribution function
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method to estimate linear to nonlinear function m& presented. Frequency domain
analysis techniques such as spectral moments anévkrse path nonlinear frequency
response function identification technique willibroduced. Additional sections on

random fatigue equations for use with non-Gaus&aponse will be presented.

The thesis will then explore the nonlinear randobmation problem using experimental
results from a clamped-clamped beam experimenbpedd at Wright Patterson Air
Force Base (WPAFB) [7]. Frequency and time domagthids will be used to identify
some of the nonlinear properties of the experim@train data from the experiments
will also be used to estimate fatigue life usingaaeline alternating stress equation and
several damage equations that include mean s&®ss.tThis experimental study is

presented in chapter 3.

Additional linear and nonlinear differential equetinumerical simulations are
presented in chapter 4. This chapter will explatéional statistical analysis of the
Duffing style nonlinear problem. The models aredobgn the nonlinear identification

of the parameters from the WPAFB experiments. Tumaarical simulations allow for
additional insight into the velocity and acceleyatresponse states for various damping

levels over very long time periods.

Nonlinear strain and stress estimates, based dmaandisplacements determined
numerically from nonlinear differential equatiomsll be presented in chapter 5. The
nonlinear strain displacement parameters usedsratialysis are derived from the
results presented in chapter 3. Time domain cymlmitng method results will be
compared to nonlinear stress PDFs determined #dd#gtransforms. The time to
failure estimates based on linear and nonlinealtseare presented to show the

importance of each nonlinear term.

The final chapter 6 will summarize the thesis, hgiiting the original and novel
contributions, and suggest areas for future reke&eferences used in this thesis will

be given at the end.
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2 RANDOM DATA, NONLINEAR ANALY SIS, AND
FATIGUE REVIEW

This chapter will briefly introduce relationshipsdatechniques for random linear and
nonlinear signal analysis. Time and frequency dartethniques are given here as a
way to introduce the notation and to familiarize teader with the methods that are
used extensively throughout the rest of the th&sisgue theory for sinusoidal and

random loading will complete the review.

Probability density and distribution functions wik stressed, and the use of the novel
inverse distribution function method to estimateséir to nonlinear functions is
presented. The probability density function (PD&hsform method is introduced as a
method to estimate the PDF of a related signalngav&unction relationship between the
two signals. This PDF transform method is usedrestiely throughout the rest of the

thesis to estimate nonlinear PDFs for displacerardtstress response.

Frequency domain analysis techniques are revievitbdspecial attention to spectral
moments. The spectral moments introduced herebeilised later in this thesis to
estimate rates of zero crossings and peaks arda@stimate peak PDFs of Gaussian
signals. The reverse-path nonlinear frequency respéunction identification technique
introduced in this chapter will be used in theduling chapter to estimate nonlinear

parameters from clamped-clamped beam experiments.

The final section of this chapter reviews basiaisoidal fatigue equations and their
extension to random fatigue, based on the Palmiglieer linear damage theory.
Equations that estimate fatigue life with the aidditof nonzero mean stress will be

presented.

2.1 Timedomain analysis

Time domain methods for analysis of random sigaggsthe preferred method for
estimating basis statistics, such as expected vaoe moments of the data. This
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section will also briefly review PDFs, distributifunctions, inverse distribution

functions, and the PDF transform method.

2.1.1 Expected values and moments

The mean value (expected valyedf x is given for a continuous function by
,uX=E[x]=I_°;xp(>§ d> (2.1)

wherep(X) is the PDF ok (see, for example, (2.18) for the PDF of a Gaussignal).
This equation can be thought of as the first moroétite PDF. For a discrete signal,

the estimated mean value is calculated by
N 1\
ﬂx = (_j z Xj (22)
N )4

wherex; are discrete values ahtlis the number of data points in the signal. Thghér-

orderny, expected values (or PDF momentskaifre defined by
yQ:E[x”}:.f_ix”p(@ d> (2.3)

or for a discrete signal

=)0 @.4)

j=1

For example, the mean squared value of a discgtals is
N 1\
g, = (—JZ X} (2.5)
N j:l
The second central moment (variance) about the isedefined by

o’ = E[(x—yx)z} :j:( x—,ux)2 p( X dx (2.6)

or for a discrete signal
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o= (xS0 -m) 27)

=1
The variance can be expanded to yield a relatipnsith the mean values
O% =Y, 1y (2.8)

The standard deviatiom (RMS for a zero mean) is

g, =0 (2.9)

For higher-order central moments, it is convenierwork with the standard variakte

defined as

7=2"H (2.10)

Two named higher central moments (in terms of thedardized variablg are of

interest. The third central moment, skews defined as
1=E[Z]=]" 2 (3 d (2.11)
or for a discrete signal
~ 1 N 3
=N sz (2.12)

A symmetric PDF (e.g., a Gaussian), will have skepal to zero. A non-symmetric

PDF will have positive or negative skew. The fouréimtral moment, kurtosisis

k=E[Z2]=["7 (3} d (2.13)

or for a discrete signal

&= (%)i z (2.14)
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For Gaussian random signals, kurtosis is equdlreet For non-Gaussian systems,
kurtosis can take on positive values less or greéhsa three.
2.1.2 Distribution and probability density functions

The distribution function o% (or F(X)) (also referred to as the cumulative distribution
function (CDF)) is defined as the probability otcacrencep of the variablex taking a

value less than or equal @0
F(x)=Profx<ad=p (2.15)

The distribution function monotonically increasesni F (—c) =0 to F («)=1. The

probability density function is defined as

o(%) :lixfI‘O[PrOt{x<Zi(s x+Ax}] 2.16

The distribution function is related to the PDF by
F(x)=]_p(a)da (2.17)

Two common PDFs are the Gaussian (or normal) P@Fzfro mean)

2

1 -X
= e 218
pnorm ( X) g /_2 Xp[ 2 X2 j ( )

where expX) is the valuee raised to the powet, and the Rayleigh PDF

Py (X) = izexp( _Xzzj (2.19)

The Rayleigh function is useful for studying thekeesponse of narrowband Gaussian
signals. Also of interest is the generalized pemiction, defined here for the
standardized variabte which gives the peak PDF for any normal randagnali [247,
248]
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Dpeak(z,w){\/zl—ﬂjexp(;ij wzexpE ZZZJ[l— Q[kzﬂ (2.20)

wherewis the ratio of the rates of zero crossings tkpddefined in Section 2.1.4).

The additional termk, andQ, are functions of the rati@ (which has values 8w<1)
1 z
=1-w® k,=k/w Z|=Zerfq —2 2.21
S = k/ Q(kn 2" (2.21)
where erfc is the complimentary error function [R49
erfc(x j exy( V) dv (2.22)

Note that the generalized peak PDF equation (2s28)weighted sum of a Gaussian and
Rayleigh PDF; at the limits

ppeak( Z’ O) = pnorm( j ; ppeal( Z]) = pra;( )Z (223)

The generalized peak PDFs for various values ofdtie ware shown in Figure 2.1.
Common distribution functions are also useful. ibemal distribution function is
[249]

Foom (X) = %{H erf[afﬁﬂ (2.24)

where erf is the error function [249]
erf j exp(—v ) (2.25)

The error function and complimentary error functeoe related [249]
erfc(x) = 1~ erf( x) (2.26)

The Rayleigh distribution function is [248]
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F.,(X)=1- ex;{—%(aij J (2.27)

The generalized peak distribution function is [248]

Feac(2@)=1-Q [8 —weXp{—éj{ +Q (éﬂ (2.28)

2.1.3 Inversedistribution function

The inverse distribution function (IDF) ¢t *(p) determines the correspondixg

value of a distribution function given a value obdlpability of occurrence [42, 250]
F*(p)=F(F(x)=x (2.29)
The IDF for a normal distribution can be determimgglicitly from equation (2.24) as
Fl.(p)=ov2erf*(20-1=x (2.30)

where erf' is the inverse error functior=erf™('y), which satisfiesy = erf () for

-l<y<land-o<x<o [251]. The IDF for a Rayleigh distribution is detened
from (2.27) as

Fo (0)=0y-2In(1-p) =x (2.31)

The IDF will be used extensively in the followingapters to determine functional
relationships between linear and nonlinear dat #esimple example of the IDF
method is shown in Figure 2.2. In this examplestritiiution function (or CDF) from a
nonlinear response is compared to the CDF of atinermal distribution. For this
example, two values of the probability of occurepe 0.75, 0.97 are shown with their

corresponding linear and nonlinear response datdspoy.
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2.1.4 Responserates

The rates of zero crossings and peaks are veryrtamgdor peak response and fatigue
analysis. They can be estimated (for linear orineal random data) by sampling the
time domain data. The rate of positive zero crasstan be interpreted as the apparent
or dominant frequency of the data record, whilertites of peaks can help one
understand the frequency of the highest periodmcpmment of the data. Narrowband
data is characterized by having one periodic corapbthat has equal rates of peaks
and zero crossings. Wideband data has many pegodiponents which mean that the
rates of peaks will be much higher than the rategim crossings.

Realizing that there can be both positive and megatope level crossings, the rates of

positive slope zero crossings[oﬂ is assumed to be one half of the total number of

Zero crossings

®[0" =2 (2.32)

whereNy is the number of level (level = 0) crossings apekk is the length of the

analysis time block. The rates of positive peai{sIT] can be determined by finding

the total number of positive peakss, i.e.,

®[P|=_—2* (2.33)

kil 239

One method of determining response rates for Gaiskita, based on spectral
moments, is discussed later in Section 2.2.2.
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2.1.5 Probability density function transforms

The PDFp(x), of a data set, can be transformed ffy) of a different data setusing
the PDF transform [125, 250]

p(y)= | dpy(/)g ] (2.35)

where there is a one-to-one monotonic relationbbigreernx andy, and where
y = 9(X (2.36)

which will be referred to as a right hand side (Riftfiction. The PDF transform can

also be expressed for a left hand side (LHS) mamotoinction

h(y) = x (2.37)

p(y)=|dydy f ¥=| H § b b)) (2.38)

As an example, determine the normal PDF for a mezan standardized variable (see
equation (2.10))

2= g(%)=X"0 (2.39)
a-X

The normal PDF, in terms of the standardized véiabusing equations (2.18), (2.35),
and (2.39) is

pnorm(zc x) g _( V.o, X)Z 1 —22
= = £ = 2.40
Prom(2) |1/0,| o2 exp{ 207 N2 (2.40)

The PDF transform will be used extensively in te&trchapters to transform PDFs of
linear data to PDFs of nonlinear data. The meteaspecially useful for predicting the
PDF of a nonlinear system when there is some krdge®f the linear to nonlinear
functions (see equations (2.36) and (2.37)). THeiethod, from section 2.1.3, is
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throughout the rest of this thesis to predict tHasar to nonlinear functions for use

with PDF transforms.

An example is a nonlinear Rayleigh PDF transformef@HS function equation (2.37)
using equation (2.19) and (2.38)

D () =[O 1 (1 3) =] 1 2L exp[‘(“(y” } @4

2
X 2a-x

The PDF transform method can also be used sucedssivperform multiple

transforms, as will be shown in Chapter 5.

2.2 Frequency domain analysis

Frequency domain analysis techniques are often tosgthracterize periodic and
Gaussian random signals. This section will giveiefloverview of techniques that will
be applied later. The reverse-path nonlinear frequeesponse function estimation

technique will also be introduced.

2.2.1 Fourier transform, auto-spectrum and power spectral density

The Fourier transform F is defined as
X ()= [ x(9 & dt=F( { }) (2.42)
and the inverse Fourier transform 5
x(t) = T X(f)e  di=F*( X( f)) (2.43)

The autocorrelation function that defines how aalgs correlated with itself, with a
time separatiorris

R.(7)= [ X(§) X(t+7) dt= E ) X #7)] (2.44)

—00
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The autocorrelation and auto-spectr8s( f ) (or power spectral density (PSD))

functions are related by the Fourier transform pair

00

Su(f)=] R (r) ¢" d (2.45)

Ro(7)= [ Su( ) € o (2.46)

The one-sided PSBy( f), defined for O< f <o, is
G, (f)=2S,( ) (2.47)

At f = 0,Gy andS« are equal to the mean value of the data.

2.2.2 Spectral moments and expected rates

A review of spectral moment and derivative proassgsulation is given briefly below.
For a full treatment of the subject, see [248] HMY-179]. Spectral moments are
calculated from the one-sided P&IDf) (in units of Hertz) or the two-sided P

(wherew= 27f in units of radians) using

m, :]i f"G( f) df (2.48)
U, = T W'S(w) dw = m(2m7)" (2.49)

It is important to note that; and 3 are zero, butyy, andmg are not. Remember that

Uy is calculated by integrating fromp-and 4o, andm,, is calculated by integrating

from 0 to +o. Typically, the momentsy, my, m,, andm, are calculated. The spectral
moments can be used to estimate the rates of respdriaussian random signals [248]
and [177-179]. The expected rate of positive (@atiwe) slope zero crossings for this

type of signal is

25



E[0] = [%r (2.50)

and the rates of positive (or negative) pe&snd points of inflectionPl are

Y2
E[P] = {ﬂ} (2.51)
m,
Y2
E[PI] :{%} (2.52)

A useful relationship for estimating the ratio afes of zero crossings to peagm

for a normally distributed signal is

_Elg__m (2.53)

Whorm = -
E[F] Jmm,

This ratio can be used in the generalized peak 3¥©) or distribution function (2.28)

equations.

2.2.3 Random time history from PSD using IFT

Often when working in test or analysis conditiahss useful to generate random time
histories with a prescribed PSD. Starting withdleénition of a finite time auto spectral
density function

S.(£1)=7 X (1D X 17 (259

where:

X(f,T):].x(t) e dt=F( X t 7)) (2.55)
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andT = 1/Af. The finite Fourier transform is defined frofyg< f < f.yq where the
Nyquist frequency is determined by, = 1/(2At). Determine the magnitude of the

Fourier transform for each valuefdbased on the prescribed PSRby

IX(f.T)=yTS.(£ T (2.56)

At each positive frequency, determine a uniformistributed random-phase angbe

0[0,27) such that
X(f,T)=A(f,T)+iB(fT) (2.57)

and tan®; = By / A. At negative frequencies assigh( f,T)= A (- f,T)=iB (- f, T).

The time domain signal, with normally distributedgnitude and prescribed PSD, is

determined using the inverse Fourier transform

f”yq

x(tT)= [ X( e df=F"( X f 1) (2.58)

=y

where the limits of integration of the inverse Heutransform are the Nyquist

frequency determined Hyyq = 1/(2At).

2.2.4 Frequency response and coherence functions

The single inpuk, single outpuy relationships for a linear systdmin terms of Fourier

transforms, are
Y(f)=H,(f)X(f) (2.59)

or in terms of their spectral and cross-spectratiies

S, ()= Hy (1) Sul 9 (2.60)

or also in terms of the one sided PSDs
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Gy, () =|H,(f)] G.(f) (2.61)
G, (f)=H,(f)G(f)

These equations can be used to estimate the firmgmrency response function

G,(f) G, (f
ny(f):GXY( ):GW( ) (262)

(1) Gu(f)

More general equations relating multi-input, moltitput systems can also be
developed (see for example [143, 248])).

The coherence function between the ideal singletiapd output,

Gy (1) _ Is (A
G.(f)G,(f) Suf) S

(2.63)

vulf)=

is a real valued function that ranges between Olardcoherence value of 1 indicates
that the output is completely determined by a lirffaaction of the input. Coherence
values less than 1 indicate the presence of noisther contributions to the output

(e.g., nonlinear response terms).

2.2.5 Multi-input single-output frequency response function estimation

The single-input single-output frequency responsetion estimation method described
above can be extended to multi-input single-ouf(pUE0) problems [143, 248]. The
MISO frequency response function method will bedusetensively later in this thesis
for estimating nonlinear frequency response fumstigee Section 2.2.6). The basic
MISO frequency domain formula for determining teeponseY for multiple inputsX;

(excluding noise sources) is
Y(f) =2 H(f)X(f) (2.64)

This equation is shown in block diagram form ind¥igy2.3(a). When one wants to

estimate the frequency response functidnst is very desirable to have the multiple
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inputsX; uncorrelated. If the inputs are uncorrelated, tihenfrequency response

functions can be estimated as before by

(=2

~—

(2.65)

If the inputs are correlated, then the recommenéelhique is to precondition the data

to form new inputdJ; that are uncorrelated.

In [143] there is a development (see Chapters 8lapadf a general MISO technique
that determines multiple frequency response funstlmzased on a method using
conditioned (i.e., mutually uncorrelated) inputsg$-igure 2.3(b) based on Figure 10.2
of [143]). This general MISO technique is basedemoving that part of the second
input that is correlated with the first input (wilotationXs.1). The third conditioned
input, is formed by removing that part which isretated with the first two inputs (with
notationXs.2;), and so on. Once the uncorrelated inputs arerdeted, linear frequency
response functions for each path can be found wmgle frequency domain
calculations. Next, recursive relationships ares@néed that allow the originally

correlated input problem to be related to the fiansed uncorrelated input problem.

For purposes of illustration (and later use), cdesa triple inpuk; single outputy
model of a system shown in Figure 2.3(a). The toansed uncorrelated equivalent to
this model is shown in Figure 2.3(b) where the sdaand third inputs are now
uncorrelated with the first two, and the frequenesponse functionid;, are replaced

with related frequency response functitgs

Frequency domain formula for determining theseuesgy response functions are
detailed in Chapters 8 and 10 of [143], and aremivere for the illustrated problem.
The first frequency response functibg, between the Fourier transform of the first

input X; = U, and the Fourier transform of outpytis given by the ratio of spectra

G,
=1y 2.66
Lly G11 ( )

29



shown using the one-sided fo@ The frequency response functiotetween the first

two correlated inputs is

-G, 2.67
L, G, (2.67)

and the coherence function between these two inputs

(2.68)

Note that in equations (2.67) and (2.68) as welhasquations that follow, the
subscript 2 refers to the original inpXit The uncorrelated inpu; (i.e., the input

determined by removing the part of inpGtcorrelated to the inpuf,) is found by
U, = Xy = Xp— LpX (2.69)
The frequency response function between the unatectinputU, and the outpuy is

L — GUzy — L — c-:'Zy:l _ G2y - LlyG21
2y T G A - G. (1-
U, U, G22:1 22 ( ylzz)

(2.70)
The right hand side of equation (2.70) can be detexd from the original inputs. The
uncorrelated inputs is found by

Uz = Xap = Xy — LpaXpy= Xg= LipX - LU (2.71)

and

|~3,y =%y (272)

Uslz

A flow diagram of this process of determining threarrelated inputs); is shown in
Figure 2.4(a). The frequency response functlémg the original nonlinear model are
recursively related to frequency response functiohg
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Hs, = Lsy
H,, =L, —LyxH, (2.73)
Hly = I-ly - L12H 2y - Llﬁ Yy

This recursive process of determining the frequessponse functiortd;y is shown in
Figure 2.4(b). The coherence functions betweerrtheier transforms of the

uncorrelated inputs; and the outpuY are calculated by

(2.74)

This brief illustration is given full developmemt ihe text [143, 248] and should be
studied in detail. The text goes into great detadevelop the methodology for
determining the MISO frequency response functionsspectra for general models

with any number of inputs.

2.2.6 Nonlinear frequency response functions

Methods to determine frequency response functionadnlinear systems have recently
been developed [118-140] and offer many optionsrfodeling the nonlinear behavior
of the system. One method [125, 143], which us&e\eerse-path,” model will be
discussed here and applied in later chapters.rihé to the model is in the form of a
combined linear and nonlinear MISO problem with sktendard inputs and outputs
being reversed (see Figure 2.5(a) based on Fidui® bf [143]). Here the linear or
nonlinear dynamic response is used as a “matheahatjgut” to a MISO problem

where the “mathematical output” is the known anelcsied force. Examples in Chapter
13 of [143] are given for a Duffing SDOF nonlinegstem as well as other nonlinear
SDOF and MDOF systems.

There are two main parts to the reverse-path neatimodel system identification
technique. The first is to define an equivalentlim@ar model that has nonlinear
operators in series with linear frequency respdasetions. The second is to estimate

the frequency response functions for each patheofitodel.
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Bendat [125, 143] proposes an equivalent nonlisgsitem (to that shown in

Figure 2.5(a)), based on a straightforward squaamdjcubing of the mathematical
input. In general, arbitrary nonlinear functionsiicbbe used, but for some systems,
including the Duffing system, it is known a pri¢inat the nonlinear response contains
higher order powers such as cubic terms. The neslimodel (see Figure 2.5(b) based
on Figure 13.5 of [143]) now has three paths: edirpath with a linear frequency
response functioRl;v( f) and two nonlinear paths. The nonlinear pathe lzav
nonlinear function in series with the linear freqog response functions: one path
squares the input first then multiplies it by aeln frequency response functidgy( f),
the other path cubes the input before multiplyiggablinear frequency response
functionHsy( f). The authors also point out that this realizaté the nonlinear model
is general and convenient but not unique, i.egrmtlonlinear operators can be used on

the mathematical input (see for example [138]).

The next step in the method is to realize thatriioslel can now be considered a MISO

problem where, for this illustration, the frequermiymain inputs are

0) (2.75)

This representation is shown in Figure 2.5(b) (HaseFigure 13.10 of [143]). Note:
the square and cubic transformations are normahfopmed in the time domain before
Fourier transforming them to the frequency domdinfortunately, the inputs can, in
general, be correlated. The method to transfornptbblem to one with uncorrelated
inputs is discussed in the previous section, whatthen be used to form a system as
shown in Figure 2.3(b). Equations (2.67) througliZ? are therefore used to find the
frequency response functiobsfor each path. The original correlated input frexgy
response functiond; are determined using equation (2.73). These nealifrequency

response methods will be used extensively in tx¢ cleapters.
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2.3 Statistical errorsin basic estimates of linear random processes

Much of this thesis is devoted to estimating stigi$ measures of linear and nonlinear
response data. An important part of this estimgpiatess is to quantify the statistical
errors (or uncertainties) for a given experimentadimulation time period. This section
will briefly review equations used to estimate émeors for normal (Gaussian) random
signals that will serve as a baseline for non-Gansandom signals. Most of the
material in this section is taken from Bendat aread®| [248] Chapter 8, and will be

presented with a minimum of discussion.

To begin, for a statistical measupethe estimate of the measure will be show as
The normalized random error (standard deviatiorihefestimate is (from [248],

equation 8.9a)

olo| (E|#|-Ele

£ = []z\/ [ ] [] (2.76)
Y Y

and the normalized bias error of the estimate24g], equation 8.9b)

=E—]—1 (2.77)

= (2.78)

The errors in estimates of standard deviationsRiDigs are given below based on a
number of sampleN, the data record time peridd and the signal bandwidih
Numerical simulations in Chapter 4 were run mudtipines to develop large sample

size estimates of the statistical measures thatrgrertant for fatigue and damage.
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2.3.1 Estimates of standard deviation

The normalized random error for the estimate afddiad deviation of a normal random
signal is ([248], equation 8.65)

G l=—— (2.79)

T = N = (2.80)

where the statistical bandwidtBg} of the data is ([248], equation 8.52)

o [IGXX( f)df} ) {ﬂ H( ) df}

0

(2.81)

S 0

i Tc;fx(f)df ﬂH(f)\“df

0

2.3.2 Estimatesof probability distribution and density functions

The estimates of probability distribution and dgnginctions begin by estimating the
probability that some variabletakes on a value betwern(W/2) andx+(W/2) of a

number of sampleN, i.e., ([248], equation 8.66)

If’[x, W] = Prot{( x—VEVjs X s( XFV—ZVH (2.82)

whereW is the sampling bin width. This probability is coranly estimated using
histograms such that

P[x W] = N, (2.83)
9 _W .
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whereN; is the number of sample values in eachjpandN is the total number of
samples. The distribution function is estimatedaath bin from the cumulative sum of a

histogram by
“ 1
Flx ] =NZ N, (2.84)

The distribution function estimate is unbiased whealuated at the positive bin edge
(x+(W/2).

The probability density function can also be esteddrom histograms ([248], equation
8.69) by

5(4) = N, _P[xW]

= 2.85
NW W ( )

Unfortunately, the numerical estimate of probapitiensity functions can have
significant bias errors. A first-order approximatifbased on a Taylor series expansion)
for the normalized bias error term is a functiorha “shape” of the PDF ([248],

equation 8.82)

& B(X)] z%'((x)x) (2.86)

where p"(x) is the second derivative gf( x) with respect to. The normalized

random error in PDF estimates is a function ofithedwidthB and duration of the
sampleT
2

C
£

f[f’(x)]:m

(2.87)

wherec is a constant that is dependant on the samplitigeogignal; in [248]¢ is
assigned a value of approximately 0.3 based onremeetal studies. The bias (2.86)
and random (2.87) errors can be combined to estithatRMS erroke of the PDF
([248], equation 8.88)
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. c? w (X T
£[p(x)]= T );+576{ pF(( )” (2.88)
Both error estimates are a functionvigfthe bias error ha#/in the numerator and the
random error hag/ in the denominatoThis apparent conflict is usually solved by first
settingW to a conservative amount (typically <@2 and then determining the tiriie
required to reach a target random error with anrassl value op(x). This relationship
gives additional insight into the importance ofjedata records (long sample periods)

for determining quality estimates of PDFs.

2.4 Fatigue analysis

There are several failure methods for systemsvibadte, but fatigue is considered the
most catastrophic. The theory of cyclic fatigue waseloped first based on cyclic
loading (of constant amplitude), but it has beeemraed to account for a summation of
loads at different levels. The discussion of fagiguthis chapter will present the
evolution of equations starting with sinusoidalgae and ending with fatigue of

wideband random responses.

2.4.1 Sinusoidal fatigue

The standard sinusoidal stress life power law tetignodel is

' b b

0,=0,(2N,) = AN; (2.89)
A=g, 2

wherea, is the fully reversed alternating stress amplifusdelN; is the median cycles
to failure. The power law sloge(fatigue strength exponent) and the stress inpee
at one reversal (fatigue strength coefficient)A@t one cycle, are determined
experimentally. The symbada (bold, not italic) is used here to denote stress instéad
(italic, not bold), which is used to denote the standakdadion. The life (number of
cycles to failure)\; that is expected for a given alternating streskeumero mean stress

is
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g \*
N = -2 2.90
f alt ( Aj ( )

Note, the number of cycles to failure is also adman variable, and the value predicted
with these equations is assumed to be a mediae alsed on a curve fit of
experimental results. Recent work of interest btekiet al. [252, 253] present theory
for optimal experimental design for determining thaterial fatigue properties if the
measured life is considered a random variable.

2.4.2 Sinusoidal fatigue life with mean stress

A recent review paper by Dowling [147] describegesal methods that have been
developed over the past century to determine fatide for alternating stresses

combined with mean stresses. This section sumnsattigecurrently accepted methods.

The Morrow equation for the number of cycles tduii@ with mean stress is

N, = [o/ A{l—go]] (2.91)

For nonferrous materials, a modification usingttibe stress at fractur@,; is

N me :lzoé/A(l_ go H (2.92)

The Walker equation is

1 Ryl/b
o’ —
Ny, =| —me| == 2.93

whereyis a fitting exponent ani is the ratio of minimum and maximum stregg,{,

Omax Values at the minima and maxima of the cycleingelf by

= o-min
R= Amax (2.94)

37



The fully reversed zero mean case is wRen—1. Note, equation (2.93) reduces to
(2.90) when the exponept= 1.0. The special case of the Walker equatioryt0.5
gives the Smith-Watson-Topper [254] equation:

1-R 05 1/b 1-R 1/b
Nfswt:{omax( j i| :|:O.max :| (295)

A 2 A 2

A modified version of the Walker equation is usediMPDS-01 [255], (the
replacement for MIL-HDBK-5), based on the stres®rR and an equivalent stregs,

where:

Iog(NfS) = Ai+ Azlog(oeq_ Aﬁ)

(2.96)
0., =0 nm(1-R)™

The termA, represents the fatigue limit stress or enduraintié ISection 9.6.1.4 from
[255] gives a thorough discussion of equation (.96
24.3 Palmgren-Miner linear cumulative damagerule

The Palmgren-Miner, [151] and [152] respectivellyelr cumulative damage rule is
— 3 r]k
D= z_ (2.97)
k= ka

whereD is the summation of damag®,are the number of cycles for load casand

Ni are the number of cycles to failure for cksP = 1 indicates a probability of failure
of 0.5 (i.e., half of a population is expected &vé failed). As stated in Chapter 1, the
linear cumulative damage model neglects any segueifiects that may change fatigue

life.

2.4.4 Random fatigue and damage

The number of cycles to failure for a narrowbanttiam processl; ., (see [4, 153, 155,
156)) is
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00

anb = I(oa/ A)]/b p(oa) Cba (298)

o

wherep(o,) is the PDF of stress peaks. For a harrowbandnsgp(o,) is assumed to
be Rayleigh. It has been shown [4, 153, 155, 1%] (2.98) reduces to

N, = (\/_JJ /r(l—zlbj (2.99)

wheredg is the standard deviation of stress, &rd the gamma function [249]. This

eguation can be solved foy to give a narrowband random fatigue equation (amtd

sinusoidal fatigue equation (2.89))

b
A 1
o, :E{anbr (1—%ﬂ =CN’,, (2.100)
where the narrowband random fatigue strength aeffiC [156] is
b b
A 1
C=—7|IN1-— 2N 1-— 2.101
a2 -5 (-3 @10

When one considers a narrowband Gaussian randaregy,ahe expected value of

damage for a given random load case reduces to

E[D,] = O] Tj (0./A™ po,) &, = go]w( j (2.102)

whereE[0] is the expected rate of zero crossings (seatemu(2.50)), and is the

duration of the load.

245 Wideband random fatigue

A wideband random process is more interestingdisieibution of peak amplitudes
diverges from the Rayleigh PDF, and the responBeneiude maxima with negative

values (see [248] and cited references) and mimitiapositive values. The de-facto
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method for evaluating wideband random fatigue éstifme domain rainflow cycle
(RFC) counting method [161, 162].

The RFC is defined as follows [163, 165] (see Fegu6 from [256]): From a time
history, find each local maxinid;. Consider data less thaf in the domain backward
(left) or forward (right) ofM;. The minimam with the smallest downward excursion
sets the range of the rainflow cycle. A rainflovcleyis defined in this thesis to have
stress minima and maximen, Omax Or, equivalently, stress amplitude and mean
(0a, 00). A rainflow stress rang&o is defined here to be two times (2x) the stress

amplitude with no associated mean.

The damage equation based on rainflow cycles mgeaf stress minima and maxima is

E[D.u]=E[F] TTT A0/ AW)'“’ MO ivO ) @ i@ e (2.103)

—» 0

or in terms of amplitude and mean stress

E[D,]=E[FT[ [ o(0.0/ A) " Ho,.00) &, &, (2.104)
-0 0

wherep(as, 0o) is the joint PDF of stress amplitude and meanfli@wv cycles, and
g(o /A) is a function based on the chosen nonzero meessdiatigue method (see, for
example, equations (2.91) through (2.96) [189]) Phoblem is that there is no known
closed form for the joint rainflow cycle PDF, altigh there are a number of
approximations [34, 183, 208, 209, 257]. The jpirabability density function can be
estimated numerically as a histogram with cyclentiog algorithms (see, for example,

the rainflow matrix functions developed by the WAE@up [258]).

It is common to simplify the joint-stress PDF, wimidk instead with the one-dimensional
rainflow range PDp(Ac). The wideband damage equation given the rainfeovge

p(Ao) is

E[D,.]=HR TT(AG/Z A)‘“’ A0 d\o (2.105)
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One approximation fgp(Ao) is given by Dirlik’'s expression [174].

2.4.6 Rainflow matrix

The 2-D histogram of rainflow cycles calculatedWyFO functions is called a
rainflow matrix (RFM). A RFM is a convenient nunmeal estimate of the joint PDF
[189]. The RFM has minimum and maximum stress #xaiscan easily be related to
amplitude and mean stress dimensions. Only hali@RFM is used because the
minimum stress can never be greater than the maxistress. The WAFO group has
chosen to display the RFM as shown in Figure 2t thie minimum stress on tie
axis and maximum stress on traxis. The figure also has lines drawn along carista
values of the stress rati® Constant amplitude conditions are found alongalials of
positive slope, and constant mean stress rangdsiare along diagonals of negative

slope.

The RFM can also be used to calculate one-dimeakiostograms of peak values. The
histogram of maxima is found by summing the bina now of the RFM; the histogram
of minima can be found by summing columns. Ampkwachd mean value histograms

can be found by summing positive and negative diagorespectively.

2.4.6.1 Fatigue damage from rainflow matrix [189]

The random fatigue damage equation based on the HFNstogram estimate of the
joint PDF is

RFM (0,10 1ra)

D=>>" N; (Gins O )

Omin O max

(2.106)

where RFM@min, Omin) are the number of counts in the RFM bin with eadiiomi, and
Omin- The denominator of (2.106) is determined based dmoice of fatigue equations.

The estimate using the alternating stress equé2i®) (with no mean stress effects) is

Doy = 2. 2. RFhu/\ll(or(mc;’()rmaX) =2 Y RFM (0, 00) (0./ A (2.107)

Omin Omax

Omin Omax
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The alternating stress, = (o

( max

G .n)/2 Varies over the RFM and is calculated for

each histogram bin. The estimate using the Morrguagon (2.91) is

ZZRFM min* O ma |: /A{l_o_]j| (2108)

The mean stress, =(0,,,,+0 ,,)/2 also varies over the RFM and is calculated for

each histogram bin. An alternate form of the Morexyuation (2.92) follows this form

with &, substituted forg’, . The damage estimate using the Walker equati®3)2s

— V _l/b

D, =Y > RFM(0,,,0,,,,)| “m [QJ (2.109)
o-mlﬂ omax A 2

TheR value is calculated for each histogram bin usimga¢ion (2.94). The Smith-

Watson-Topper equation (2.95) follows this formhatihe exponeny =1 . The damage

estimate using the modified Walker equation andetiigivalent stress equation (2.96)
from [255] is

RFM (0,1, 0 o)

min?

D; %%m{pﬁ A Iog(o - Aﬂ

(2.110)

A set of functions has been developed to estimateage given a RFM and a choice of
fatigue equations (2.107) through (2.110).

247 Timetofailure

The damage equation (2.97) can also be writtearmg of time
— - Tk
D=) K (2.111)
fk

whereTy are the periods anfik times to failure for load case This equation can be

used to estimate the time to failure
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T
Ti=g (2.112)

where the damade, determined from equations (2.107) through (2.lit@judes the
integrated effects of all the cycles in the RFMddpad case of tim&. Time to failure
estimates include the effects of the shift in ratérequency, and are useful because

they allow comparison of data sets with differemdlgsis time periods.

25 Summary

This chapter has served as a brief review of the aand frequency domain equations
that will be used throughout the remainder of thesis to develop random response
statistic relationships. Fatigue and damage equatiave also been reviewed.

Probability functions have been presented, andelagionships between them have
been illustrated. Probability density functiongegtk stress response will be used later
in this thesis to determine time to failure basedimear and nonlinear fatigue damage
equations. The inverse distribution function methmdetermine a functional value
given a predicted probability was introduced anllil lvg used extensively to estimate
linear to nonlinear functions from tabulated resgghistograms. These linear to
nonlinear functions will be used with the PDF tfans method to predict useful
nonlinear PDFs of displacement and stress.

Nonlinear frequency response function estimatichnejues, using the reverse-path
method, have been introduced. The reverse-pathoahétlgeneral and will be used in
novel ways to study the nonlinear displacementsirain response of experimental data
in Chapter 3.
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2.6 Chapter 2figures
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Figure 2.1. Generalized peak PDF shown for varratiss of zeros to peaks.
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Figure 2.3. MISO system models: (a) system withsjiubg correlated inputX; and
frequency response functioHis,, (b) system with conditioned uncorrelated inguis
and frequency response functidns
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3 NONLINEAR EXPERIMENTAL SYSTEM ANALYSIS

This chapter discusses the analysis of experingtermed at Wright Patterson Air
Force Base (WPAFB), USA. The experiments are dssalisn several papers [7, 110],

but it is worth briefly describing the experimeatsd available data here.

The experiments were designed to produce nonlmesaonses for a simple physical
system “to generate high-quality random responsz fda comparison with
predictions”. The original intent was to allow fealidation of recent low-order
nonlinear modal models, but the data has beenregtyeuseful for this study, as a basis
for examining the changes as the system respoongegsses from mildly to strongly
nonlinear. The experiment comprised a clamped-ctahgpeel beam, with length =
229 mm, width = 12.7 mm and thickness = 0.79 mne fieasured time domain data
included the test base shake acceleration inpupligg displacement (in), and strain
(1e) responses at the center of the beam. Strain gegyresmounted to the top and
bottom surfaces of the beam. The data record lengt88 s with a sample rate of
4096 Hz. The base shake input was a flat accedar&5D from 20 to 500 Hz with
RMS values of 0.5, 1, 2, 4, 8 g. Figure 3.1 showgture of the experimental setup.

The nonlinear responses are studied here in betiréljuency and time domains. The
reverse path identification method [125] is useédhdifferent ways to determine linear
and nonlinear frequency response functions. Thémear frequency response
functions, and especially their coherence functipngvided a keen insight into a model
that could best describe the response of the syistéenms of the displacement and
strain states. The linear frequency response fumgtllowed for estimates of the
variance for the linear part of the random respombées proved to be useful as a basis
for establishing the linear portion of the lineambnlinear PDF transforms.

The time domain analysis concentrates on detergnipasic statistics (mean, variance,
skew and kurtosis) plus the underlying probabiignsity and distribution functions.
The full data sets were processed to determinedrains of the input and response,
which were reduced further to PDFs and CDFs. Asecet of time domain analysis

47



concentrated on sampling the data to determine gisaétkoutions. The peak

distributions formed the basis for subsequent f&tignalysis.

Given estimates of the linear response and measiatador the nonlinear response,
linear to nonlinear functions were determined usimglinverse Distribution Function
(IDF) method. The linear to nonlinear functions evesed with the PDF transform
method to estimate nonlinear PDFs of nominal arak pesponse. The wideband
experimental data required understanding of thexaation between rates of zero
crossings and peaks and their implications toeselting distribution functions. Work
with the PDFs and histograms resulted in an exness estimate the number of zero
crossings and the ratio of zeros to peak#dditional equations were derived to

determine the value of the peak distribution fumttt the point of zero peak response.

The nonlinear frequency response functions werd teseeconstruct time domain strain
responses from the nonlinear displacement datalifié&, squared and cubic nonlinear
parts of the time response helped to show thegraation as the response alternated
between positive and negative cycles. Low-pasrifiy of the data below the second
response mode helped to further illustrate therdmritons of the linear, squared and
cubic terms. Polynomial coefficients were fit te tiitered data for use in ODE

simulations, which are discussed in later chapters.

Fatigue life predictions were grouped into wideband narrowband estimates. The
wideband estimates used the raw data for compartsestimates made by using linear
and nonlinear frequency response functions. Narandlatigue estimates used the
filtered data for comparison to polynomial and Pi#hsform estimates from the
displacement data. In each case, three differéigutalife models (a baseline model
and two models that included mean stress effeasg wsed to explore the sensitivity of

the nonlinear membrane effects on life estimates.

3.1 Frequency domain analysis of wideband system

The frequency domain analysis of the WPAFB dataésented before the time domain
analysis, because the majority of the nonlineaeetspof the system response are easily

shown and determined in the frequency domain. Bs&clPSD measurements of the
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response are shown first to illustrate the shiét roadening of the response. Next,
much emphasis is devoted to the application ofd¢kerse path identification technique
to the test data. Several nonlinear frequency respéunctions help to explain the
underlying nature of the nonlinear system. Thesguency response functions are used
later in Section 3.3.1 to estimate the strain raspdrom nonlinear displacement inputs.

3.1.1 PSD of displacement and strain response

The PSD for the beam center displacement respsrsgg®ivn in Figure 3.2. Note how
the response in the frequency regions of the dinst second modes becomes much
broader. Also note how the second and third harosowii the natural frequencies are

evident at even the lowest input level.

The PSD of average strain (average of the top attdrin strain) response is shown in
Figure 3.2(a). Note the similarities and differente the displacement PSD; the second
harmonic is now much stronger, and the relativemtade of the second strain
response mode is much greater than the displacenuig, as shown in Figure 3.2(b).
It is also apparent that the third harmonic offtnedlamental becomes obscured by the
response of the second mode at inputs above 2eg€eldbservations will be discussed

further in the next sections.

3.1.2 Nonlinear system identification

The reverse path nonlinear system identificatiothwe: proved to be useful for
determining the displacement to force relationshypshe WPAFB data. This is the
“textbook” [125, 143] use where the nonlinear dss@ment and the squared and cubed
version of it are used as multiple “mathematicalits” to a system with force
“mathematical response”. The force was presumd toroportional to the measured

base acceleration, using a mass of 18 grams (stier54.1).

The reverse path identification method (introduice8ection 2.2.6) estimates the parts
of the response that are correlated to the lissprared and cubed displacement input.
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The estimated linear (see Figure 3.3) and cubi Fsgure 3.4(b)) displacement to force
frequency response functions (FRFs) show consistsntts for all test levels, while the
squared displacement FRFs (see Figure 3.4(a)) iexidokedly different, yet stable (in
the low-frequency range), results at each levet ddherence functions show that the
nonlinear model was able to account for most ofrésponse at the low 0.5 g input
level (see Figure 3.5(a)), but, this nonlinear nhalile: not fair as well at the higher input
levels (see Figure 3.5(b)). It is interesting te #wat at the higher level, the cubic
displacement term accounted for the majority ofdbleerent response over the range
between the first and second observed peaks isytem response. The coherence
plots show that the squared terms were noticealtheedow level (perhaps caused by a

“pre-buckled” condition), but they were insignifittaat the highest level.

The WPAFB top surface strain gage response datalsasised with the reverse path
identification method to estimate strain to foré@Hs. These results were not as
encouraging. The FRFs for linear (Figure 3.6), sedidFigure 3.7(a)) and cubed strains
(Figure 3.7(b)) are not as “clean” as the displamanto force data. The squared and
cubic strain FRFs are especially noisy. A tellindication of the quality of these
nonlinear FRF estimates can be seen in the core@ats. The lowest level strain

input case (shown in Figure 3.8(a)) produced rdaspéz FRFs (and corresponding
coherence estimates), but the higher levels (showigure 3.8(b)) yielded poor

results.

The reverse path method was then applied to tleetdatetermine nonlinear top surface
displacement to strain FRFs, where the displaceméhe “mathematical input” and

the strain is the response. The linear FRFs (spa¢B.9) showed a very consistent set
of results throughout the frequency range. The géfiepturn” in the strain response,
as displacement increased, will be discussed fuithiae next section. The squared
(see Figure 3.10(a)) and cubed (see Figure 3.10(§p)acement to strain FRFs show
consistent trends over the entire frequency rangetee coherence functions (see
Figure 3.11) show that the nonlinear model can aactor most of the measured
response. This nonlinear displacement to strainaingdarguably better than the
displacement to force model (compare the cohersssdts in Figure 3.5 and

Figure 3.11). These FRF estimates were used tblisstdome of the parameters for

PDF transforms and the SDOF ODE models discusstgtinext two chapters.
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3.1.3 Linear frequency response function parameter estimation

One important outcome of this nonlinear FRF estiomgprocess is a method to
estimate the linear response of the system. TleatliRRFs of displacement to force and
strain to force were used to estimate the lineadaen response standard deviation of
each input level. At first, an attempt was madade the FRFs in their raw numerical
format. This proved to be undesirable because sthatiges in the numerical values of
the FRF estimates produced vastly different resAligarameter estimation of the multi

degree of freedom (MDOF) transfer function proved¢ more stable and informative.

The first step of this MDOF parameter estimatiors wadetermine the force to
displacement (and later force to strain) FRF. Thesee simply the reciprocal of the
displacement to force FRF. The Laplace domain natoeand denominator
polynomial representations of the transfer functiere estimated and then converted
into their equivalent roots (or poles) format. Thedal roots are, assuming a viscous

model for the modal damping,
A= £7P 1) =-wf g 1-7° (3.1)

This was useful for determining the modal paransetéthe FRF

w = \/—[real(/li)z— imag4 )’ | (3.2)
{ =-real(A) I

It was encouraging to find that the estimated patams were comparatively consistent
among the runs, as given in Table 3.1. There apeotwiliers: the 2 g (lowd1) and 8 g
(large {1 and highef,;) estimates. The average lligear displacement response
estimatedy, determined from the other three estimates, w&293. mm. This was used

as the linear response baseline for linear digiohudunction estimates (see Section
3.2.3).

Example FRFs and transfer function estimates arenistin Figure 3.12(a). The
parameter estimates improved when the FFT frequsppaging was reduced to 0.25 Hz

with a corresponding number of averages of 22. Mais an interesting tradeoff; the

51



smaller number of averages yielded a more variatiet-to-point FRF estimate, but the
larger number of points and the finer frequencycsmpallowed for better estimates of

the modal parameters.

A typical numerical example of the force input tepdacement output transfer function
for the 1 g input is

418 -2.0x 1G s+ 4.% 1D n

X
H. =—= —
"F 42589+ 7.1x 10+ 1.% 10s 1x 16 |

(3.3)

The force input to strain output modal parametezsevestimated in a similar fashion.
The eigenvalue (modal frequency and damping) egtsn@ee Table 3.2) are similar to
those estimated from the force input to displacdmatput FRFs. The force to strain
graphs show strong similarities to the force t@lisement graphs (compare

Figure 3.12(a) and Figure 3.12(b)). Note that #moad-mode strain response is
proportionately higher than the displacement respolt is also interesting to note that
the first-mode damping estimates based on straohtte be about twice as large as that
of the displacement estimates, while the secondenestimates are much closer in
value (see Table 3.2). A typical numerical exangflthe force input to strain output

transfer function for the 1 g input is

4.4x10s* +4.% 16s -7.2 180 pue
s'+258 +7.x 10 +3.6 10s +1¥ 10 |

£
H,=—= 3.4
Fe T E (3.4)
Note the similarity in the denominators of thisdtion and the displacement transfer

function given in equation (3.3).

MDOF parameter estimates were then made with ggatiement to strain FRFs (see
for example, Figure 3.13(a)). A typical numericghmple of this displacement input to
strain output transfer function for the data frdra . g input case is

1.6x10s® +7.5% 16s -1.¥ 1’6,u_£
£ +115s+1.% 10 m

H :E:
X

EX

(3.5)

At first this is not informative, but consideringgt the ratio of transfer function

equations (3.4) and (3.3) (assuming that the dematmis are equal) is
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& -493s+1.Xx 10 m

£_
X (3.6)

x| T ™

one can recognize the similarity to equation (35plot of this transfer function
estimate and the raw FRF from the reverse ideatiba method are shown in
Figure 3.13(b).

3.1.4 Flow diagramsof nonlinear strain and displacement models

The nonlinear transfer function estimation ressitggest two methods for representing
the nonlinear force to strain model: one based seri@s connection of nonlinear
displacement and strain FRFs, and a second basgganallel connection of modal

models.

The first model (see Figure 3.14) is based onwleernhost successful nonlinear system
identification models from the previous sectionnedy, the displacement to force and
displacement to strain nonlinear FRFs. The secoodklrs an attempt to show how the
modal models (labeled oscl and osc2 in Figure &fe&)inked to both the
displacement and strain responses. It may be pegssibefine this modal model further
to allow more of the nonlinear combination of tenm$e described in the “modal

domain.”

3.2 Timedomain analysis of wideband system

The following sections cover the time domain analp$ the WPAFB data using the
methods introduced in Chapter 2.

3.21 Basisstatistics

The first step in the time domain analysis wasdternine the basic and central
statistical moments of the test data. The resultsngn Table 3.3 agree with the

published values [7]. The input random acceleragtatistics (subscri@) help to
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confirm that it was normally distributed with nes#ro mean and skew values, and

kurtosis approximately equal to 3 (see Table 3.3).

The displacement data (subscigpshow indications of the nonlinear behavior of the
system (as indicated by a kurtosis value less 3awith additional nonzero mean and
skew that will need explanation. The top and botsbrain gage data sets (subscripis
& botrespectively) (see Table 3.4) are even more camaueld. If the test item were
truly symmetric, as designed, the response staigtould be equal in magnitude with
an opposite sign for the odd measures (mean amnd .skbae authors [7] discussed the
results from three sets of experiments noting dnainfortunate outcome of the
clamped-clamped design is its sensitivity to terapee-induced preloads. It was
assumed that this data set had no preload, bskeéwe and nonzero mean strain
measures tend to indicate that there may have &dearall amount of compressive
preload. The low-level tests (0.5 and 1 g input®ed compressive mean strains on
the bottom strain gaga,.: and slightly positive mean values on the top Btg@EgeL4op.
This may be an indication of a small amount ofistiatickling as a result of a

compressive preload.

The standard deviation of strain response wasditfrent for the top and bottom
strain gages. The top strain, was always greater that the bottom st@in This may

be explained by differences in strain gage placémemstrumentation gain factors.

3.2.2 Histogramsand response PDFsfrom data

The experimental data was processed further tordate histograms, PDFs, and CDFs.
To begin, PDFs of the acceleration input were adeitezd from histograms, as shown in
Figure 3.16(a). This figure shows that the inpyiesgys normally distributed as
intended. Displacement response PDFs (see Figlé¢3) show non-normal behavior
with the addition of some asymmetry that may besediby the hypothesized pre-

buckled state of the beam.

The strain response PDFs are even more non-nofimalstrain response at the top
surface of the beam (Figure 3.17(a)) shows neanlgnal behavior at the lowest input
level, while the bottom surface strain (Figure 8}y shows a highly skewed response

54



for the same input. It is interesting to obsenad the large amplitude response points at
this lowest input level tend to return to the nofrPBF values. As the input increases,
both the top and bottom strains tend to skew away fa normal PDF, which is due to

the addition of tensile membrane effects.

The strain data was further processed to sepdmatesinding and membrane strains.

Ideally, the top and bottom strains would be symimsuch that

memb

‘gtop = ‘gbend tE

(3.7)
gbot = _gbend t& mem
The addition of instrument gaik)(and biaslf) errors give measured valués
étop = k1‘(5top + bl = kl(‘gbend-l_ & meml+ q (3 8)
ébot = k2"S‘bot + b2 = kz(_gbend-l_ £ mem} + bz
Also, assume further that
. é}op Epot (3.9)
Uétop = klo-‘gtup’ aébol = kza-‘gbm = kza-g top
and, if the first gairk; = 1
g.-
k, = —t (3.10)
é!op
‘é:top = gbend tE memt;*_ bl
or 2 & 0. 3.11
@:M:(—gbend+gmemk)+b3 ( )
k2 ébot
subtracting the two equations gives
bot™ &,
top - OtA = 2£bend + (bl b:l)
(3.12)



Presuming that the bias errors are constant andhddending strain has zero mean,

the unbiased bending strain can be estimated by

1| . ébo Jémp ~ é:boto- Eiop
gbend = E(‘gtop_ t -E |:£top_ o :U (313)

g N
Ebot

Ebot

The two equations in (3.11) can be added to forrastimate of the membrane strain.

A

A gbota-ém
Etop +0_—p = 2‘E‘mem-i- (bl - bS)

Ebot

) (3.14)
1| . gbo Uémp
Emem = _l:gtop-'-ot_— - (q - ba):|

2

bot

Unfortunately, the membrane strain does not hake mean, so the combined bias
errors are not easily determined. Fortunatelymienbrane strain should always be

positive, allowing a graphical estimation of therdmned bias errors.

Comparison of these results (Table 3.5) with theotesults is of interest. The kurtosis
of the bending strain estimates is nearly the sasrt@e kurtosis of displacement (see
Table 3.3). This link between the bending straid displacement is expected and will
be investigated more in the next sections. The sKa¥Wwe bending strains is larger than
expected (especially at low-input levels) and @utiht to be due to a compressive

preload-induced buckling of the beam.

The bending and membrane strain estimates wereugeghto determine PDFs. The
bending strain PDFs (Figure 3.18(a)) are now “ezddf to be nearly symmetric, yet
non-normal, while the membrane strain PDFs (Fi@ut&(b)) are almost completely
positive. For comparison, a chi-squared PDF (tkerttical result for a squared normal
random signal [125]) is shown with the membranaistPDFs.

3.2.3 Linear tononlinear function estimation using | DF method

The response PDF estimates of the nonlinear displant determined above can be
used to determine linear to nonlinear functiong)gighe inverse distribution function

(IDF) method (see Section 2.1.3). When working witimlinear data, it is convenient to
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start with the nonlinear estimates of the distidrufunction determined from a
histogram of the measured data. The histogtaoh displacemeny is (see also Section
2.1.2)

H{y,W] :Coun{( y—\%’)s y(l)s( WV_Z\IH (3.15)

Note thaty is the bin center and/ is the bin width. The estimate of the distribution

function F (y;) from the binned data is

E(y)=2—— "=p (3.16)

whereN is the total number of counts in all bins, gmds the cumulative probability at
bini. Note that it is important to define the estimaft¢he distribution function at the
upper bound of the histogram bins:

7=y +% (3.17)

It should be stated that () is an unbiased estimate Bf(y) at ¥, .

Then, having estimated the nonlinear (non-normiatyidution function, at each value

of o, find the linear distribution functioR;i, with equal probability

F.(%)=0=F, (%) (3.18)

The corresponding linear (normal) function vakjas determined using the IDF

)

x =F.!(F (%)) (3.19)

If the linear distribution function is presumed mad, then the linear function value
can be estimated by using the inverse distributioction for a normal distribution (see

equation 2.30)
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it (p) =0 N2ert (20 = x (320

where erf is the inverse error function, or, in terms of &stimated nonlinear

distribution function by
x =o~2erf*(2F,(%)-1 (3.21)

An example nonlinear (non-normal) distribution ftion (CDF) determined from the

8 g displacement PDF is shown in Figure 3.19(ajlaiwkwith a linear (normal) CDF.
The IDF method can be traced graphically on Fi@ui®(b), which shows the positive
response portion of the linear and nonlinear CB®Bs.example, given a nonlinear
normalized displacement of 0§, what linear displacement will have the same CDF?
By inspection, the corresponding linear displacensapproximately 0.2 Another
example is 1.8 nonlinear mapping to 2.8, linear. The linear displacement response
o= 0.429 mm for a base acceleration ingat 1 g was estimated from the linear
transfer function of displacement response forGhaessian random input (see Section
3.1.3). The linear displacement respoagéor each test input case was determined by
scaling the 1 g by the corresponding input acceleration level. I@ar displacement

responses are given in Table 3.3.

The IDF method can be repeated at every nonliresggronse CDF value. The resulting
x andy pairs are shown in Figure 3.20(a). The positiviespre shown again in Figure
3.20(b) with a log-log scale. Note that the resintien each input level form a set of

unique curves.

3.2.3.1 Curvefitting thelinear to nonlinear functions

In previous attempts [160] a piecewise power-lawg wsed to curve fit the RMS stress
linear to nonlinear functions. Research with similanlinear functions [259] suggests
that a polynomial function of the nonlinear respoissthe preferred method to curve fit

“stress stiffening” data

h(y) = x

CQY+G Y+t G Y= > 822
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wherey andx are the nonlinear and linear displacement leveigaetively. Note that
the polynomial is now on the left hand side of dlggiation (see Section 2.1.5). A third
order polynomial proved to be a good fit of theelin to nonlinear response function
data. These linear to nonlinear polynomial functiane used extensively in this thesis
as part of the PDF transform method to predictinealr PDFs (see Section 2.1.5) and
subsequent estimates @f kurtosis, rates of zero crossings (see Secti®i12) and

fatigue life.

3.2.4 Responserates

The response rates (see Section 2.1.4) of theadesplent and strain results were
calculated using WAFO MATLAB functions [258] (whiatetermine level crossings
and response peaks). An interesting observatithaighe bending strain rates of zero
crossings and peaks are significantly lower thandisplacement rates (see Table 3.6).
Also, the ratiowwis not as constant for each input level. The ridebending strain are
similar to the rates of top and bottom strain (Eabkle 3.7), except for the highest input
of 8 g. At the highest input level, the additiorntieé membrane strain has shifted the
ratio coup significantly for the top and bottom strainsiile the bending strain has not

increased proportionately.

3.25 Peak PDFsfrom data

Normalized peak displacement PDFs, determined timplacement RFMs (see also
Section 2.4.6), are shown in Figure 3.21(a) foe¢hof the input levels, with a linear
peak PDF (determined at a ratio= 0.967) for comparison. The data shows strong
nonlinear behavior, with increasing probability fa@ggative-valued maxima. The peak
displacement RFM for the highest input level (&galso shown (Figure 3.21(b)) for

comparison to other peak RFM, which will be presdrater.

One major observation from the data is that thie atwas not constant for each input
data set, as given in Table 3.6. This change im&te cowith the input level (and
degree of nonlinearity) required a decision regagdhe manner in which one proceeds

with the IDF method discussed above in SectiorB3.Phe logical choices were to use
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one linear CDF, based on the linear raticor to allow the rati@oto change and,
therefore, determine a corresponding linear peak @Deach input level. Figure 3.22
shows the normalized linear and nonlinear CDF¢Herdata. Notice that the CDF for
the nonlinear data at the highest input of 8 gseeshe zero displacement level at a
cumulative probability of approximately 0.8, whitee CDF for the lowest level input of
0.5 g crosses the zero displacement level at appadely 0.2. The linear peak CDFs,

based on variable rati@g cross at about the same level as the nonlingar da

A more compelling argument for a variable ratm@omes when one inspects the linear
to nonlinear functions determined using the IDFhodt Figure 3.23(a) shows the
linear to nonlinear function, based on a fixeddinpeak CDF, while Figure 3.23(b)
shows the function based on a variable linear @RkK. Log-log plots of these
functions are shown in Figure 3.24. In both cabegiata does not all fall along one
common curve. The data for the variable linear-géBl functions does tend to cross
the zero-zero point, which is considered to berdbt when curve fitting. One could
attempt to develop a family of curve-fit parameterseach input level using the fixed
linear peak CDF data, but this would require thraadditional constant coefficieng be
added to the polynomial function in equation (3.2@%tead, a single curve fit of the
linear to nonlinear function data, through only thest extreme positive peak values

(those above about@ from all of the input levels, was used.

QY+ GY+Gy=> (3.23)

The set of points used, and the polynomial curveffine data, are shown in

Figure 3.24. It is promising to note that a polymanourve fit of the same set of data
points, determined from the fixed linear peak CREId similar coefficients, as given
in Table 3.8.

3.25.1 Nonlinear peak PDFs estimated with PDF transform

Using the PDF transform method (introduced in sec#.1.5), nonlinear peak PDFs
were determined using this single set of coeffiisemo review, the peak PDF

transform for this LHS function is:
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Pni peak(y'w) :‘H( y)‘ ppeak( f( )),w) (3.24)

whereh(y) is from equation (3.22) angjeaxis from equation (2.20). The PDF transform
method was attempted two ways: the first usingedfiinear peak PDF based on a
fixed ratio cwcalculated using equations (2.61) and (2.53) wi€h0.5 g linear transfer
function estimate (see Section 3.1.3), and thergkusing a variable linear peak PDF
based on the variable rato (given in Table 3.6) determined for each seket tlata. A
goodness-of-fit test of these transformed PDFspesformed, with the results given in
Table 3.9. The results are encouraging, esped@ilihe variable linear peak PDF
cases. Observe that both methods yield good fi tegthe lower input level, but, as the
input increases, the transformed PDFs based ovatieble linear peak PDFs continue
to show good fit test values.

Comparisons of the PDF transforms are shown inrBi§w25 for the highest test input.
Notice that the nonlinear peak PDF estimate mautgyuke fixed linear peak PDF is in
error in both the low-amplitude and mid-amplituégions. In the high-amplitude

range, the estimate tends to be conservatively, mgich may prove to be acceptable

when determining fatigue damage.

3.25.2 Peak histogram relationships

An interesting finding occurs when estimating tistdgram of peaks for use in the chi-
squared test. When using the variable PDF transbka®ed on the ratio of zeros to
peaksa, where k is an index for a particular input lexbe histogram of peaks at that

input level is simply (see also equation (3.15))
H [X’W]m;k = N, W mtk( Wk) (3.25)

When the estimate of the nonlinear peak PDF is rbaded on a PDF determined by an
assumedz, that is different than they for this input level (e.g4m, = 1 for a linear
Rayleigh PDF), the histogram of peaks can be apmabed as

n ®, | 0]
HnI:k = p:k(%}w pnta: Hpa[q)k[ X}

]W B (3.26)



Figure 3.26(a) shows peak histogram estimates whsmorrection is made for the
WPAFB data at the 8 g input level. Note how wedl #tgreement is in the high-

amplitude regions where fatigue damage is most itapt

This leads to an interesting observation: Giveeregalized zero-mean normal random
response, the generalized histog@positive maxima is equal to the Rayleigh
histogram of maxima plus the generalized histogopdmegative maxima in reverse

order. An example of this relationship is showirigure 3.26(b).

An outcome of this observation is a method fomeating the number of zero crossings
from a general peak response histogramNgebe the total number of positive peaks

(or maxima) determined from a data set histogram by
N :igo H. % W] (3.27)
and the subset of these peaks that occur at negatives are
0
N, =2 H % W] (3.28)
From the discussion above, the number of maximha positive values

N, =3 H %W (3.29)

%>0

is equal to the number of zero crossings (deterdnirem a Rayleigh histogram (due to
the fact that narrow band system has an equal nuoflpeaks and zero crossings)) plus

the number of negative value maxima

N, =Ng+ N (3.30)

Relating these to the total number of peaks froomagqgn (3.27)

N,=N . +N_, (3.31)

yields an interesting relationship
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N,=N_,-2N . (3.32)

w=—0 =1-—_° (3.33)

An intuitive check for this relationship can be raddr the two limiting cases of a peak
distribution. When the response is ideally narrowhdahe number of negative-value

maxima is zero, therefore

@, =1—?=1 (3.34)
"

When the response is ideally wideband, the numbeegative-value maxima is the
same as the number positive-value maxima, therefore
2N 2N

w,, =1- P =1- SLEEY (3.35)
N .+N ., N . +N .
-p +p -pP -p

These two results agree with the definitiongadbr narrowband and wideband

responses.

Further, this relationship has been found to béuliger estimating the value at which a
peak distribution function crosses zero. Startinity Whe generalized peak distribution

function (equation (2.28))
c1-a(A-wexd -2 =
Frea(2:0) =1-Q( 2 wexr{ 2][1 Q( 3]

Q.(2) :%erfc(k 35]

(3.36)

atz = 0, this reduces to
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1 0 1
O ==erfd —— |== 3.37
(0)=7eMq EJ > (3.37)
1l w 1-w
Frea 00) =175 =5 =75~

The intuitive check is, again, informative. Whee tiesponse is ideally narrowband,

w=1
l-w, 1-1
F 0,1 = nh—="_ "= 3.38
ray( ) 2 2 ( )
When the response is ideally widebaad; 0
1-w 1-0_1
F 0,0 = "wb —— ~_~— 3.39
norn1( ) :2 :2 :2 ( )

These two results agree with the values of Raylaighnormal distribution functions at
zero. One last substitution of equations is ofrege Observe that the distribution

function at O can be estimated from cumulativedgisgims by

19 N_.
Fpeak(o’w) :N_Z H D[Xi’W] = (340)

N

[ P’
substituting equation (3.33) into equation (3.3Veg

2N .| 2N_,
1-|1-—* P
N, N. N

(0@)z————==——=1" (3.41)

p+

F

peak

which completes the discussion of the findings.

3.2.6 RFMsand peak PDFsof strain response

The bending strain data was also sampled to daterpgak strain RFMs and PDFs.

The RFM for this bending strain data (see for exantpe 8 g input data in
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Figure 3.27(a)) has many more mid-amplitude cydlssibuted off the main diagonal.
Peak PDFs of the bending strain are shown in FigLz'é(b).

A typical RFM of membrane strain is shown in FigBr28(a) for the 2 g input case.

This figure shows that the strain instrumentati@s lestimate, based on equation (3.14)
, may have been slightly in error. Ideally, the madninimum peak strain value would
have been zero. In this case, the RFM of the daggests that the median minimum
peak strain is one bin off. Peak membrane straifsRi®termined from the RFMs are
shown in Figure 3.28(b). Here, the results are @eygbto a linear Rayleigh PDF.
Theoretically, the peak membrane strain PDF fajuased response would be infinite

at zero strain. This is not strictly the case Fos data, perhaps as a result of the errors in
bias estimation or perhaps because of the err@edban assuming the simple model of

total strain (see equation (3.7)).

The peak top and bottom strain RFMs are some amib&t interesting yet investigated.
The progression from a mildly to strongly nonlinpaik strain response is best studied
as a series of RFMs. The top strain RFMs are shiowigure 3.29 through

Figure 3.30(b) for three input levels.

The first major observation is that the main diagaf the RFM is bent toward the
positive strain ranges. Another interesting obderaas that there seems to be a
minimum “mean” strain value that limits the respems the negative values of strain.
One explanation of the minimum mean strain valwhuis to the higher frequency strain
responses riding on top of a lower frequency str@agponse, which is limited to some
minimum value (see discussion in Section and 22td Figure 3.45(b)).

PDF transforms based on strain functions are discli;y Section 3.3.2.

3.3 Response estimates

The nonlinear functions estimated in the previagiens will be used next to

investigate some interesting aspects of the WP AR @mental results.
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3.3.1 Timedomain strain estimates from displacements using FRFs

The nonlinear FRFs estimated using the reverse Mi@od can be used to estimate
time domain responses with simple forward and iseétourier transforms, as shown in
Figure 3.31. The measured nonlinear displacemenat diomain data is squared and
cubed to form the other two inputs (after beingrieuransformed) for the three
nonlinear displacement to strain FRFs. The nontisgain component estimates are
then converted back to the time domain, using se&ourier transforms. The strain
components are then summed (with the approprigtg 8 estimate the total strain
response at the top and bottom surfaces.

Note: The Fourier transform FRF method was used fugrsimplicity; a digital filtering
method based on the Laplace domain form of thenastid transfer functions could be
used as well. This digital filtering method mayuseful when working with purely
theoretical data (e.g. from finite element models).

The nonlinear strain estimation method is demotexirbere with two cases: a full

frequency range case and a filtered frequency raasge.

3.3.1.1 Strain response estimates from nonlinear FRFs

The first method uses the raw point-by-point nucarestimates for the three FRFs of
displacement to strain over the full frequency rrnthis set of estimates includes the
effects of the second, higher frequency mode (sedriear and cubic FRFs,

Figure 3.32 and Figure 3.33(b), respectively) amadirequency variations below the
bandwidth of the input (see both the squared ab&dtRFs in Figure 3.33). The real
and imaginary parts of the FRFs are shown so thatan gain an understanding of the
sign of each FRF.

The resulting sum of the three estimated time dorsxain components compare very
well with the raw top and bottom strains, as shawhRigure 3.34 for a high amplitude
range, and Figure 3.35 for a low amplitude rangeegponse. There are several
interesting observations to be made from thesdtse€ver the range of time periods
where the response is greatest, the response appdaa dominated by the first mode,

with some higher frequency components visible attinima and maxima. Even more
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interesting is the interaction between the squéedzbledusx?) and cubic (labeled
ne-x’) components of the nonlinear strain. Near the maxithe two nonlinear terms
tend to cancel each other, while near the minireawo terms add, and therefore, affect
the sum greatly. Also interesting is that the cubre is out of phase with the linear
term. This was not expected and has not been disdus the literature. Over the low-
amplitude range of response, the higher frequetmaings very evident, and it tends to
be superimposed on the lower frequency mode. Nat¢hiat the squared and cubic
nonlinear terms have much less variation, and lize/¢ a localized bias effect on the
summation. These bias shifts are thought to bealtle very low frequency response
of this nonlinear system below the lower cutoffjiuency of the input (20 Hz). Both
sets of figures also show that the top and bottivains are clearly out of phase with
each other.

As a check of the nonlinear strain theory develdpe, the bottom strains were
estimated from the top strain FRFs. This check tisedop strain squared estimates
with the negative of the linear and cubic top stestimates for comparison to the raw
bottom strain data:

&

top :£Iin tE tE

square cube

(3.42)
Epot = "€in t Esquare™ €

square cube

Figure 3.36(a) shows the estimates over a regitngbFamplitude response. The
estimates are very good for the maxima, but thegistently have larger negative
amplitudes for the minima. This is also the casdle low-amplitude response range
shown in Figure 3.36(b). One explanation for teiglustrated in Figure 3.37(a).
Compared to the bottom strain FRF shown in FiguB8(®), this figure shows that,

over the frequency range of 20 to 500 Hz (the igmaeeleration range), the top and
bottom FRFs have very similar magnitudes but withff@rence in sign, as expected.
The low-frequency range (1 to 10 Hz) shows simtagnitudes but with the same sign;
this is unexpected and may be another indicatianme-buckled condition or of
instrumentation bias errors. Another explanationldte that this range has very poor

coherence and any estimates of the frequency resganctions are suspect.
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The questions about the low frequency contributibthe FRF estimates to the time
domain strain were investigated by forming a sigaeerage of the top and bottom FRF
estimates. These estimates were edited to giviewwérequency real and imaginary
values a nominal constant value, determined frarhigher frequency values of the
FRFs, resulting in the functions shown in Figuri@78b) through Figure 3.38(b).
Compare these to the raw estimated FRFs in Fig@&tBrough Figure 3.33. The time
domain estimates of strain based on the averagéd BRe shown in Figure 3.39. These
figures now show membrane strain (squared strammldbeledus-x?) with near-zero
minimum and cubic strain (labeled-x®) with near-zero mean. Compare these time
domain estimates of strain to those based on ramaged FRFs in Figure 3.34 and
Figure 3.35; the differences in these results givendication of the bias errors
discussed in Section 3.2.1.

The averaged FRFs, which have a frequency spatid@® Hz determined from
overlapped and averaged 4 s data blocks, wererasatsively (22 times) over the full
88 s of displacement data to estimate time dontemsresponses and, ultimately,
rainflow matrices. These RFM results are shownigufe 3.40 through Figure 3.43.
The time domain strain estimation process basatbalinear FRFs allows one to look
at the different individual or summed componentthefstrain. It is encouraging to
compare the bending RFM that is calculated frontithe domain strain data using
(3.13) in Figure 3.27 with Figure 3.43. The comgani helps to modify the
understanding; what was previously described amndihg strain can more accurately
be thought of as a symmetric strain. The concepeatling strain is more closely tied
to a linear strain (see, for example, Figure 3.4Ajle the concept of a symmetric strain
can include the higher-order odd harmonics thaéthmeen demonstrated to be
important in the decomposition of the total nondinstrain response. The membrane
strain estimates using the averaged and editedneanlFRFs (see, for example,
Figure 3.40(b)) compare well to the time domaiinestes using (3.14) shown in

Figure 3.28(a). One can argue that the estimatenach the FRF is “cleaner.”
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3.3.1.2 Strain response estimates from filtered nonlinear FRFs

A final set of time domain strain estimates wereuwated using filtered nonlinear
displacement data. This case first used a bandfittasgrom 20 to 120 Hz on the
“input” nonlinear displacement data. As befores tinine domain filtered data was
squared and cubed. The linear, squared, and cuwain §RFs were band limited to 120,
240, and 360 Hz, respectively. These frequencies aleosen based on the coherence

functions for this input level, as shown in Fig@rd4(a).

The simulated responses, based on the band gassdihonlinear displacement inputs,
show good agreement with the filtered strain respatata, as shown in Figure 3.44(b)
and Figure 3.45(a). The simulated response datsoiwn with the raw top strain data in
Figure 3.45(b). This shows how the higher frequestegin from the second mode can
add to the lower frequency mode, as theorized abased on observations of the
rainflow matrix, which indicate a limiting minimumean stress. The simulated
response RFM in Figure 3.41(b) and Figure 3.43{bysthis minimum mean stress

behavior as well.

In a manner similar to the development in Secti@n23 the filtered response data was
used to estimate a time domain polynomial relahignbetween the filtered nonlinear
displacemeny and the filtered top and bottom strains. The potgial model is

E _=ey+ +

o =6 ey+ey (3.43)
Ex="6Y+8Y-8§Y

The addition of instrument gaik)(and biaslf) errors give

gtop = I‘(top‘gtop-'- btop (3 44)
gbot = kbofgbot+ bboI

and, if the top gaik,p = 1 and the bottom gain is
g,
Koor = — (3.45)

Etop
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Subtracting the top and bottom strain equationsgyan equation for the symmetric
strain terms
~ Ebota-fmp

Egit = Eop ~

=€ + 2(@ yt § 9) (3.46)

Ebot

while summing them gives an equation for the sqlitgam

sum top

E,.0:
2 —g 426 (3.47)
ag

Ebot

A least-squares polynomial fit of the filtered niaelar displacementto the sum and
difference filtered strain data at each input levas performed with the results given in

Table 3.10. The polynomial coefficients were theadito estimate the bias terms

btop = gtop - gtop

. - (3.48)
boot = gbot - kbofg bot

Note that the polynomial coefficients are quiteiamat the lower input levels, but
some shift in the results is noticeable at the énighput levels. This shift is most
noticeable in the cubic coefficient. These coedints will be used as a basis for
estimating stress from nonlinear displacementsrohéted from ODE simulations that

will be discussed in the next chapter.

This concludes the time and frequency domain arsabfghe displacement to strain
frequency response functions. The next sectionoe@plthe relationship based on their
PDFs.

3.3.2 Estimatesof strain PDF from displacement PDF using | DF method

The success with estimating the response stram &o “input” displacement from
frequency response functions suggests a similanoddiased on the IDF method. Can
one estimate a displacement to strain functiondaselistribution functions of the
unfiltered data? This section describes the attefdnpsed on peak displacement to peak
bending strain and peak displacement to peak mermalstaain.
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Compared to the peak displacement PDFs (see Fag2iéa)), the peak bending strain
PDFs are shifted more toward a normal distribu¢see Figure 3.27(b)). Also
remember that the ratiwis very different for the measured displacemeunt lz@nding
strain (see Table 3.6). The true ramification @fsiissues are seen when one tries to
estimate nonlinear displacement to nonlinear banslirain functions using the IDF
method. The resulting data (see Figure 3.46(a)3 doeshow a clear trend toward one
common function. Especially interesting are thegatints that would imply positive
peak displacements for negative bending strain maxiigure 3.46(b) shows the data
again on a log-log plot with a single best-fit Bméunction through the higher
amplitude peak data points. This linear functiors waed with the PDF transform
method to estimate peak bending strain PDFs frosk desplacement PDFs.

Figure 3.47 shows a typical peak bending strain B&ifnate. Note how poorly the
estimate matches the experimental data over théewhnge of response, except at the
few highest response levels (in the 200 to @&@ange), which correspond to the best-

fit linear function.

An explanation of these poor results is based eriffierence in the ratiarfor the
displacement and strain data. The frequency regpongtions of displacement input to
strain output showed that the relationship betvwtberiwo was not constant (see, for
example, Figure 3.13). Filtering the data, so tmy the fist mode was observed,
allowed a time domain polynomial relationship todetermined between displacement
and strain (see equation (3.43)). This single degfdéreedom time domain relationship
will be used in Chapter 5 to predict strain baseaaonlinear simulation displacement

results.

The IDF method was also used to estimate the peakirane strain PDF. A ratw
was assumed to be 1, based on the standard assarttyati the membrane strain is
always positive, and therefore has no negativeedatuaxima. The nonlinear peak
displacement was used as the basis for compauwsthie thonlinear peak membrane
strain. The peak displacement to peak membrania étraction (see Figure 3.48(a))
shows that there is a trend in the data, but athier examples, the 8 g data does not
follow the others. Given this apparent shortcomaggquared function was fit to the

data (see Figure 3.48(b)) and was used to estiimatgeak membrane strain PDF.
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The process of estimating the membrane strain P@# the nonlinear displacement
PDF presented two options: transform the raw pegiatement PDF data or transform
the estimated peak displacement PDF. Examplestbfdaiions are shown in

Figure 3.49(a) and Figure 3.49(b). Both methodsvstpood agreement with the PDFs

estimated from the measurements.

3.4 Fatigue analysis of experimental data

The fatigue analysis of the WPAFB data is separa@dwo sections. The first is
based on the raw measured strain while the sesdpasied on the filtered strain. These
sections include estimated nonlinear responses &adeline linear response derived
from the linear transfer function estimates. Coriguar of the time to failure for

different fatigue life models is included (see g&tP.4.7).

The material SAE 1015 (a low-carbon steel) was tisethe fatigue analysis because
fatigue property data for the different fatigue ralsd(given in Table 3.11) was available
(Dowling [147]). The baseline alternating stressatmn assumed no mean stress
effects, while the Morrow (with true fracture stggim) and Walker equations included

mean stress effects.

The measured and estimated strains were convertdcess by multiplying by the
elastic modulug = 204 GPa (assuming no Poison effect of the unaneds

perpendicular strain). The stress results are iits oh MPa.

3.4.1 Wideband analysis of WPAFB data

The raw top and bottom strain data from the WPAKBeeiments is compared with
estimates using nonlinear frequency response fumetind a baseline case using a
linear frequency response function. These casésdache effects of the second

response mode.
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3.4.1.1 Rainflow range matrices and life estimates of raw data

The raw top and bottom strain data measurements eggrverted to rainflow matrices
(RFMSs), see Figure 3.29 and Figure 3.30. These Rikdfe used to calculate rainflow
damage (RFD) matrices using the three damage m(sissSection 2.4.6.1). A total of
85 s of the raw data files were used to estimaéithe to failure (see equation (2.112)).

For all of the raw data file cases, the time ttufa was shorter for the top strain (see
Table 3.12) than the bottom strain data (see Tahl®). This is consistent with the
findings in previous sections, which pointed owtttihe standard deviation of the
bottom strain was about 0.9 times that of the togars The bottom strain could be
scaled by this amount as an attempt to show begteement between the top and

bottom strains.

Example of rainflow damage matrices for these ramirsresults are shown in
Figure 3.50 through Figure 3.51.

3.4.1.2 Estimatesfrom averaged nonlinear frequency response functions

The averaged nonlinear frequency response functions Section 3.3.1 were used to
estimate the total stress at the top surface dbélaen. The nonlinear FRF estimates
were based on averaged auto and cross spectra fdath blocks. The RFMs for this
example were determined by summing the resultingloav cycles from 22 nonlinear
input displacement blocks, each with 3.75 s ofdvelta, for a total of 82.5 s. As
expected, the results in Table 3.14 show thatithe to failure estimates fall between
the results from the raw top and bottom stressgsic@l damage matrices are shown in
Figure 3.52.

The nonlinear FRF method could also allow comparsiocombinations of linear and
nonlinear FRFs, e.g., a linear displacement torsERF applied to nonlinear

displacements. These are left for future research.
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3.4.1.3 Basdinelinear estimates

Another set of wideband damage estimates were adgeélbased on the linear
estimates of the transfer function between inpaekcation and linear response top
surface strain. In this case, the transfer funatistimates from the 1 g data files (as
described in Section 3.1.3) were used to estinmaédp surface response strain. The
Laplace domain polynomial representation of thaedfar function allowed for a larger
time record estimate of a single block of inputederation data (64 s, in this case).
Rainflow damage matrices are shown in Figure 3083hfe minimum and maximum
input level. The damage matrices (and their RFMyr®ors) have nearly identical
shapes as one would expect for linear models; oapproximately a scaled version of
the other.

Several observations are worth noting with thisnepde. First, note that the estimates of
time to failure are almost equal for the baseling Blorrow damage models at the
lowest input levels (see Table 3.15). This is duthe symmetric nature of the RFM for
the linear model (near-zero mean stress). Thisldhmicompared to the nonlinear
results given in the previous sections. Next, tioé the lowest 0.5 g input-level top
surface nonlinear time to failure results (see &&@b12) are close to the low-level linear
estimates calculated here, but that the high-levear life estimates are approximately
four to five orders of magnitude shorter than thalmear life estimates. This is very
strong motivation for performing the nonlinear ais&. Another interesting point is that
the peak stresses from the highest input casepgrexamately at the ultimate strength
limit of the material. From a pure strength standpdhis would indicate almost certain

failure.

3.5 Nonlinear wideband analysis summary

The WPAFB experiments yielded a wealth of data Wes analyzed in the frequency
and time domains. The reverse path nonlinear tgalenivas shown to be very effective
in identifying nonlinear models for measured datae identified frequency response
and coherence functions gave keen insight into isddeboth the force to nonlinear
displacement response and the displacement toneamlstrain response. Modal models

of the nonlinear system response were proposed.
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Time domain analysis of the data showed strongineaut behavior. PDFs of
displacement and strain responses were develogkdsad with the Inverse
Distribution Function (IDF) method to estimate Emé¢o nonlinear functions.
Investigations of the change in peak PDFs, asatie of the rates of zeros to peaks
changed, yielded observations of importance. Tl B¥OF and the peak histogram of
a generalized response (i.e., any response frorawaand to completely wideband)
were shown to be composed of the sum of narrowbaddvideband parts. Equations
to estimate the ratio of zeros to peakdased on the number of negative value
maxima, were developed. An equation to determieevtiue of the distribution

function at a peak value of zero, as a functiomoivas also developed.

Estimated nonlinear strain response based on Jisgaared and cubic displacement to
strain FRFs allowed clear visualization of the iatgions between the linear and

nonlinear terms.

Time to failure was estimated based on the ravinstn@asurements and several
estimates of linear and nonlinear response. The tinfiailure estimates showed that the
nonlinear results were significantly longer thae linear results, especially at the
highest input level. The life estimates were alsalenwith two damage models that

included nonzero mean stresses.

Numerical simulations, performed on a nonlineaglgirdegree of freedom system, are
discussed in the next chapter. Nonlinear ordin#fgréntial equation (ODE)
simulations are used to study parameters not dlaifeom the WPAFB experimental
results (i.e. velocity and acceleration responates). The effects of damping level on
the nonlinear response are also investigated. Liomgduration simulations are used to

study the rate of convergence of basic responsistiis.
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3.6 Chapter 3 Tables

Table 3.1. Multi-mode linear displacement respdoséorce input parameter
estimation from WPAFB data.

Run fa1 & fn2 O Est Linear| Est Linear
Hz Hz oxmm 1g ox mm
059 78.9 0.23% 416. 0.52% 0.213 0.429
19 78.3 0.14% 416. 0.46% 0.447 0.452
29 78.4 0.064% 420. 0.38¢ 0.927 0.472
49 79.0 0.26% 438. 0.076% 1.582 0.404
849 83.9 0.51% 443. 0.031% 2.469 0.312

Table 3.2. Multi-mode linear top surface strairpasse for force input parameter
estimation from WPAFB data.

Run fn1 a fn2 O Est Linear | Est Linear
Hz Hz I:(1é) 19 O (L&)

05¢ 79.2 0.42% 416. 0.49¢ 23.8 48.1

19 78.3 0.37% 416. 0.41% 48.9 49.5

29 78.0 0.16% 417. 0.28% 150 76.4

49 100 0.91% 430. 0.027% 241 61.8

8¢ 108 2.8% 442. 0.078% 420 53.6

Table 3.3. Input acceleration and displacementoresp statistics from WPAFB data.

Input 0aQ | tamg la Ka Gy mMm | L& Um ly Ky
059 | 0.495 1.9 0.2% 3.0 0.183 -0.12 10
1lg 0.989 15 5% 2.9 0.292 0.005 11% 2.8
3
¢

29 1.97 5.7 1% 3.0 0.488 -0.025 8% 2.5
49 3.91 5.4 1% 2.9 0.777Y -0.001 4% 2.2
849 7.85 4.1 2% 3.1 1.08Y -0.064 3% 2.1
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Table 3.4. Top and bottom surface strain respatesgistecs from WPAFB data.

Input | Grop UE | Lhop UE ltop Ktop Obot UE | Hoot UE Ipot Kbot

05¢g 26.6 1 27% 2.8 23.0 -6.8 —45Pb6 2.6
lg 42.8 1.2 36% 2.8 37.7 -3.0 31% 2.9
29 70.5 4.6 64% 2.7 64.3 7.1 94% 3.1
49 111 18 103% 2.9 104 27 130%6 3.2
8¢ 157 45 129% 3.3 148 56 145% 3.4
Table 3.5. Bending and membrane strain responsstist®afrom WPAFB data.
INput | Obend | fhend | foend | Abend | Omem | [mem | Imem | Kmem

ue ue ue ue

05¢ 26.5 0.021| -139 2.8 2.04 2.0p 211% 5|9
1lg 425 | -0.002 -14% 2.7 5.00 4.16 239% 7.4
29 69.4 0.004| -9% 2.4 12.4 11.6 214% 5{7
49 107 0.002| -4% 2.1 28.7 28.0 198 417
849 148 0.011| -2% 2.2 50.8 45.0 198% 417

Table 3.6. Rates of displacement and bending stexim crossing and peaks for

WPAFB data.
Input ®[0;] | ®[R] @, O Ona | | P[Pina] | Poens
Hz Hz Hz Hz

05¢g 81.4 84.2 0.967 103 218 0.471
1g 83.8 87.2 0.961 110 258 0.428
29 92.0 102 0.903 137 318 0.431
49 109 122 0.890 165 367 0.450
8¢ 132 152 0.865 209 430 0.485
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Table 3.7. Rates of top and bottom surface stesponse zero crossing and peaks for

WPAFB data.
nput | o[0p,] | ®[Ry] | @ | (0] | O[RL] | P
Hz Hz Hz Hz

05¢g 98.5 203 0.484 96.6 236 0.408
19 106 244 0.433 111 274 0.406
29 133 311 0.426 141 328 0.43C
49 165 360 0.457 179 369 0.485
8¢ 250 421 0.591 270 425 0.634

Table 3.8. Polynomial coefficients for linear tontinear curve fit of WPAFB peak
displacement data.

¢, mm/mm c, mm/mnf ¢z mm/mnt
Fixed @ CDF 0.90 0.51 0.29
Variable g, CDF 0.95 0.36 0.33

Table 3.9. Goodness-of-fit peak PDF comparisoW&AFB data.

Input Bin Center Range DOF PDR?

05¢g -0.17 <0< 3.18 30 Fixed PDF: 126.
1g -0.17 <0< 3.25 30 Fixed PDF: 457
29 -0.15<0< 2.86 30 Fixed PDF: 1255
49 -0.13<0<2.53 30 Fixed PDF: 1507
849 -0.13<0<2.44 30 Fixed PDF: 3309
05¢g -0.17 <0< 3.18 30 Variable PDF: 121
lg -0.17 <0< 3.25 30 Variable PDF: 423
29 -0.15<0< 2.86 30 Variable PDF: 295
49 -0.13<0<2.53 30 Variable PDF: 186
8¢ -0.13<0<2.44 30 Variable PDF: 389
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Table 3.10. Filtered strain response parametanason from WPAFB data.

Input | fre Hz e () €3 Brop Boot ko
pegmm | pgdmn? | pgmm® | pe He
05¢ 100 -143 41.5 15.5 -0.36 -9.29 0.8%6
19 110 =144 42.9 15.4 -2.48 -7.1pP 0.897
249 120 -143 41.7 14.8 -4.66 -2.4b6 0.901
49 160 -141 40.0 12.0 -5.82 5.1( 0.934
8¢ 220 -137 36.7 9.4 1.57 15.6 0.944

Table 3.11. Material properties for nonlinear tat@ess damage evaluation.

Fatigue Equation Material Properties (MPa)
Baseline Alternating Stress o; =801b=-0.11

Morrow, reduced fracture strengthg’, =801,6 , = 726b=- 0.11
Walker o, =799,y=0.713p=- 0.11

Table 3.12. Time to failure estimates for raw topia measurements from WPAFB

data.
Run Baseline (s) Morrow (S) Walker (s)
0549 1.55% 10" 1.52x 10" 8.93x 10"
19 2.27x 10" 2.17x 10" 1.20x 10
29 3.77x 10" 3.42x 10 1.73% 10"
49 1.40% 10° 8.64x 10° 4.14% 10°
8¢ 1.86x 10/ 1.28x 10/ 7.18x 1P
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Table 3.13. Time to failure estimates for raw biottsirain measurements from WPAFB

data.
Run Baseline (s) Morrow (S) Walker (s)
059 5.21x 10" 5.17x 10" 3.30x 10"
19 5.91x 10' 5.62x 10" 2.81x 10"
29 7.63x 10" 6.78x 10 3.03x 10%
49 1.87x 10° 1.52% 10° 6.61x 10°
8¢ 2.90x 10/ 1.96x 10’ 1.40% 10’

Table 3.14. Time to failure estimates for averageualinear frequency response
functions of WPAFB data.

Run Baseline (s) Morrow (S) Walker (s)
059 3.17x 10" 3.11x 10" 1.72x 10"
19 3.78x 10" 3.59% 10" 1.82x 10
29 5.56x 10" 4.96x 10" 2.29% 10'°
49 1.32x 10° 1.11x 10° 5.27x 1¢°
89 1.89x 10’ 1.38x 10/ 8.06x 10°

Table 3.15. Time to failure estimates for linegr strain response from input

acceleration WPAFB data.

Run Baseline (s) Morrow (S) Walker (s)
059 | 1.1683x 10" 1.1680% 10 8.44e13
19 6.4175% 10" 6.4168x 10" 4.84x 10"
29 1.644% 10° 1.642x 10° 1.30x 10°
49 5.48x 10° 5.47x 10° 4.70x 10°
8¢ 5.82x 107 5.74x 107 5.31x 107
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3.7 Chapter 3Figures

Figure 3.1. Vibration experiment at WPAFB, showalgmped-clamped beam, fixture,
strain gages, differential variable reluctance ldispment transducer, base input
accelerometer, thermocouples and electrodynamicesitiiom [7], Figure 1).
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Figure 3.2. PSD responses determined from WPAFBting0.5, 1, 2, 4, 8) g data: (a)
averaged (top and bottom) strain and (b) displaoeéme
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Figure 3.27. Normalized peak bending strain redudt® WPAFB data: (a) RFM for
input = 8 g,0hena= 148 and (b) nonlinear peak bending strain PDFs arehtipeak
PDF withaw= 0.471,0hena= (26.5, 69.4, 148)¢ for input = (0.5, 2, 8) g.

94



() (b)

Normalized Peak Membrane Strain, WPAFB Data, Input = 2 g Nonlinear Peak Membrane Strain PDFs for WPAFB Data
eamemast ! : . . r 1000 09 : . . : . ) :
A O 059 Peak PDF
e R o 20gPeak PDF
7 | 900 o8l ; 4 80gPeak PDF ||
] A maaEEERaaRRRSEEREsaARERSaNmaESEEERsaRmmammEEE3 - — Linear Peak PDF
o
o
6 800 07f 0
o
700
<5
g
& 600
® RS EEEERS | EREEEEEEEEreeY | ISR EEEREES | ERERRRERREES
g4
- 500
5
s |
& 3 400
H
2 300
e aEEneaEamaEEERSEEERSEEmaESEERsaEmemsmaa 200
1
al 100
a
O T
HHH
HHH Eos
[) 1 2 3 4 5 6 7 6 7 8
Min Membrane Strain Normalized Membrane Strain

Figure 3.28. Normalized peak membrane strain re$tdin WPAFB data: (a)
normalized RFM of membrane strain for input = Dgem= 12.4€ and (b) normalized
peak membrane strain PDFs and Rayleigh RRE,= (2.04, 12.4, 50.8) ¢ for

input = (0.5, 2, 8) g.
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Oop = 26.6LE.
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Normalized Top Strain, WPAFB Data, Input =2 g Normalized Top Strain, WPAFB Data, Input = 8 g
: . - -

4T T 5T
- mamEE 220 HH t
an g t
! 3 350
T T e e e 200 " e e e R e e ==
180 i 300
T 3L
1 160 5
H 250
140 5
i 2FT
s S O
S R EREmEmERENNAREREmEmamEE s { R EREmEmEmENMAREEmEmamEE
5 120 % [ 200
] t k]
= 100 =
150
80 H
60 100
40 1
50
2 20
2
-2 -1 0 1 2 3 4 2 -1 0 1 2 3 4 5
Min Strain Min Strain

Figure 3.30. Normalized top surface strain RFMrésw WPAFB data: (a) input = 2 g,
Oiop = 70.5pg and (b) input = 8 ggiop = 157UE.
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WPAFB 3 State Data Bottom Strain / Disp H1y for 2g input
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Figure 3.32. Linear estimate of displacement tadootstrain frequency response

function determined from WPAFB input = 2 g data.
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Figure 3.33. Estimates of displacement to bottomirsfrequency response function
determined from WPAFB input = 2 g data: (a) displaent squared input and (b)

displacement cubed input.

97




() (b)

WPAFB 3 State Top Strain Response for 2g input WPAFB 3 State Bottom Strain Response for 2g input
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Figure 3.34. High amplitude time domain strain oese estimates from full frequency
range FRFs and raw strain WPAFB input = 2 g daptqp strain response estimates
and (b) bottom strain response estimates.
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Figure 3.35. Low amplitude time domain strain resmoestimates from full frequency
range FRFs and raw strain WPAFB input = 2 g daptqp strain response estimates
and (b) bottom strain response estimates.
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WPAFB 3 State Bottom Strain Response From Top TF for 2g input WPAFB 3 State Bottom Strain Response From Top TF for 2g input
T T T T T T T

60

200

Strain (ue)
)
pe)
e
TN
L
Strain (ue)

y—
— -peX
— e
— e []
PRTEDS
e pEraw
200 i i | . i T 60 i i . | T
1 1.005 1.01 1.015 1.02 1.025 1.03 1.035 1.04 0.4 0.405 0.41 0.415 0.42 0.425 0.43 0.435 0.44
Time (s) Time (s)

Figure 3.36. Time domain bottom strain responsenases from full frequency range
top strain FRFs and raw bottom strain WPAFB inp@tgdata: (a) high amplitude
bottom strain estimates and (b) low amplitude botstrain estimates.
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Figure 3.37. Displacement to top strain frequemsponse function determined from
WPAFB input = 2 g data: (a) raw strain to displaeebtcubed input FRF and (b)
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WPAFB 3 State Data Top Strain / Squared Disp Avg H2y for 2g input WPAFB 3 State Data Top Strain / Cubed Disp Avg H3y for 2g input
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Figure 3.38. Displacement to strain averaged fregueesponse functions with
constant low frequency values determined from WPA&RIt = 2 g data: (a) strain to
displacement squared functions and (b) straindplacement cubed functions.
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Figure 3.39. Time domain bottom strain responsenaests from averaged frequency
response functions of top strain and raw strain \WBMput = 2 g data: (a) high
amplitude top strain estimates and (b) low ampéttap strain estimates.
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Normalized Top Linear Strain, WPAFB Avg TF, Input = 2 g Normalized Top Membrane Strain, WPAFB Avg TF, Input = 2 g
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Figure 3.40. Normalized top surface RFM estimatesfaveraged frequency response
functions for WPAFB input = 2 g data: (a) linearagt RFM estimatesgi, = 71.8u¢
and (b) membrane strain RFM estimai@gm= 11.5u&
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Figure 3.41. Normalized top surface RFM estimatesfaveraged frequency response
functions for WPAFB input = 2 g data: (a) lineanglkubic strain RFM estimates,
Oin+cube = 66.41¢, and (b) total strain RFM estimat@g = 66.91LE.
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=8g Normalized Top Membrane Strain, WPAFB Avg TF, Input = 8 g
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Figure 3.42. Normalized top surface RFM estimatesfaveraged frequency response
functions for WPAFB input = 8 g data: (a) linearagt RFM estimatesgi, = 151u¢
and (b) membrane strain RFM estimai@gm= 45.3l&
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Figure 3.43. Normalized top surface RFM estimatesfaveraged frequency response
functions for WPAFB input = 8 g data: (a) lineanglkubic strain RFM estimates,
Oin+cube = 144¢, and (b) total strain RFM estimat@®ya = 150pE.
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WPAFB Data Disp Input Top Strain Output for 2g input
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Figure 3.44 Surface strain results from WPAFB irp@ g data: (a) Coherence
functions for displacement input to top strain aitfpequency response functions and
(b) high amplitude top strain time domain respoestemates from filtered and averaged
frequency response functions, compared to filtsteain data.
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Figure 3.45.Time domain bottom strain low amplitueésponse estimates from filtered
and averaged frequency response functions from VBAAput = 2 g data: (a) top strain
estimates with filtered strain data, and (b) topistestimates with raw strain data.
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Figure 3.46. Nonlinear peak displacement to noaliqeak bending strain functions
from WPAFB input = (0.5, 1, 2, 4, 8) g data. (apéar plot of function and (b) log-log
plot of function.
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Figure 3.48. Nonlinear peak displacement to noalipeak membrane strain functions
from WPAFB input = (0.5, 1, 2, 4, 8) g data. (apéar plot of function and (b) log-log
plot of function.
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Figure 3.50. Rainflow damage matrices for raw tofase stress estimates from

WPAFB input = 0.5 g data: (a) damage for baselgueaéon and (b) damage for
Walker equation.

() (b)

WPAFB Raw Top Stress RFD Input = 2 g: Baseline Model x16" WPAFB Raw Top Stress RFD Input = 8 g: Walker Model X160
- 45 : t
150 :
t
50 i 3
4 [ :
) ::I 1
40F T f
0 35 RS !
it ’ 100 25
3 5
N H
g 20 i g 2
=} 25 -
» @ 50f
3 8
& 10 & o
] T 2 % e 15
L4 I ©
= =
O
upm 15
] 0 1
100
e 1
20 05
05 50
-30
30 20 -0 0 10 20 30 40 50 -50 0 50 100 150
min Stress (MPa) min Stress (MPa)

Figure 3.51. Rainflow damage matrices for raw tofese stress estimates from
WPAFB data: (a) damage for baseline equation frguati = 2 g data and (b) damage
for Walker equation from input = 8 g data.
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Figure 3.52. Rainflow damage matrices for top si@fstress estimates using averaged
frequency response functions from WPAFB data: éaalye for baseline equation from
input = 2 g data and (b) damage for baseline egudétom input = 8 g data.
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Figure 3.53. Rainflow damage matrices for top sigfstress estimates using linear
frequency response function from WPAFB data: (aalge for baseline equation from
input = 0.5 g data and (b) damage for baselinetequerom input = 8 g data.
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4 TIME & FREQUENCY DOMAIN ANALY SIS OF
NONLINEAR NARROWBAND SIMULATIONS

This chapter will describe the ordinary differehgguation (ODE) simulations that
were performed on baseline linear and nonlineajisidegree of freedom models, and
the subsequent time and frequency domain post gsoagof these results. The ODE
models developed in this chapter are based on &RB experiments discussed in the
previous chapter. The ODE simulations were perforswethat large samples of
nonlinear random data could be generated with uanmodel input arguments and
output states. Each simulation run yielded 256 resfponse data and the simulations

were repeated 20 times with different random irfpes.

The simulation outputs represented displacementalutity response states for
Gaussian broadband input. Further processing sethtates yielded the acceleration
response. Basic statistical estimates of the resgsowere determined for each
simulation run and cumulatively over the set osulations. The results showed that
the nonlinear displacement had a kurtosis less3h#me velocity had a kurtosis
approximately equal to 3 and the acceleration hagtr@sis greater than 3. The rate of
convergence for the linear and nonlinear modelsstiadied as well as the random

errors in each statistical estimate.

Histograms and subsequent PDFs of the respons&vdedagenerated to investigate the
change in the functions as the results progressediormal to nonlinear. Linear to
nonlinear functions were estimated using the Irv@&istribution Function (IDF)

method. The linear to nonlinear functions were theed to estimate the nonlinear PDFs
using the PDF transform method. A chi-squared Gesshof-fit test of the resulting
PDFs was used to quantitatively evaluate the toainsfd PDFs. The test showed that
the velocity response could be considered “neartymal. This result and the nonlinear
response functions were used to develop an exprefsi the nonlinear change in the

expected rate of zero crossings.

Peak histograms and PDFs were determined by sagrtpkndata to find the minima

and maxima. The peak PDFs were then used wititReriethod to estimate linear to
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nonlinear peak response functions. Estimates afidndinear peak PDFs were then
generated using the PDF transform method. The megnlipeak displacement PDFs will
be used in chapter 5, with further nonlinear PRRs¢forms, to study the change in

fatigue life as the system progresses from lineaohlinear.

A flow diagram of the overall simulation processi®wn in Figure 4.1. The diagram
shows the section numbers where each part ofdiaeviiill be described in further

detail.

4.1 Differential equation simulation method

The nonlinear ODE models are based on the clasgfnD oscillator [2] with cubic
stiffness and linear system parameters based umpeld parameter model of the
clamped-clamped geometry that was tested at WPAEB ¢hapter 3). Once the
displacement and velocity results were determitiezistate derivatives (namely
velocity and acceleration) were calculated. Lineadels were also run to determine

baseline results to compare with the nonlinear.data

The simulations were run for five different basalghinput acceleration levels (0.5, 1,
2, 4 and 8 g RMS to match the WPAFB experimentd)three different viscous
damping values{(= 0.01, 0.003, and 0.001) which span the randestimode
damping values estimated in Chapter 3 (see Tab)e Bhe results for each time

domain input simulation were saved for further tiamel frequency domain analysis.

4.1.1.1 Random Time Domain I nput

The ODE simulations required calculation of randome domain input data for use by
each of the models. A flat random base shake aetiele input from 20 to 500 Hz was
used, consistent with the WPAFB experiments. Tpetiodata were created by
determining an equivalent Fourier Transform of I&D spectrum magnitude with
random phase angles for each frequency point é&sgms 2.2.3). The Fourier
Transform was zero padded above the maximum impquéncy to 32 768 Hz
(approximately 64 times the maximum input frequeat$00 Hz) to ensure a smooth
time history that could be linearly interpolatedilhiunning the ODE. A 256 s time
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record, with a corresponding 0.004 Hz frequencsgawas used. The Inverse Fourier
Transform of this spectrum yielded time domain rdspwith 8.4 million data points.

This process was repeated 20 times with a newfeed¢de random number generator.

4.1.1.2 Nonlinear state space model

The model parameters were determined based oa gtaperties of the clamped-

clamped beam

| =bh®/12 A=Dbh n=plA

4.1
k, =384El /I° k,=1CEA/P *1)

where widthb = 12.7 mm, thickneds= 0.79 mm, length= 229 mm, elastic modulus
E = 204.8 GPand density = 7867 kg/m. The stiffnes; is evaluated at the center of
an ideal clamped-clamped beam, and the cubic esifla is from equation (1.4) with
an additional calibration factor of 10. Note, theaties yield a natural frequency

f, = 69.21 Hz, which is slightly less than that estied in Section 3.1.3.

The second order ODE simulations were based obtiffeng equation including

viscous damping
mx+ cx+ kxr kK X= K }= F (4.2)
this was reduced to a standard first order twe St E

Z =X Z: X
F-cz+kz+ k2 (4.3)
m

22 = X' % = &=
This SDOF system can also be written in mass nazedhimodal form

Z=X72=X
Z,=%2="%0a-2{w, %‘wf Z_w§| %

where cr:E;ZZa)n :E;wn:\/g;wm =\/E (4.5)
m m m m
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and whereax can be thought of as an inertial load, or the laaseleration. The
differential equations can also be written usinggtate space (SS) form. The basic

form of the continuous time SS equations is
z= Az+ BL (4.6)

where the vectors are inputs and are states. The linear SS model based on equation

(4.4) above (withu = a=F/m) is

BB EN] w

A simple extension of the SS form includes the &aldiof cubic states such that

z=Az+ A2+ Bl (4.8)
where
o o , [z
A o) LJ (9

The MATLAB ODEA45 solver was used to determine tbgponse states (displacement
and velocity) based on numerical integration. Ctheeresponse states are estimated, the
response rates (or state derivatives), namelyelaxity and acceleration, can be

determined by simple matrix algebra using equaio8).

4.1.1.3 Differential equation solver parameters

An output sample rate of 4096 Hz (with a Nyquisiguency of 2048 Hz) was used to
capture third order harmonic response of the systhare the input was limited to
500 Hz. Investigations described below (section142} showed that the default ODE
solver parameters needed to be modified for thelsitions with the least damping
(= 0.001). The default value for relative toleraneeded to be improved from 1%10

to 1x10* to give acceptable convergent results.
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It should be stated that the solutions of the Dwgffdifferential equations are not unique
(i.e. two response conditions can be stable nsanence [1]). The method of using
random input tends to “average” the non-uniquetgmiue.g. as opposed to a
sinusoidal sweep that would experience a respgosg” near resonance). The
problem with the random excitation is that smaHlmtpes in the simulation solver
parameters can yield different response resultsogglpy as the simulation times
become longer. At first investigation these diffeses were of concern, but once they
were understood, they were accepted as an undgdhiaracteristic of the non-unique
nonlinear response. The solution to this problera wwaun multiple simulations with
different random input vectors, followed by postgessing to average the results. The
assumption is that although there are differenedsden individual simulation

responses one can still obtain convergence onrtterlying statistical quantities.

4.1.2 Linear basdine smulations

Baseline linear results were determined for eank tlomain input and for each of the
model damping values. A check was performed ofOD& solver over the 5 input
levels to confirm that the solver returned consistesults at each input level for the
linear model. Subsequent simulations were run withg RMS forcing function; the
linear response was scaled by the 5 input valuesoimparison to the nonlinear results.

4.2 Timedomain analysis of narrow band simulations

The next step in the analysis was to determine tioreain statistics of the data. These
statistics were then subsequently used to estiRiates, CDFs and IDFs for each family
of simulations. Curve fits of the nonlinear functsowere used with the PDF transform

method to estimate PDFs for nonlinear displacerardtacceleration.

4.2.1 Initial transient response

Differential equation solutions always containangient and a steady state solution.
This nonlinear ODE simulation is no different aedjuires additional time (as described

below) for the initial “start up” transient to dgca
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4.2.1.1 Logarithmic decrement

The Logarithmic Decrement was used to estimatéiitine period required for an
unknown ODE solution to reach a stable solutiore Thgarithmic Decremeri[260,

261] is defined for a viscously damped linear SD¥p$tem as

s=n2=¢wT (4.10)
X,

where x;and x, are the values of the maxima for successive cycles.

The time period’y required for a free vibration transient respoxse decay by a

factor of ¢ is

* w2k,

7, =ng__Ing (4.11)

For example, if it is desired to have the transiesponse decay by a factpequal to

1000, for a system witlf= 0.01 and,, = 70 Hz

. In(1000) 157
0T 0.0) 22(79 T

For the same system with= 0.001

_ In(2000
Tiooo ™ (0.009 27( 70

=15.7 <

4.2.1.2 Nonlinear free decay

To inspect the decay times, nonlinear ODE simutatiere run for each of the
damping values for a range of initial conditionsr&initial displacement and various
initial positive velocities were investigated. Figut.2(a) shows an example of the first
few cycles of the nonlinear transient responseafoinitial velocity of 10 m/s and
{=0.003.
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Decay curves were produced by finding the maximesponse (and time of
occurrence) for each cycle. Another method usingétii transforms was also
investigated, but it tended to produce decay cuwdsmore noise (especially for
strongly nonlinear responses), see Figure 4.2(b}hEr investigation revealed that
reducing the default ODE relative tolerance from@%to 1x10" improved the
behavior of the ODE solver for the lightly dampeses.

Typical plots of the decay of the system usirg0.001 are shown in Figure 4.3(a) and
(b) for displacement and velocity. The plots wepenmalized so that time on thxeaxis

is divided byTi000and response on tlyeaxis is divided by the peak value from the first
cycle. (Note: this normalization was chosen instefthe initial conditions because the
initial displacement is zero). If one sets a transdecay criterion to 1/1000 of the
initial response then these plots show that onddvoeed to wait approximately
1.2XT1000

4.2.2 Statistical errorsin basic estimates of nonlinear results

Section 2.3 gives the time and number of samplgsined for estimating basic
statistical properties (with a given level of urteerty (for both bias and random
errors)) for linear systems subjected to normalgSeun inputs. This system is not
linear; the following sections will describe the@stigation into how the estimated

results and their errors vary as the sampled timoeeases.

A function determined the basic and running surtisstes for each model damping
value. The minimum and maximum results were alserdened for subsequent

histogram determination as discussed in sectio34.2

Applying the notation from section 2.1.1, igfe.is an estimate op, 4, is the mean
value of @, g, is the standard deviation gf and £[¢7] is the normalized RMS error of
@. The ODE simulation results were analyzed for ez s file (with initial transient
decay time removed) producing estima&ps‘or each file and as a running s@n of

each estimate. The running sum technique useatheifa
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g}:—@_ﬁ%@,zskm (4.12)

to determine the best estimate akdlocks of data. Where no closed form estimate for

@ exists,¢7=é§0 will be assumed.

4.22.1 Mean

The results of the simulations are expected to have mean values for the
displacement, velocity and acceleration, i.e.

Hy=H, =1, =0 (4.13)
The normalized bias error estimate of the mearbbhaa modified for this case to be

E[[’O] -0 - E[[’O]
QA-ZO QA-ZO

&[] = (4.14)

where g, is the estimate afr determined from the total simulated time history.

Figure 4.4(a) shows the normalized bias error edésof the mean displacement and
velocity for{ = 0.01 for the linear model. Estimates of the ralined bias error for the
nonlinear simulations tended to be larger tharethers from the linear model (as
shown for example in Figure 4.4(b) = 0.01). This is a preliminary indication of the

nonlinear effects on the rate of convergence afltes

4.2.2.2 Standard deviation

The standard deviation estimates for the ODE sitiuia are given in Table 4.1 for the
linear model and Table 4.3 for the nonlinear modéisr averaging 20 blocks of data.
As a check, the standard deviation values wereilzdbxd (see Table 4.2) based on the
theoretical estimate for a SDOF system with adtsctral input [154]
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(4.15)

where S, (a)n) is the two-sided spectrum of force (with unitd(had/s)) at the natural
frequencyw, and Gaa( fn) is the one-sided spectrum of acceleration (wiiltswgi/Hz)

at the natural frequency, . The check is the best for displacements anchifightest

damping cases.

The normalized standard deviation of each of tielbkstimates of for the sample of
20 blocks are given in Table 4.4 for the linear glegnd in Table 4.5 for the nonlinear

models based on

a]d] _ JE(0-u) (4.16)

QZO QZO

The results show that the linear models producamamon RMS error for each response
state for a given value of damping, but in eacke ¢as RMS error in the nonlinear
response estimates is increased for the derivegs@onses. Also interesting is that the
RMS errors for displacement and velocity tend toréase as the input increases for the
= 0.001 model. This is an unexpected result angllmeadue to the increase in the
statistical bandwidtiBs of the nonlinear response (see equation (2.8hp.FASD of the
linear and nonlinear results are given later ($ec#i.3.1), but the bandwidi, given

in Table 4.6 and Table 4.7, will be used to esteniae RMS error of the estimates

here.

The statistical bandwidth is used as a parametaratationship for the normalized

random error otras a function of the sample time (see [248] equa®.47))

£[0]= (4.17)



The normalized random error estimateadbr the firstk blocks of the 20 data blocks is
defined to be

£ [5k] :—V(ék_ézo) (4.18)

Oy

Typical plots of normalized random error for thaeelar model are shown in

Figure 4.5(a) and Figure 4.5(b). Both examples stiawvequation (4.17) gives a good
estimate of the upper bound of the random errat that the models with more
damping { = 0.01) tend to have less variation in the est®dban the models with less
damping { = 0.001).

The random error estimates @fre shown for the nonlinear model in Figure 4.6&)
(b) for{=0.01 and = 0.001 respectively. At the lowest input levehem{ = 0.01, the
random error estimates oftend to be near the linear estimates, but as tlieino
becomes more nonlinear, the random erray t#nds to increase. Also, the theoretical
random error based on the statistical bandwidtbrgim equation (4.17) clearly
underestimates the measured random error. Themardor estimates of nonlinear

acceleratiorg, are much worse than expected.

These observations reinforce the need for veryelaegnple sizes for producing basic
statistical estimates of the nonlinear response.ule of the statistical bandwidth
estimated from nonlinear PSDs is not advised asthad to estimate the random errors
in o calculations. Inspection of Table 4.6 shows Batetermined from the linear
response tends to decrease as the damping decasalsiesreases for derivative
responses. Table 4.7 also shows Baanhcreases for the nonlinear derivative responses,
but Bs decreases and then increases as the damping skcrias hypothesized that the
harmonic distortions, seen in the high frequencfdabe nonlinear response,

significantly affect these calculations. Other egsbers have also identified the need

for large sample sizes when working with nonlineardom data [262].
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4.2.3 Histogramsand PDFsfrom ODE data

Another function was used to determine histogrd®id;s and central moments of the
PDFs. The number of histogram bins was chosen k2B€64 for the positive values
and 64 for the negative) with minimum and maximimmtk determined from the
complete set of 20 data files. The maximum respamsasured was typically around
4 o; This yielded bin spacing/\() of approximatelyo/16 which is considered an
acceptable comprise for minimizing both bias amaloen errors in the PDF estimates
(See section 2.3.2).

The resulting PDFs presented were determined baséue full set of data for each of
the damping and input levels. The PDF estimatea tgpical baseline linear model
(¢=0.001) are shown in Figure 4.7(a); the resp&i3Es appear normal for all linear

models.

A Chi-Squared Goodness-of-Fit test of the PDFs wgasl to test the normality of the

results using
K f _ F )2
X?= (Cilaliv 4.19
2T (4.19)

wheref; is the observed frequency of the simulation histogandF; is the expected
frequency of a histogram based on a normal ROE.the degree of freedom for the
Goodness-of-Fit test; for these results a conseesaalue ofK = 120 was used based

on a number of histogram bins of 128. The regioaazieptance of the one-sided test is

X< xi, (4.20)

where the value of(?, is available from standard statistical tables.(€aple A.3 from

[248]) for an acceptance region obl+or example, if one desired an acceptance
region of 90% (i.e. stating a hypothesis that golgimm or PDF from a normal

distribution would have a goodness-of-fit test ealless thany?, , for 90% of the trials)

for K = 120, X500, =140.2%. Table 4.8 gives the results of the goodnesstaésit for
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the linear models. The hypothesis test of normakiy easily be accepted at the 90% (

a = 0.1) level of significance for the displacemand velocity results.

Figure 4.7(b) shows typical displacement respoiidesRestimated from thie= 0.001
nonlinear simulations. These clearly show the nomval response behavior for the

nonlinear displacement, especially as the inputiges and the damping is reduced.

Figure 4.8(a) shows a set of velocity response Ri3Emated from the nonlinear
simulations. Unlike the nonlinear displacements thata seems to follow the Normal
PDF in most regions, except for a slight increaserd zero velocity, especially for the
= 0.001 model at high input levels. The Chi-Sqda®odness-of-Fit test on the
nonlinear velocity response PDFs shows that data the two lower levels would pass

a 90 % acceptance normality tes;xrﬁ;o;o_l: 140.2%, while a larger 99 % acceptance test

at Xiy0001=158.95 would allow the 8 g response data to pass the altyninypothesis

as well.

Figure 4.8(b) shows a typical set of acceleratesponse PDFs estimated from the
¢ =0.01 nonlinear simulations. Unlike the nonlindeaplacement results, this
acceleration data shows response PDFs with inatd¢ase and center values.

4.2.3.1 Moments of theresponse PDFs

As described in section 2.1.1, the standard dewiaskew and kurtosis can be
determined by calculating the higher order momehtsPDF. As a check, standard
deviation results calculated from the second moroétite PDFs determined above
were compared with the results determined in Seeti@.2.2. The comparison had
normalized bias differences on the order of -I% Ihe kurtosis results presented here

were calculated based on the fourth moment of iesP

As with the other statistical measures of the limaadel response, the linear kurtosis
estimates were virtually identical for the displaesnt and velocity response
calculations for a given value of damping (see &abl0). Figure 4.9 shows typical
kurtosis results for thé= 0.001 linear model, which are all close to theotetical

value of 3.
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The displacement kurtosis for the nonlinéar0.01 model is shown in Figure 4.10(a).
The velocity kurtosis is shown in Figure 4.10(kf) §&= 0.01. These plots show that the
velocity kurtosis seems to converge in both casesvialue of approximately 3, but the
nonlinear displacement results have kurtosis vdkssthan 3. The kurtosis estimates
from the nonlinear model responses are given inel4ld1. The acceleration kurtosis is
much greater than 3, especially at the highesttilgwels. It is also interesting to note
that the normalized random error in the kurtosisreges is highest for the acceleration

results.

4.2.4 Peak response matrices and PDF from data

Peak response estimates for the response datayemseeated using Rain Flow Matrices
(RFM) (as discussed in Section 2.4.6). A typicahmalized displacement RFM is
shown in Figure 4.11(a). Figure 4.11(b) shows thenalized minimum and maximum
peak displacement histograms for this RFM. Noté thetwo histograms are almost
mirror images of each other. The histogram of manzan be averaged with the
histogram of maxima to form a single estimate efpeak PDF, when the functions can

be presumed symmetric.

4.25 Response zero crossing and peak rates

The rates of zero crossings and peaks are veryrtangdor peak response and fatigue
analysis (see Section 2.1.4). Table 4.12 givesates of positive slope zero
displacement and velocity crossings as well agates of positive displacement peaks
(maxima) for the nonlinear simulations. Also talbethare the ratios of displacement
zeros to peakax. One observation from the results is that ther@itends to decrease
as the system becomes more nonlinear. This tresdaisa noted with the WPAFB data
(see Table 3.6).

The corresponding rates of zero crossings and peaiesalso determined for the
acceleration (see Table 4.13). These results sbhowe $rends that were not observed
with the peak displacement results. Table 4.13 shbat like the displacement results,
the rates of zero crossings tends to increasesdspht increases, but the change in the

rate of peaks is not as clearly defined. The lod&nping model shows that the rate of
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peaks actually decreases as the input increasesx@#lanation of this can be
hypothesized with the aid of Figure 4.26 which shalae acceleration PSD. At the
lowest input level of 0.5 g, there is a significgpiateau” of acceleration response
(from about 100 to 500 Hz) that tends to generdéege number of peaks. As the input
level increases, the system becomes stiffer thenadhycing the “plateau” relative to the
fixed upper frequency of 500 Hz. It is interestingsee that thé = 0.001 model results
show a decrease in the rate of acceleration peakkd first two input levels, but then

the trend reverses and the rates of peaks startsrgmase again.

The ratio of acceleration zeros to peaks showsa clecrease for all conditions. The
reversal in the trend of peaks for the 0.001 model is countered by the continual rise

in rates of zero crossings to yield rate ratmghat always increase.

Perhaps an even more convincing argument comesdramination of the time

domain data. The strong nonlinearity in the acegi@n at high inputs tends to make the
peaks very pointed (see Figure 4.12(b)) maskingtfeet of the higher frequency
response that can “ride on top” of fundamental asp cycles of the linear acceleration
at low inputs (see Figure 4.12(a)). The stronglglimear response looks very “narrow

band” in the time domain as the valuesmindicate.

4.2.6 Displacement response peak PDFs

The peak displacement PDFs were calculated froplatisment RFM. Figure 4.13(a)
shows a comparison of a PDF determined for thafifie 0.001 model and a Rayleigh
PDF. Note that the ratio of zero to peaks for thaglel was 1 to four significant digits.
Figure 4.13(b) shows a comparison of a PDF detexdhirom thel’ = 0.01 data, with
the Rayleigh and generalized peak PDFs. The ratero to peaks for this model was
0.993. Modified goodness-of-fit tests,

X?= if (4.21)

wheref; is the observed frequency of the simulation histogandr; is the expected

frequency of the histogram (based on a Rayleightia@deneralized Peak PDF), were
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computed. The observed frequeticyas used here to avoid a division by zero for
negative amplitude bins when performing the tegh wie Rayleigh PDF. The results
are given in Table 4.14 for various bin center emd\lthough the data in

Figure 4.13(a) looks to closely match the Rayld¥if, this hypothesis cannot be
accepted based on a Chi-Squared criterion at theskm level of significance (see

Table 4.15) for either bin center range calculated.

The data from Figure 4.13(b) requires a bit moseussion. This data begins to show
the existence of maxima at negative values (evarraitio of zeros to peaks of 0.993).
The Rayleigh PDF has a value of zero for negatisgima. The goodness-of-fit test

was modified to allow the calculation of test sttdi for both the Rayleigh and
generalized peak PDF as given in Table 4.14. Qheenvide range of bins that included
negative maxima, both tests yield results that sgjiect the hypothesis, although the
peak PDF result is much closer to being acceptied.hypothesis can be accepted at the
a = 0.10 level of significance for the peak PDF ahthea = 0.01 level for a Rayleigh
PDF over the higher amplitude positive bin rangasé®l on these findings, a Rayleigh
PDF will only be assumed for the lowest damping $¥ases while the generalized
peak PDF will be used for all other calculationse peak displacement PDFs were then
determined for the nonlinear results. Figure 4.14ta (b) show the corresponding

peak displacement PDFs determined(fer0.001 and = 0.01 respectively. Again it is
interesting to note the negative maxima fordk=0.01 model.

4.2.7 Responsevelocity peak PDFs

Given that the response velocity was nearly northal peak velocity is assumed to
follow the peak response predicted for a Gaussiamgal) signal (i.e. a generalized
peak PDF); Figure 4.15(a) shows that this is aomasle assumption.

4.2.8 Response acceleration peak PDFs

An example nonlinear acceleration peak PDFs is shawrigure 4.15(b). Here the
peak PDFs show negative maxima at the lowest ilepets, but only positive maxima

at the highest input. Note the increase in the atimed value of the acceleration
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response tails that reach a value of approximdi@ly. Again, time domain data shown

in Figure 4.12 helps to explain the peak PDF rasult

4.29 Linear tononlinear functionsbased on inver se distribution function

The inverse distribution function (IDF) method wesed in Chapter 3 to estimate linear
to nonlinear functions for the wideband experimedéda. The linear to nonlinear
functions generated for displacement response doas¢he assumed Gaussian
distribution) resulted in a unique set of functidoseach input level. On the other hand,
the peak displacement linear to nonlinear functiémsthe wideband data, tended to fall
along one common curve at the large amplitude resaarhis trend was especially
noticeable when one assumed a linear peak distiibutith the same ratiawas the
measured nonlinear peak data (see Section 3.h8&)b&havior of the linear to

nonlinear functions for the SDOF Duffing model regented next.

4.29.1 Linear tononlinear function of displacement response

Histograms of the nonlinear displacement (see @edti2.3) were used to generate

linear to nonlinear functions as described in ®&c8.2.3, fit with polynomial functions
di,1y+q,2y2+ q’3y°*: ) (4.22)

whered;; are the displacement coefficients for the inpartd the polynomial power

(see Table 4.16). The linear to nonlinear functimos this nonlinear model are similar
to those from Chapter 3 (compare Figure 3.19(bh wigure 4.17(b)). This polynomial
model will be used in Section 4.2.12 to estimategaf zero crossings of nonlinear
displacement. One additional observation hereasttie standard deviation results from
the linear and nonlinear simulations (see Tableaid Table 4.3) fall just below the

corresponding response curve (see Figure 4.16(b)).

4.2.9.2 Linear tononlinear function of peak displacement

The findings from Section 3.2.5 suggest an IDF mettor determining the linear to

nonlinear function peak displacement based onialerratioc, linear peak PDF. The
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nonlinear displacement data again shows a chantye iratiocg with input level and
damping (see Table 4.12). For these reasons,ridarlio nonlinear peak functions
determined here will use the variable ratio peak&@ith the IDF method.

Figure 4.17 shows two sets of data points foritheak to nonlinear peak functions for
the SDOF simulations. This data now shows one cammemd for all input levels. In
fact, when the data from the models with dampimgpdotted on one graph (see
Figure 4.18(a)), it suggests that the underlyingti@nship is based on the Duffing

parametersr and yfrom Equation (1.5) and not the damping legel

As before, a polynomial curve fit, of the form
GY+GY+Ggy=> (4.23)

was used to determine peak displacement coeffici@ee Table 4.17). It is interesting
to compare these coefficients with the normal dispinent function results in

Table 4.16. The displacemetht linear slope term is increasing as the input iases
and thed; 3 term for the highest input level is approaching pleakcs term.

Given that these linear to nonlinear peak functemsso consistent across the inputs
and damping values, it is worth comparing thenh#oresults obtained for the normal
displacement IDF problem from Section 4.2.9.1. Fegu18(b) shows the normal
displacement data again, but now with the linearawlinear peak displacement
function polynomial fit shown for comparison. Itwsrth observing that the peak
displacement function seems to be a limiting fuorcfor the normal displacement
functions. This is due to the fact that the peapoase and the peak value of the data
are the same at high amplitudes. Hence the nonsgladement function is tangent to

the peak displacement function in these regions.

4.2.9.3 Linear tononlinear function of peak acceleration

The IDF method was applied to the accelerationlt®egielding typical linear to
nonlinear peak acceleration functions as shownguarg 4.19. These curves are
different than the linear to nonlinear peak disptaent functions in that they show a

nonlinear increase as the linear response incre@lissbehavior is hypothesized to be
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due to a balancing of the differential equationahkhilescribes the relationship between
the various states of the response, i.e., if thatiforce is normal, the summation of the
displacement, velocity and acceleration terms riedx also normal. It has been shown
that the velocity is nearly normal, and that thegpthcement shows a nonlinear decrease
in response as the linear response increasedgsegample, Figure 4.18). The
acceleration is therefore hypothesized to showrdimear increase in response to

balance the displacement decrease.

This increasing nonlinear response lends itsedf ‘taght hand” nonlinear polynomial
model like

a=g(a)

(4.24)
a=ka+k,a +-+k d

wherea is the nonlinear acceleration. As before, thetpaspeak values (maxima)
were used to produce the cubic polynomial curvedéfficients. Figure 4.19 also
shows the third order polynomial curve fit deteredrfrom each data set. The peak
acceleration linear to nonlinear functions showa more data points that do not
follow one main trend (compared to the peak disglaent functions (see Figure 4.18)).
This is similar to what was observed with the expental peak displacement data (see
Figure 3.23(b)).

4.2.10 Nonlinear peak displacement PDFsfrom PDF transforms

The PDF transfer function for the linear to nonéinpeak displacement polynomial

function determined from the IDF method is

pnl peak( y'w) :| d>§/ d* ppeak( W) (425)

Instead of trying to solve this equation in clogain, the numerical result can be easily

determined by first estimating the linear peak “temter” values using

X=qy+gy+qy (4.26)
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where now, thg values should be based on the nonlinear histograroenters. The
derivative of equation (4.23) for the third ordetymomial is

dx/dy= ¢+2G y3¢ ¥ (4.27)
Substituting equations (4.27), and (4.26) into 3% ydelds
pnlpeak(yiw)z‘q-l-zcz y+39 };‘ Qeak(AW) (428)

The generalized peak PPeakis given in equation (2.20). In use, one would exie
the generalized peak PDF at the estimated linesld pie center values (from equation
(4.26)) and then simply multiply by the derivatiftesing equation (4.27)) to estimate
the nonlinear peak PDF given in equation (4.28%uRe from two peak displacement

PDF transforms are shown in Figure 4.20.

Having estimated the nonlinear peak PDF, the gossipnéfit of these transforms can
be evaluated as before. The results of this evaluare given in Table 4.18 and
Table 4.19 for the transformed Rayleigh and gernsak PDFs respectively. The
magnitude of the test results shows that a stiatistical hypothesis statement cannot
be made, but the results can still be used to reakes observations.

First, the PDF transforms for tlfe= 0.01 model results are a better fit to the satioh
data than the transforms for tiffe= 0.001 model. Secondly, the PDF transforms tend t
be best at the lowest and highest levels of regpddsmember that these were the data
cases that were used to estimate the polynomi#ficieats for the linear to nonlinear

peak displacement functions.

4.2.11 Nonlinear peak acceleration PDFsfrom PDF transforms

Nonlinear PDF estimates based on the linear tomesn acceleration response
functions use the PDF transform equation baseti@night hand side linear to

nonlinear function given in equation (4.24)

ppeak ( a" w)

“oarad (4.29)

pnl peak(a'w) =
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Here again, the ratiay is determined at each input level and used weHitiear peak
PDF. Figure 4.21(a) and (b) shows typical peak BBRsform for the/ = 0.01 and
{=0.001 models compared with the PDF determinaeh he min and max histograms
calculated from a peak acceleration RFM. Thesdtseate not as good as those
determined for transformed displacement functibus, they are still encouraging,
especially in the high PDF, low response amplittgdgons. Figure 4.22 shows the
same data as Figure 4.21, but this time with arltgaic PDF; these results show very

good agreement in the low PDF, high response amglitegions.

4.2.12 Estimatingrates of zero crossings from nonlinear amplitude PDFs

Section 5.5.1 of [248] derives the expected nunolbeero crossings per unit time for
stationary random data with any joint probabiligndity function. This derivation will
be used here to estimate the rates of zero cras&nghe nonlinear displacement

results.

Letp,, ( X, v) represent the joint probability density functiondigplacement and

velocity whenx(t) = x, v(t) = X ) = v. The number of zero up and down crossings per

unit time is given by

E[0,]=[ M p.(0.V) dv (4.30)

Assume also that the displacement and velocitgiatestically independent, i.e.

P (X V)= p (% p(V [4, 248]. From the findings in Section 4.2.3, thedocity PDF

is assumed to be “nearly” normal

1 -V
= e 431
pnorm (V) g /—2 Xp{ 2 3 j ( )

and the nonlinear displacement PDF is estimatatyusiPDF transform [125, 160, 263]
by
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d,+2d ,x+3d ,% ~(d¢ d, %+ d, ¥
pnmorm(x)=(’ j'@q' )exp e 2’02 ¥ (4.32)

where the coefficientd;; were determined for each input levésee equation (4.22)).
At x=0,

di,l
pnlnorm (0) - O_X /—2]7_ (433)
and
d .o,
Enl [O ] = 2]70_ o J-_m |V1 GX% J dv_? (434)

If one would prefer only the number of up crossi{myspositive slope zero crossings),

then:
. (4.35)

The nonlinear estimates &, [O:] for the (0.5, 2, 8) g input levels using equation

(4.35) and thel; ; coefficients are given in Table 4.20. Althoughsteesults slightly
underestimate the expected rates determined bytinguhe raw displacement zero

level crossings (repeated from Table 4.12 colurbBItad(D[Oﬂ), they validate the

usefulness of equation (4.35).

4.3 Frequency domain analysis of narrow band ssimulations

The frequency domain analysis of the linear basedimd nonlinear results is presented
to augment the extensive time domain analysis ptesdhe previous section and to
form a basis for comparison. Also presented arersgvpath nonlinear identification

results.
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4.3.1 PSD and expected rates

Figure 4.23(a) and (b) show the PSD of displacerardtvelocity respectively from the
linear model. The sample size chosen for these ésihates was 16 s which resulted
in a frequency resolutioftf of 0.0625 Hz. The PSD estimates were made using a
Hamming window, 50% overlap and a sample rate 6649z resulting in 65 536

points for the FFT and 32 769 frequency domain safimcludingf = 0 andf = fpyg).
TheAf of 0.0625 Hz was chosen as a compromise betwemberof averages and
frequency resolution (see Section 2.5 for furthiscwassion of errors in basic estimates
of random processes). The standard deviationsxgretted response rates determined
from these baseline PSDs (see section 2.2.2) édiirtear models are given in

Table 4.21.

Figure 4.24(a) through Figure 4.25(b) show the P&Bisplacement and velocity
respectively from the nonlinear models. The stashdi@viations and expected response
rates determined from the PSDs (and the assumipiatrthe underlying data is
Gaussian) for the nonlinear models are given ind4l22. Compared to the rates
calculated by level crossings given in Table 4itli3, clear that the standard spectral
moment method of determining response rates igran @r nonlinear systems. On the
other hand, the estimates@f{or the zero moment of the PSD) differ by appradieaty
0.1%.

4.3.2 Reverse path nonlinear system identification

The reverse path identification method was usechapter 3 to identify nonlinear
frequency domain trends in the experimental data. tEchnique is used again here as
an additional illustration which shows how the systparameters from equation (4.2)

can be determined.

The first set of frequency response functions preskard.,, andH,y (see

Figure 4.27(a) and (b) fdar= 0.01, and Figure 4.30(a) and (b) for 0.001). These
functions are the reciprocal of the normal disphaest / force frequency response
functions, but as described in the text [125], thag be used to estimate the modal

parameters. The value Hfy atf = 0 Hz equals the static stiffndgs(approximately 3.5
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kN/m) and the frequency whetdj| is @ minimum is approximately equal to the ndtura
frequency. Inspection of the plots (for both dangdevels) shows that this is the case.
Note that whileH,y stays constant for each input level (the curveseée overlay each
other quite well)L,, diverges from the “linear” result as the modeldmaes more

nonlinear.

The frequency response functiondf are shown in Figure 4.28(b) fo= 0.01, and
Figure 4.31(b) fot’ = 0.001. These functions should theoretically éthumnonlinear
stiffness parametdg that operates on the cubic power of the responak a
frequencies. Inspection of the results shows vendgagreement with the original
model value (approximately 1.8 GNfjrand that the estimates become better as the
problem becomes more nonlinear. It is believedithatis true as the difference
betweerH,y andL,, becomes greater (allowing better numerical regniutetween

small values).

A distinguishing measure of the nonlinearity of thathematical input displacements
are the coherence functions between the uncordelapeitsU; and the mathematical
output force. Figure 4.29(a) and (b) show the ceheg functions for the 0.5 and 8 g
simulations withy = 0.01, while Figure 4.32(a) and (b) show the samen{ = 0.001.

In each plot the coherence functions are labeldoMiong the notation from equation
(2.74). Figure 4.29(a) shows that the responskriest completely correlated with only
Uz whilst at the other extreme, Figure 4.32(b) shtves the response is strongly
correlated with the cubic terkds over most of the frequency range. It is also nedsg
that the four plots of the total summed coherengg are nearly 1 over the whole

frequency range.

4.4 Nonlinear ssmulation summary

The linear and nonlinear Duffing simulations, basadhe clamped-clamped beam
experiments from WPAFB, were run so that large data could be used to show trends

in the nonlinear response. The major findings o thapter can be summarized as:

The standard deviation and kurtosis for the noalimandom response converge much

more slowly than the corresponding linear randospoase quantities. The response
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displacement kurtosis tended to be less than 3rentesponse acceleration kurtosis
tended to be greater than 3, whilst the responiseitye kurtosis tended to equal 3 for
the Duffing model studied. The distribution for teocity response tended to be

normal for the nonlinear models.

Random errors in nonlinear standard deviation ed#s) based on the statistical
bandwidth of the frequency domain PSD responsemaieh greater than what would be
estimated with linear random theory. The harmomstodtion of the displacement,
velocity and acceleration response states cargbédisant enough to cause an estimate
of the statistical bandwidth to be even greaten tha@ bandwidth of the input load.

Linear to nonlinear displacement functions detegdifrom the ODE results, using the
inverse distribution function method, appear sintitathose estimated from the
WPAFB displacement data. The linear peak to noalipeak functions all tended to
follow one main trend, even over wide ranges otitrmplitude and damping values.
The linear to nonlinear peak functions determingidgian assumed generalized linear
peak distribution function, with a ratio of zeraspgeaks determined from the nonlinear
data, produced the best goodness-of-fit agreemengslinear to nonlinear peak
displacement response functions appear to fornpperibound (or limiting case) of the
linear to nonlinear normal displacement responsetfans. A novel use of the linear to
nonlinear normal displacement function was devealdpeestimate the rate of zero
crossings for the nonlinear response. The estintated agree well with those

determined by counting level crossings.

The reverse path identification process was usathag this chapter to demonstrate its
behavior with simulated nonlinear Duffing modelalathe method accurately

estimated the Duffing model linear and nonlineaapeeters.
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4.5 Chapter 4 Tables

Table 4.1. Linear ODE baseline standard deviagsults after averaging 20 blocks of

data.
Input, Damping o, mm o,mls 0.9 ThiockS
(a/9.81 m/9
19,(=0.01 0.1742 0.0755 3.512 250
19,{=0.003 0.3183 0.1384 6.222 245
19,{=0.001 0.5512 0.2397 10.68 235

Table 4.2. Linear model standard deviation estisitam closed form equations.

Input, Damping g, mm o, m/s g,9
(a/9.81 m/§
19,=0.01 0.1746 0.0759 3.365
19,{=0.003 0.3187 0.1386 6.144
19,{=0.001 0.5512 0.2401 10.64

Table 4.3. Nonlinear ODE standard deviation resaftisr averaging 20 blocks of data.

Input, Damping g, mm g, m/s 0,9
(a/9.81 m/§
0.59,(=0.01 0.0866 0.0379 1.764
29,=0.01 0.3256 0.1519 7.534
89,0=0.01 0.9582 0.6081 42.50
0.59,£=0.003 0.1562 0.0692 3.164
29,{=0.003 0.5390 0.2758 14.81
89,{=0.003 1.405 1.114 99.06
0.59,{=0.001 0.2668 0.1219 5.714
29,0=0.001 0.8244 0.4881 30.95
89,{=0.001 1.939 1.946 223.5
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Table 4.4. Normalized standard deviation estimatddock oresults from 20 blocks of
linear ODE simulation data.

Damping | o[g,] | ola] | o[dl]
O-X O-V aa
£=001 02% | 02%| 02%
£=0.003 04% | 04% | 04%
£=0.001 08% | 08%| 08%

Table 4.5. Normalized standard deviation estimatddock oresults from 20 blocks of

nonlinear ODE simulation data.

Input, Damping @ a(6,] o[d,]
g, gy G4
0.59,=0.01 0.3 % 0.3% 0.3%
20,(=0.01 1.1% 1.2% 1.3%
80,({=0.01 1.1% 1.6 % 2.1%
0.59,{=0.003 2.0% 2.1% 2.1%
29,(=0.003 2.2% 3.0% 3.8%
8 9,{=0.003 2.2% 3.6% 5.2%
0.59,{=0.001 4.5 % 4.8 % 5.2%
29,{=0.001 3.3% 4.5 % 5.8%
89,{=0.001 3.1% 3.9% 6.3%

Table 4.6. Statistical bandwidth estimates fronb@@ks of linear ODE simulation

data.
Damping B, Hz B,, Hz B,, Hz
{=0.01 68.8 69.1 81.9
{=0.003 21.2 21.2 22.3
{=0.001 7.21 7.21 7.34
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Table 4.7. Statistical bandwidth estimates fronbR&ks of nonlinear ODE simulation

data.
Input, Damping B,, Hz B,, Hz B, Hz
0.59g,(=0.01 71.4 71.7 84.9
29,(=0.01 190 196 234
89,(=0.01 820 853 1011
0.59,{=0.003 51.1 51.6 54.9
29,{=0.003 358 380 425
8 g9,{=0.003 1278 1285 1461
0.59,{=0.001 110 114 120
29,(=0.001 662 696 769
89,{=0.001 1811 1780 2059

Table 4.8. Linear ODE baseline chi-square goodoné$istest results for displacement
and velocity response normality

Damping X2 X2

(=0.01 19.02 19.67
{=0.001 39.03 39.09

Table 4.9. Nonlinear ODE chi-square goodness-defit results for velocity response

normality
Input, Damping xv2
0.59,(=0.01 25.69
209,(=0.01 16.29
80,=0.01 36.84
0.59,(=0.001 102.57
29,=0.001 137.45
8 0,(=0.001 154.51
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20 blocks of linear ODE simulation data.

Input, Damping|  «, k, | olk] | o[k,]
KX KV
19,{=0.01 2.997 299 21% 219
19,{=0.003 3.017 3.017 43% 43¢
19,{=0.001 3.015 3.014 51% 51¢

Table 4.10. Kurtosis and normalized random erromages of kurtosis for results from

Table 4.11. Kurtosis and normalized random errbmedes of kurtosis for results from
20 blocks of nonlinear ODE simulation data.

Input, Damping | &, K, K, olk,] o[&,] o[k,]
K, Ky Ka
0.59,(=0.01 2.97 2.98 3.04 1.8 % 1.4 % 1.4 9
209,(=0.01 2.80 3.01 3.81 1.3% 2.0 % 3.5¢
89,(=0.01 2.44 3.02 1.27 0.8 % 1.9% 5.4 9
0.59,=0.003 2.93 2.99 3.20 2.7% 29% 3.3¢
20,(=0.003 2.62 2.98 5.07 22% 3.4% 7.29¢
8 9,{=0.003 2.34 3.00 8.78 1.2% 3.69 9.5¢
0.59,(=0.001 2.85 3.00 3.60 3.6 % 4.3 % 6.2 ¢
20,{=0.001 2.49 3.02 6.86 3.8% 7.3 % 14.4
80,{=0.001 2.28 2.98 9.44 29% 7.1% 13.0

0o
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Table 4.12. Rates and ratios of positive zero lex@$sings and peaks for displacement
and velocity results from 20 blocks of data.

Input, Damping &[0} | Hz | ®[0;|Hz | ®[R' | Hz | &,
0.5g,0=0.01 69.5 72.4 69.9 0.9949
29,0=0.01 72.0 75.0 72.5 0.9931
8g,0=0.01 89.5 93.0 91.5 0.9899
0.50,0=0.003] 69.9 70.8 69.9 0.9996
2 g,¢=0.003 76.3 77.3 76.4 0.9980
8 g,{ = 0.003 107.8 109.1 108.1 0.9976
059,=0.001 71.1 71.4 71.0 1.0000
2 g,¢=0.001 84.7 85.0 84.8 0.9999
8 g, = 0.001 133.2 133.7 133.3 0.9994

Table 4.13. Rates and ratios of positive zero lex@dsings and peaks for acceleration
results from 20 blocks of data.

Input, Damping o[ 0; | Hz ®[ P | Hz @,
0.59,0=0.01 110 242 0.46
20,0=0.01 113 217 0.53
89,{=0.01 132 155 0.84
0.5 g,¢ = 0.003 71 151 0.47
2 g,{=0.003 77 122 0.63
8 g,{=0.003 109 128 0.85
0.5 g,¢=0.001 77 96 0.79
19,=0.001 81 91 0.89
2 9,0 =0.001 91 95 0.96
4g9,0=0.001 110 110 0.99
8 g, =0.001 141 141 1.00
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Table 4.14. Goodness-of-fit peak PDF comparisoriiriear ODE simulation results.

Damping Bin Center Range DQF PDF: X?
{=0.001 0.08 ¥<4.55 27 Ray: 70.8
{=0.001 1.16 <455 20 Ray: 48.7
{=0.01 -041 <wv<4.381 30 Ray: 1023, Peak: 72.9
{=0.01 1.22 v<4.81 20 Ray: 33.3, Peak: 26.6

Table 4.15. Chi-square percentage points usedoimdmess-of-fit testing.

DOF a=0.10 a=0.01 a=0.005
20 28.41 37.57 40.00
27 36.74 46.96 49.64
30 40.26 50.89 53.67

Table 4.16. Displacement response polynomial cefftsd;; (inputi and polynomial
powerj) for linear to nonlinear function determined usingerse distribution method.

Input, Damping | dis mm/mm | dimm/mnf | dsmm/mn?
0.59,(=0.01 0.9927 0.1357 -0.1990
29,(=0.01 1.0341 0.0224 0.0842
89,(=0.01 1.2742 0.0374 0.0559
0.59,{=0.001 1.0331 -0.1094 0.2155
209,(=0.001 1.1982 0.0213 0.0648
8 9,{=0.001 1.9023 0.0111 0.0385

Table 4.17. Peak displacement polynomial coeffisiéor linear to nonlinear function

determined using inverse distribution method.

Damping c. mm/mm c, mm/mnf cs mm/mn?
(=0.01 0.9628 0.1010 0.0565
¢=0.003 0.9668 0.1213 0.0497
¢=0.001 0.9328 0.1563 0.0405
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simulation peak displacement results.

Input, Damping| Bin Center Range DOQF  Transformed
Rayleigh PDFX?
0.59,(=0.001| 0.066<0<3.88 | 27 1102
19,{=0.001 | 0.063 <0< 3.69 27 1470
29,(=0.001 | 0.055<0<3.23 | 27 1270
49,(=0.001 | 0.051<0<3.03 | 27 409
89,(=0.001 | 0.050<0<2.97 | 27 720

ODE simulation peak displacement results.

Input, Damping| Bin Center Range = DOQHransformed Genera
Peak PDFX?
0.59,(=0.01 -0.40 <og< 4.67 30 118
19,{=0.01 -0.39<0g<4.54 30 184
29,(=0.01 -0.34 <0< 4.03 30 560
49,({=0.01 -0.32<0<3.74 30 466
89,({=0.01 -0.31 <0< 3.59 30 492

transformsE| 0; | and simulation®| 0} .

Table 4.18. Goodness-of-fit results for transforRayleigh PDF for nonlinear ODE

Table 4.19. Goodness-of-fit results for transforrgederal peak PDF for nonlinear

Table 4.20. Rates of positive zero displacemerdllerossings based on PDF

Input, Damping E[0; | Hz ®[ 0} | Hz
0.59,0=0.01 69.1 69.5
29,0=0.01 71.9 72.0
89,0=0.01 89.3 89.5
0.5 g, = 0.001 71.1 71.1
2 g,0=0.001 83.6 84.7
8g,0=0.001 132.8 133.2
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Table 4.21. Response displacement standard deviatid rate results from baseline

linear ODE simulations determined from PSD estimate

Input, Damping| o, mm | E[0; ] Hz| E[R'| Hz| E[0; |/E[ R ]
19,(=0.01 | 0.176| 69.29 72.39 0.9571
19,(=0.001 | 0550  69.23 69.73 0.9927

Table 4.22. Response displacement standard deviatio rate results from nonlinear

ODE simulations determined from PSD estimates.

Input, Damping| o, mm | E[0; | Hz| E[ R’ | Hz| E[0; |/E[ R ]
0.59,=0.01 | 0.0869  69.68 72.80 0.9571
29,0=0.01 | 0.326| 74.28 77.53 0.9580
89,0=0.01 | 0.958| 100.99 109.12 0.9255
050,0=0.001| 0.267| 72.70 73.34 0.9912
29,0=0.001 | 0.824| 9431 99.11 0.9516
89,0=0.001 | 1.939| 159.73 179.32 0.8908
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4.6 Chapter 4 Figures

ODE Si mul ations
(4.1)

Build linear and
nonl i near ODE
simul ation
model s

!

Loop over input

A

records, |evels
and danpi ng

|

Solve ODE for
di spl acement and
velocity

|

Det er m ne
bendi ng, membrane
and total
stresses from
di spl acement

.

Frequency domain

Continue |oop ’—

__ Time domain
anal ysis (4.2)

y

anal ysis (4.3)

Determ ne

time

Det er m ne

domain statistics domai n
(mean, o0, mn, max) functions
for all data cross

frequency
basi c
(auto &

spectrums)

|

:

Det er m ne

CDFs and

hi st ograms PDFs
| DFs

Determ ne

response

spectral

moments and

rates

|

Curve fit
functions,
determ ne
transforms

nonlinear

PDF

Det er m ne
transf
coherence

nonlinear
er &
function

estimates

A\ 4

Det erm ne
fatigue damage [«
Chapter(5)

140

A 4

( End )

Figure 4.1. Simulation and analysis flow diagramrfonlinear ODE models




(@) (b)

Velocity Log Dec for &= 0.001, Initial Velocity = 10 m/s
1 7y — R
VA ‘ \ A\ VA VAN NN e ‘ ‘ [ Filbert Transform
\/ \V / Vo T — — WAFO Tuming Points
\ | ! \ i
AR Y
! i } L) / . 10° N - o

Intial Free Decay Cycles for £= 0.001, Initial Velocity = 10 m/s :

| - B '
coaf |- / == ( I e
NELN AR RN i |
3 ‘ 5 | 1 '
H \ VL Vi L VR
Z.02f \ / / X)‘ / { \ | \ /’ 8 10? ‘ > -
o4l | : | | \ I E : &

L ! |
06 | ,‘ / | / |
wl | | -
\ ] \ S / L ™
Y \ JAN! \ A AV
" L/ A i \/ i VARV PN SN 10% i i i i
0 0.1 02 03 04 05 06 07 08 09 1 [ 02 0.4 06 08 1 1.2
time (') [

Figure 4.2. Initial free decay response for nordmuffing{ = 0.001 model, initial
velocity = 10 m / s. (a) Normalized initial disptament and velocity for 1 linear
response period and (b) nonlinear free vibratidoncry decay computed with WAFO

turning points and Hilbert Transform methods.

() (b)

Velocity Log Dec for = 0.001
T T T

o Displacement Log Dec for £= 0.001 o
10 T T T T T 10 T T
[ —— init velo 0.1 m/s - { —— init velo 0.1 m/s
S init velo 1 mis N : init velo 1 mis
N \\\\ init velo 10 m/s \\1\ . ; init velo 10 m/s
N \
o N . AN
10 3 < 10 < :
. e R
RN N
AN NN
I, RN \\ £, .
" B R s < ;
& < B ST
< NN
BN \\
AN SN
N - N
o \\\ 10° O
S . NG
N ] \\\\
- SN
N
™
~
107 i i i i i 107 I i i
0 02 04 0.6 0.8 1 12 0 02 04 0.6 0.8 1 12
Y Tio00 /T io00

Figure 4.3. Normalized nonlinear free vibrationageéor initial velocities (0.1, 1
10) m/ s and = 0.001 model with ODE relative error = 15t @a) displacement and

(b) velocity.

141



Figure 4.4. Normalized bias error estimate ofdiaplacement and velocity mean from
baseline lineaf’ = 0.01 model input = 1 g data, and (b) displaceamesan for nonlinear
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5 FATIGUE ANALYSISOF NONLINEAR NARROWBAND
SIMULATIONS

This chapter will discuss stress and fatigue danaagdysis of the linear and nonlinear
ODE model results. The goal of this chapter ise¢mdnstrate that time to failure
estimates based on peak stress response probdbiiigyty functions can be determined

with novel and efficient PDF transforms.

Displacement time history files (discussed in Chag) are processed with linear first-
order and cubic third-order displacement to stralationships to show how the
nonlinearities affect the results. The propertiethe linear and nonlinear displacement
to strain equations were determined from measuakces from the WPAFB
experiments (discussed in Chapter 3). Once thmstveere determined, the stress was

estimated based on a simple stress strain relaimsth the elastic modulus.

The stress time histories were sampled to deterpea& stresses, which resulted in
Rainflow Matrices (RFM). The RFM were processedétermine fatigue damage and
time to failure, assuming the use of a steel SABIfaterial (as in Chapter 3). The
damage calculations were performed for a baselhneage equation with no mean
stress effects and with two additional equatioas itncluded mean stress effects have

been considered.

First, baseline linear ODE models are used for @mpn to the subsequent nonlinear
model damage calculations. Next, an intermedidtefsealculations was performed on
the nonlinear displacement results using justitieal part of the displacement to strain
relationship. A final set of calculations was penfied on the total nonlinear stress
matrices. Histograms were calculated for the mimmand maximum peak stress values

to be used for comparison to the PDF transformltesu

The time domain stress response simulations waeymented with estimates of the
rainflow matrices determined with the PDF transfan@thod. The PDF transforms
started with the peak displacement PDFs and esihthe peak stress PDFs based on
the linear and nonlinear displacement to straiati@hships. The nonlinear PDF

transform expression yielded a complication, whi@s due to the addition of a second
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mapping of displacement to strain that occurs withaddition of the squared
membrane stress term. The nonlinear peak stress ®Bife converted to histograms for
use in damage calculations. These time to faileselts compared well to the time

domain simulations and the measured data from tRARB experiments.

5.1 Stressresponse calculation

Several authors [16, 206] suggest that the bendnegnybrane, and total strain stress
response can be estimated with a simple quadtatatibn of the nonlinear

displacemeny (see equation (1.8)) with the form

gbend = Cly
Ememn=Co Y (5.1)
= E (‘gbend tE

memg

o

total

This equation captures the simple relationship betwbending and membrane strain
and stress, and introduces local minima in thelaigment to total strain function, as

shown in Figure 5.1, which adds a second mappirggrain to nonlinear displacement.

The results from the WPAFB experiments (see Cha&)teuggest a more complex form

of the function

Ein = Hylg(f)y
Esquare — H Pe ( f ) y?
Eowe = H ya.s(f)yg
= E (& + Eequare ™t € cung

square

(5.2)

o

total

whereHy1,, Hyo. andHys. are the multi-mode frequency response functiorte@finear,
squared, and cubic nonlinear displacement inpstr&on response. The filtered input
and response analysis in Chapter 3 determinedd sehstants for these functions.
These constantgy( e,, andes) were simplified and modified slightly for usetims

chapter (see Table 5.1). The strain relationshiphiis cubic system is now

e=gytgy+ ey (5.3)
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The addition of the cubed term requires furtheeagith regard to estimating nonlinear
strain (and stress). The new cubic equation hapdhksibility of local maxima that are
not considered real and must be avoided in thelations. The parameteg is chosen

to ensure that the local maxima did not occur withie range of data from the ODE
simulation. The local minimum and maximum valuestf@ cubic equation occur when

the derivative equals zero, i.e.

de/dy=6+2¢ y+3¢%=0 (5.4)
This has two solutions
-e + -3
y=_22 fl ik (5.5)

Substituting theses roots into equation (5.3) gthiesvalue of strain at the minimum
and maximum. The numerical values for the rootgyaren in Table 5.2. Figure 5.1(b)
shows an example cubic function that will be usethe following analysis. To

illustrate their interaction, typical time domailots of the linear, squared, cubic, and
total strains are shown in Figure 5.2. Note thattttal strain reaches a minimum at
approximately -10Que; this corresponds to the minima of the cubic dispment to

strain function shown in Figure 5.1(b). For compan, the same function with the
cubic term omitted is shown in Figure 5.1(a); thdiion of the cubic term tends to
make the positive displacement region more linedrthe negative displacement region

more nonlinear.

Stress responses were determined using equat@®n(¢ich includes a stress
concentration factdk = 1.1, that is used to increase the stress lotallpmpare with

fatigue calculations in Chapter 3) for the enteea model results.

Oy = KO (5.6)

total

The analysis of the linear and nonlinear stresses the ODE simulations is discussed
next. The results from thg= 0.003 model will be used because it is closegte

measured damping from the WPAFB experiments. The $&15 steel material with
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elastic modulug = 204 GPa, and the three sets of fatigue paramaterused again in
this chapter.

5.1.1 Linear ODE baseline model rainflow matrix and damage

The normalized RFM for 4900 s of the baseline linfea 0.003 model is shown in
Figure 5.3. The plot shows that the main responséong théR=-1 (zero mean)
diagonal of the RFM. The RFM can then be integratresimmed along the minimum
and maximum stress axes to form histograms, asrsho#wigure 5.4(a). Both
histograms show a classic Rayleigh shape. Notedhkdatistogram of minima is a
“mirror image” of the histogram of maxima. Figuré) shows that the peak PDF
determined from the histogram of maxima is in eberelagreement with a Rayleigh

distribution.

The stress standard deviatiopand time to failure results for the linear ODE dlame
model are given in Table 3.15. Note that at théésg 8 g input level, the predicted
times to failure are less than the total of 49@9 data used to generate the RFM and
RFD results. This would imply a high probabilityfatigue failure if the linear
assumption were true. A typical RFD matrix for #oaled linear baseline ODE results

is shown in Figure 5.5(a).

One important observation from this plot is tharéhare a few stress cycles that occur
at stresses above the ultimate strength of 415 flgiPthis material. This would indicate
that the material could also fail as a result peak stress at some time within the
4900 s of simulation. There are also many cyclasdbcur above the yield strength of

228 MPa. These observations require further ingattn.

5.1.2 Nonlinear ODE model linear rainflow matrix and damage

A preliminary step toward the total nonlinear fatganalysis is to analyze the fatigue
damage for the linear part of stress, which isrd@teed from the nonlinear
displacement. This set of results includes theineal change in the peak displacement
PDF, the nonlinear change in the stress standatidta® and the shift in the rate of
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zero crossings and peaks. This linear model doesmclode any effects of the

membrane or cubic displacement to stress terms.

The stress standard deviation and time to faileselts for the nonlinear displacement
with linear stress model are given in Table 5.4m@are this with the linear results in
Table 3.15; the estimated time to failure increaasatically as the system response
becomes more nonlinear. At the maximum input, th@inear estimate is

approximately four orders of magnitude longer ttianlinear estimate.

An important observation from these linear stressl@hresults is that the time to failure
is about the same for the three damage equatitisistan expected result; the baseline

damage model has a zero mean stress assumption.

5.1.3 Nonlinear ODE model membr ane stressrainflow matrix

An example of the quadratic membrane stress RFkyadned from the nonlinear
ODE results, is shown in Figure 5.6(a) for thei@mut load. The figure is normalized
by the standard deviation of the membrane stresholws that membrane stress is
always positive with all stress cycles (excepttiao outliers) having a minimum stress

of zero.

5.1.4 Nonlinear ODE model total stressrainflow matrix and damage

The total stress RFM shows the truly nonlinear reatd the predicted stress response.
This model now includes all of the nonlinear eféetttat are assumed to be present in
this analysis. Figure 5.6(b) through Figure 5. &mw the normalized total stress RFM
for the nonlinear model from the lowest 0.5 g infrwbugh to the highest 8 g input. The
addition of the squared and cubic displacementr&insterms causes the RFM to curve
away from the main RFM diagonal. This indicatesdkistence of a significant mean
stress term in the rainflow cycles. The RFM abowgeshows the increase in the number

of rainflow cycles that have a minimum stress giragimately -20 MPa.

Normalized histograms of stress peak minima andmmeare shown for each input

level in Figure 5.8(a) through Figure 5.9(b). Thestograms were normalized by the
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absolute value of the minimum stress at each (@ed Table 5.2) to clarify the
asymptotic nature of the peak response. At thedowmput level, the shape of the
histograms of minima and maxima appear approximdalleigh, but as the input
increases and the response becomes more nonlineahapes change dramatically. It
is also interesting to observe that at the relgtilev 1 g input level, some positive
stress maxima start to appear n&gkx/ [Omin| = -1 (see Figure 5.8(b)). As the input
level increases, the number of stress minima agak/ |omin| = -1 increases
dramatically. The vertical scale in these graphméesar to illustrate the dramatic

increase in low amplitude cycles.

The normalized nonlinear bending stress damagétsgsesented in this section show
the departure of the nonlinear damage from thalficases presented in the previous
sections. Figure 5.10(a) through

Figure 5.11 show the RFD matrices for the totassmrmodel using the Morrow damage
equation. One important observation is that theatgms concentrated near the high
stress cycles with very little contribution fronetplentiful low-amplitude cycles near
the minimum peak stress asymptote.

Another important observation is that the timeditufe estimates (see Table 5.5) now
show a marked reduction when using the Morrow aradkéf damage equations, which
include mean stresses. These examples help trallethe importance of using a
fatigue model that includes mean stress effectsiwwarking with structures that

exhibit nonlinear stress responses.

5.2 Nonlinear PDFs and life estimates

This section extends the PDF transforms of nontidéesplacement to strain that was
introduced for use with the raw multi degree oefitem WPAFB data in section 3.3.2.
The work in this section is based on single degfdeeedom models that now have the

same rates of displacements and bending strains.
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521 PDF estimatefor nonlinear total stress

The PDF transform method is used to estimate thérmear peak total stress PDF from
nonlinear peak displacement PDFs. In this casendhénear peak displacement to
peak total stress function was determined basesinghe mode nonlinear parameter
estimates of the WPAFB data (discussed in Sectidil.2)

a=9(y)

57
0=KE(qy+ey+ ¢ &)

whereg is the nonlinear peak total stress gnd the nonlinear peak displacement. The
parameter&, E, and the coefficientg are given in Section 5.1. This is the standard
form of the nonlinear function with the polynomal the right hand side of the

equation.

The PDF transfer function for this nonlinear pe@pthcement to peak stress function

is

_ pnl peak( y)

Pt pea (0) = W (5.8)

wherepn peakare the nonlinear PDFs of peak stress and digpkace The absolute

value of the derivative of (5.7) is
do/dy =|g¢+2¢ y3 ¢} (5.9)

The derivative has two roots

_"8*J/g-3¢¢
&

y (5.10)

The range of results was limited such that only o (the minimum) was observed

(see discussion in Section 5.1).

The second step in this development was to maketlzer assumption that each

positive displacement peak is followed immediatgjya negative displacement
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minimum with the same magnitude. Another way afiking of this is that each point

on a positive peak displacement PDF maps to a aimpi/cle with amplitude equal to
the positive peak value. This is considered faasda on the standard assumption that a
narrowband response (single degree of freedom mbédslone positive peak for each
positive zero crossing (see Figure 5.2 for exartipie data). The displacement cycle
assumption now lets one calculate the PDF for mthraax stresses based on the total
stress in equation (5.7). Theories that extendsihigle mode stress model to multi

mode stress models [170, 172] may be useful fahénrresearch.

At this point, it is helpful to observe how the glscement maps to total stress with an
example. Figure 5.12(a) shows six cycles of argiasing displacement function, and
Figure 5.12(b) shows the corresponding total stbased on equation (5.7). The first
three cycles behave “normally,” but the final thoyeles show that the stress function
now contains two cycles for one displacement cy€iest, define a primary cycle that
has a stress maxima mapping to the positive displaat maxima, and a stress minima
mapping to the displacement minima. This one-tofmapping works for displacement
cycles up to the value determined by equation {5M6te that the standard PDF
transfer function (4.29) is asymptotic at this poirhe primary cycles have a minimum
at the zero slope of the total stress functionoAdefine a secondary cycle that has a
minimum stress at this same minimum and a maxintuess at the point mapping to

the negative minimum of the displacement cycle.

The total stress PDF can be determined numeriaalfpllows. First, define a range of

nonlinear peak displacement valyest a convenient spacing

—40,<y<4o,

(5.11)
dy=0.01o0,

corresponding to the positive peak displacemergeambserved in the nonlinear ODE

simulation. Determine the PDF of nonlinear positNgplacement peakp,, peak( y)

based on a PDF transform

pnl peak( y) :| d)ﬁ/ dj ppeak( )) (512)
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of linear peak displacement PDfpdak (X)) with the values ox and the derivativelx/dy

of the nonlinear functions (see Chapter 4, Secti@rd.2)

x=h(y), yd[0,e)
X=gqy+Ggy+gy (5.13)
dx/dy=G¢+2¢ y+3¢§

determined numerically from the positive valuey ahosen above from equation
(5.11). Also, determine a second nonlinear dispreese PDF of negative minima using

the same PDF, but now assigned at the negativevaliy

x=nh(y), yd(-e,0)
X=gqy-Ggy¥+gy (5.14)
dx/dy=¢-2¢ y+3¢§

Figure 5.13 is an example of this process for &tata the 8 g simulatiory = 0.003.

Now, given the PDFs of nonlinear peak displacenfremh equation (5.12), numerically
evaluate the PDF transfer function in equationg#using the derivative from equation
(5.9) and the values gffrom equation (5.8) to yield the nonlinear peakst PDF. At
the lower levels of input, the mapping of displaeatto stress is one to one, as shown
in Figure 5.14(a). At higher input levels, the settary cycles start to occur, resulting in
additional cycles. There are now two possibilif@sgenerating stress maxima and
minima. Figure 5.14(b) gives an example of thisiite®ote that the total stress PDF
has an asymptote at —19.67 MPa.

Figure 5.14(b), shows a PDF of primary maxima awbadary maxima. These
functions can be plotted in a form like the WAFONREs shown in Figure 5.15. A
visual comparison of the PDF transform results (Sgare 5.15(a)), and the RFM of
the ODE data (see Figure 5.15(b)) is very encoatagi

These functions are not strictly PDFs anymore, beedhe “one-to-two” mapping of
stress results in an integrated area greater thanIde correct peak total stress PDF
has to be normalized by the sum of the primarysaabndary contributions. The

normalization can be determined as discussed below.
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One complication of this numerical PDF transforntimod is that the total stress
functions determined from equation (5.7) have unesgacing. The resulting nonlinear,
unevenly spaced PDFs of primary and secondarysstyedes can be interpolated at
evenly spaced points and normalized by the surheofwo functions. Another method

is to generate histograms of the primary and seaxynol/cles and simply sum the two

to get an overall histogram of total cycles. Thisthod was used to generate histograms
for comparison to those determined from the ODEutations of total stress (see

Section 5.1.4).

Peak stress histograms of minima and maxima amsrsiroFigure 5.16. Note that the
histograms are shown on a logarithmic scale inraallow for better observation of
the results near the tails of the histograms. Thgsees show that the histogram results
determined by PDF transform compare very well \ilia rainflow histograms
determined from the time domain data of total strés intermediate result of this

work is the estimation of the number of stress paakes for the 4900 s of simulated
data (see Table 5.6). An alternative way to presestcould be to estimate the rates of

primary, secondary and total peaks.

5.2.2 Damage estimatesfor PDF transform method

Having estimated the PDFs and histograms of noaulipeak total stress, the next step
in the analysis is to determine time to failure tfog transformed displacement results.
In this case, damage estimates were determinectlgifeom the primary and secondary
histograms of peak total stress minima and maxthm&aRFM were not calculated).
Damage calculations were also made using only riingapy histograms of peak total
stress minima and maxima. The calculations baseahtynthe primary cycles were
equal to the combined damage of primary and secgryales up to the fifth

significant digit or more. The primary cycle resudire given in Table 5.7. These
compare very favorably with the time to failureuks from the ODE stress simulations
in Table 5.5.
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5.3 Nonlinear narrowband simulation summary

This chapter was devoted to the fatigue analyste@harrowband ODE simulations
discussed in Chapter 4. Linear baseline and nanlitime domain stress responses
were processed to determine rainflow matricesresstpeaks. Time to failure estimates

were made with three damage equations.

A method to estimate nonlinear peak total stresssPias developed. The PDFs were
determined by first estimating the nonlinear peabldcement PDFs (from linear peak
PDFs) and then by determining the nonlinear petk stress PDFs (from the nonlinear
peak displacement PDFs). The PDF transform readts used to estimate time to
failure, which compared well to the time domainleycounting estimates. Primary

stress cycles were shown to account for the butkefatigue damage.

The change in time to failure, based on each fatgguation assumption, is illustrated
in Figure 5.17 for the assumed SAE1015 materialtaadesults tabulated in this
chapter. The graphs show that the linear modekstimate lives over 100 times shorter
at the maximum input level, while the nonlinear miodithout mean stress effects can

estimate lives about 10 times longer.

When one considers nonlinear structural effecss QBDE simulations have
demonstrated that there can be a potential impremém the fatigue lives of structures
(compared to linear estimates), but there are piatesimplifications that could
overestimate the improvement. It is highly recomdezhto use fatigue equations that
include mean stress effects (e.g. the Walker orMoequations) when working with

nonlinear structures.

This chapter has demonstrated that the PDF trangfwethod can be successfully used
to estimate peak stress joint PDFs for single degfdreedom systems. The added
complication of the one-to-two mapping of displaesrincycles to stress cycles has

been included in a straightforward and efficierltitson technique.
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5.4 Chapter 5 Tables

Table 5.1. Nonlinear displacement to bottom stp@rameters for ODE simulations.

Input | e pe/mm | e pe/mn? | e;pe/mm’
05¢ 141.7 40.3 -15.26
1g 141.7 40.3 -15.26
29 141.7 40.3 -14.65
49 141.7 40.3 -10.37
8¢ 141.7 40.3 -6.10

Table 5.2. Nonlinear displacement to bottom steaid stress minimum and maximum
for ODE simulations.

Input Ymin MM YmaxMm EminME OminMPa

05¢ -1.087 2.848 -86.85 -19.49
19 -1.087 2.848 -86.85 -19.49
29 -1.100 2.934 -87.65 -19.67
49 -1.201 3.791 -94.12 -21.12
8¢ -1.347 5.749 -102.9 -23.09

Table 5.3. Time to failure estimates for linear OBdseline model data.

Input | o, MPa | 0 maxMPa| Baseline (s) Morrow (S) Walker (s)

05g 5.06 26.63 1.9452x70 | 1.9450x1&* | 1.4058x14*
1g 10.12 53.25 4.217x¥0 | 4.216x16" 3.216x16"
29 20.24 106.5 9.141x30 | 9.138x16 7.357x16
49 40.24 213.0 1.982x30 | 1.980x16 1.683x16
8¢ 80.96 426.0 4.296x10 | 4.285x16 3.850x16
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Table 5.4. Time to failure estimates for nonlin@&E displacement, linear stress

model data.
Input | g, (MPa)| OmaxMPa Baseline (s) Morrow (S) Walker (s)
05g 4.97 23.15 6.55x10 6.55x10° 4.69x10°
1g 9.59 41.67 1.12x10 1.12x18° 8.49x10°
29 17.14 66.84 2.38x1b 2.38x10* 1.85x16"
49 28.74 102.9 1.90x10 1.90x14 1.54x18
8¢ 44.67 149.5 2.43x10 2.43x10 2.03x10

Table 5.5. Time to failure estimates for nonlin€@&E displacement, total nonlinear
stress model data.

Input | o, MPa| 6 o MPa| omaxMPa| Baseline (s) Morrow (s)| Walker (s)
05¢g 4.94 0.22 26.62| 3.45xf0| 3.36x16* 1.78x10*
1g 9.40 0.82 4950 | 2.02xf0| 1.86x106° 8.41x10"
29 16.17 2.63 76.28| 3.97xP0| 3.28x1@° 1.24x10°
49 26.24 7.39 118.7 6.7510| 4.52x16 1.65x16
8¢ 4171 | 17.84 207.1 7.278¥10 3.20x16 1.51x16

Table 5.6. Number of stress cycles from transformaainear displacement PDF
compared to stress model ODE data.

Input Primary cycles Secondary | Total cycles ODE Stress
cycles cycles

05¢g 342 492 0 342 492 342 550

1lg 350 811 135 350 946 350 977

29 374 394 50 992 425 386 393 897

49 429 342 231 359 660 701 590 007

8¢ 529 485 431 135 960 620 890 603
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Table 5.7. Time to failure estimates for transfadmenlinear displacement PDF

primary cycle data.

Input Baseline (s) Morrow (s) Walker (s
05g 3.72x1Y 3.63x18* 1.93x16*
1g 2.40x18 2.23x10? 1.02x102
29 4.11x18 3.40%x10° 1.28x16°
49 6.80x18 4.54x16 1.67x16
8¢ 7.03x16 3.09x16 1.46x16
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5.5 Chapter 5Figures
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Figure 5.1. Nonlinear displacement to nonlineaistfunctions: (a) quadratic function
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Figure 5.2. Time domain linear, squared, cubictatal strains for nonlinear ODE
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Figure 5.3. Normalized bending stress rainflow mdtr linear ODE simulation:
¢ =0.003 model, input = 1.0 g data, = 10.12 MPa.
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Figure 5.5. Rainflow damage matrices for ODE sirtiafes, { = 0.003 model
input = 8 g. (a) Linear displacement transformethwnear stress function,
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Figure 5.6. (a) Normalized membrane stress rainfiteatrix for nonlinear ODE
simulation:{'= 0.003 model, input = 2.0 @i, = 3.35 MPa. (b) Total stress rainflow

matrix for nonlinear ODE simulatiog®= 0.003 model, input = 0.5 g5 = 4.94 MPa.
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Figure 5.7. Total stress rainflow matrix for noelar ODE simulatiod = 0.003 model:

(a) input =2.0 go,= 16.17 MPa and (b) input = 8.0 g, = 41.71 MPa.
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Figure 5.9. Total stress rainflow minima and maximstiograms for nonlinear ODE
simulationd = 0.003 model: (a) input = 2.0 gmin = 19.67 MPags = 16.17 MPa and
(b) input = 4.0 gomin = 21.12 MPagys = 26.24 MPa.
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Figure 5.11. Total stress rainflow damage matrixionlinear ODE simulation:
¢ =0.003 model, input = 8.0 g5 = 41.71 MPa, morrow damage equation.
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Nonlinear Peak Min & Max Disp PDF for Input = 8 g, Zeta=0.003
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Figure 5.13. Nonlinear positive maxima and negativeima displacement PDFs for
¢ =0.003 model, input = 8 g simulation.
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Figure 5.15. Stress results fr@gmne 0.003 model input = 2 g nonlinear ODE simulation
(a) Nonlinear total stress primary and secondangea from displacement PDFs. (b)
Total stress rain flow matrix.
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Fatigue Life for Clamped-Clamped Beam with SAE1015 Material
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properties.
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6 CONCLUSIONS

6.1 Summary

The primary focus of this thesis has been to dgvetainal approaches to assist in the
estimation of time to fatigue failure for nonlinestructures when subjected to random
loading. Experimental data from a set of nonlinr@adom vibration tests has been
analyzed in the time and frequency domains, yigldiseful observations about the
measured displacement and strain responses. Adalitomplementary numerical
simulations were performed to augment the experiatéindings. Throughout this
thesis, straightforward and accepted engineeriatyais methods were used to identify
trends in the data and to help explain the physicse problem. Graphical
representations and tabulated results from theysisahave lead to improved
understanding of the nature of the nonlinear rantiiigue problem. Specific
contributions in the area of the experimental amal\gical studies are now briefly

described.

6.1.1 Experimental studies

The WPAFB experimental data yielded a wealth oflinear random multi-mode
response data that was analyzed in both the freguserd time domains. The reverse
path nonlinear transfer function method was shawet very effective in identifying
nonlinear models for measured data. Transfer fanstfor both the force to nonlinear
displacement response and the displacement toneamlstrain response were shown to
be consistent even though the raw displacemensiaith data showed strong nonlinear
responses that changed over the five input leialdti path nonlinear frequency

domain transfer functions were also shown to béuligar reconstructing the linear,
squared and cubic parts of the time domain stespanse. The linear transfer function
estimates were subsequently used to approximagarlrandom displacement and strain
responses. Modal models of the nonlinear systeporse were proposed based on the

identified transfer and coherence functions.
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6.1.2 Numerical studies

The linear and nonlinear Duffing simulations, basadhe clamped-clamped beam
experiments, were developed and executed so tigat tkata sets could be used to show
trends in the nonlinear response. The major finglimigthis work can be summarized as

follows:

The standard deviation and kurtosis for the noalimandom response converge much
more slowly than the corresponding linear randospoase quantities. The response
displacement kurtosis tended to be less than 3rencesponse acceleration kurtosis
tended to be greater than 3, whilst the responiseitye kurtosis tended to equal 3 for
the Duffing model studied. The velocity responssriiution tended to be normal for

the nonlinear models.

Random errors in nonlinear standard deviation ed@s) based on the statistical
bandwidth of the frequency domain PSD responsenaich greater than what would be
estimated with linear random theory. The harmomstodtion of the displacement,
velocity and acceleration response states cargbédisant enough to cause an estimate

of the statistical bandwidth to be even greaten tha@ bandwidth of the input spectrum.

Linear to nonlinear displacement functions deteadifrom the ODE results, using the
inverse distribution function method, appear simitathose estimated directly from the
experimental displacement data. The linear pealotdinear peak functions all tended
to follow one main trend, even over wide rangemptit amplitude and damping
values. The linear to nonlinear peak functions mheiteed using an assumed generalized
linear peak distribution function, with a ratiozdros to peaks determined from the
nonlinear data, produced the best goodness-offfédeanents. The linear to nonlinear
peak displacement response functions appear todarapper bound (or limiting case)
of the linear to nonlinear normal displacement oesg functions. A novel use of the
linear to nonlinear normal displacement functiorswlaveloped to estimate the rate of
zero crossings for the nonlinear response. Theastd rates agree well with those

determined by counting level crossings.
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The reverse path identification process was usathdg demonstrate its potential with
simulated nonlinear Duffing model data. The methodurately estimated the Duffing

model linear and nonlinear frequency domain pararset

6.1.3 Major fatigue findings

Time to failure was estimated based on the ravinsin@asurements and several
estimates of linear and nonlinear strain respoased on the estimated nonlinear
frequency response functions. The time to failwte@ates, using rainflow matrices of
stress peaks, showed that the nonlinear resules sugnificantly longer than the linear
results, especially at the highest input level. Tiieeestimates were also made with two

damage models that included nonzero mean stresses.

A method to estimate nonlinear peak total stresssPias developed. The PDFs were
determined by first estimating the nonlinear peabldcement PDFs (from linear peak
PDFs) and then by determining the nonlinear petk stress PDFs (from the nonlinear
peak displacement PDFs). The added complicatidheobne-to-two mapping of
displacement cycles to stress cycles has beerdiettlin a straightforward and efficient
solution technique. The PDF transform results wesed to estimate time to failure,
which compared well to the time domain cycle coupgstimates. Primary stress cycles
were shown to account for the bulk of the fatigaendge.

When one considers nonlinear structural effeceetican be a potential improvement
in the fatigue lives of structures (compared tedinestimates), but there are potential
simplifications that could overestimate the impnmet. It is highly recommended to
use fatigue equations that include mean stressteffe.g. the Walker or Morrow

equations) when working with nonlinear structures.
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Several significant observations can be summairfizethe major changes in fatigue life

for a nonlinear stiffening structure:

An increase in response rate produces a lineagaserin damage.

The addition of nonlinear tensile membrane strassyteld an increase in damage.
The change in the peak response PDF shape cahireaulecrease in damage.

The decrease in the response standard deviatitits ya exponential decrease in

damage.

6.1.4 Intermediateresultsof interest

Time domain analysis of the experimental data skiostng nonlinear behavior. PDFs
of displacement and strain responses were detednfiimeise with the Inverse
Distribution Function (IDF) method to estimate meo nonlinear random functions.

These random functions are a unique way to shavdséren the nonlinear response.

The random functions also formed the basis forinear PDF transforms. Basic
polynomial curve fits of the linear to nonlineant@iions were used to estimate normal

random and peak random PDFs of the nonlinear dispiant, acceleration and strain.

Investigations of the change in peak PDFs, asatie of the rates of zeros to peaks
changed, yielded observations of importance. Tla B¥OF and the peak histogram of
a generalized response (i.e., any response frorawand to completely wideband)
were shown to be composed of the sum of narrowbaddvideband parts. Equations
to estimate the ratio of zeros to peakdased on the number of negative value
maxima, were developed. An equation to determirevttiue of the distribution

function at a peak value of zero, as a functiomofvas also developed.

6.2 Areasfor futureresearch

This study has developed and introduced numeracalysis techniques that, when used

together, have helped to explain the behavior afinear structures. Whilst performing

183



this work, some additional avenues of research baea identified that may be of

interest. They can be divided into experimental dugwretical research investigations.

6.2.1 Experimental studies

The predicted time to failure for nonlinear randa@sponses has been based on
established sinusoidal fatigue and cumulative danpaunciples. Although some
experimental studies of random fatigue have beeiompeed, it would be very
interesting to study the basic problem of lineawd@m fatigue more thoroughly.
Additional random fatigue tests with controlled pioe and negative mean stresses,
which could build from the baseline linear rand@sts$, would be a useful exercise.
Full nonlinear random fatigue tests for stresgestihg and stress softening systems

would help illuminate the underlying physical andchastic nature of this topic.

Baseline linear random fatigue tests, under cdetiatonditions, would be a very
interesting research project. The standard assampfilinear cumulative damage
could be validated or challenged. Ideally, thessehae linear random fatigue tests
would induce narrow band stresses that could be fasecomparison to random fatigue
equations based on a Rayleigh stress peak distnbutdditional attention to the high
and low cycle regions would be of further interéstthe low cycle region, the
probability of occurrence of peak loads above taste limit of the material might
point to a revised random fatigue model that wontdude elastic and plastic terms. On
the other hand, the high cycle region could be tieextiudy the existence of a random
endurance limit as compared to a sinusoidal enderamit. This high cycle random
fatigue study would be of interest to engineerskivay with high frequency
mechanisms (e.g. MEMS) or structures that requerg long service lives. Further
basic research into the change in the random respasthe test item nears failure
would be of interest to those working in the arésatnictural safety monitoring.
Perhaps a change in the response probability gemsittion might be an indicator of

the onset of failure.

An extension of these basic linear random fatiggeeaments would be to add tensile
and compressive stresses. Tensile mean stresdasoave to reduce fatigue life while
compressive stresses have been shown to incréage mnetallic materials. Controlled
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experiments with various magnitudes of positive aedative mean stress would help to
validate the extension of sinusoidal mean stregateanps for random fatigue. This
research could be applied to a range on engineprofgems, notably civil engineering
applications that have preload due to gravity ergiress (e.g. pre-stressed concrete
structures, subjected to random wave loads). Tigora mean stress fatigue problem is
also a concern in aerospace applications wherentlidoads can cause expansion or

contraction resulting in significant mean stresses.

Multimode linear random fatigue tests would be hrotogical extension of the
baseline linear narrowband fatigue tests. Furthédation of rainflow cycle methods
for random fatigue would be useful. A combined stigation that also included

validated mean stress random fatigue models woaliddxal.

Ultimately, combining basic linear random fatigesttng with nonlinear random
fatigue testing would allow validation of the thissrdeveloped herein. Flat beam or
plate fatigue tests, like the clamped-clamped begperiments at WPAFB, could be
run long enough to induce fatigue failure. Carefuttrol of the test fixture and
environment should be used to limit (or enhance)atfects of thermally induced
preload. An alternate configuration with curved metry would be useful for studying
the stress softening response case where timagucefare expected to be less than
predicted by linear theory. The curvature experim@may be less sensitive to thermal

effects which would cause change in geometry busigmificant change in preload.

All of these experimental tests could benefit froaneful specimen design, additional
instrumentation and large sample sizes. Addingshoteeduced section areas can yield
higher strains and stresses that should allowdatfgilure at reasonable test durations
and input levels. These stress concentrations dmiktrategically placed to study
single and multimode fatigue response. Strain gagfeumentation around these high
stress locations would be useful for further nucarpost processing. Additional
displacement and acceleration transducers wouist assrelation of the time and
frequency domain analysis of the test results. Texatpre sensors for tests with
nonlinear structures would help identify possil@mperature induced loads. Simple
sample designs that could be inexpensively falwttatould allow affordable tests of

larger sample sizes. A common design that couldlslee for linear, mean stress, multi
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mode and nonlinear test variations would help &searchers focus on the basic physics

of the problem.

6.2.2 Theoretical research

Continued theoretical work in the area of linead annlinear random structural
response is recommended. Ideally this theoretessdarch could be combined with

experimental data to further the understandindnefghysical problem.

Further research into the link between multi degrefeeedom linear frequency domain
response models (i.e. modal or frequency respamsgion models) and the two-
dimensional rainflow matrix would help validate tampirical models that have been
developed to date. A rainflow model based on thesigls of a linear structure and the

nature of the random load would be a great advance.

This thesis concentrated on simple one-dimensipreddability functions of
displacement and strain. An interesting extensiahie was the nonlinear PDF
transformation of nonlinear displacement to nordingrain. The resulting total strain
distributions were best shown as skewed results @nflow matrix. More complicated
two-dimensional nonlinear PDF transforms of muéigcee of freedom rainflow
matrices could be an important extension of thenotg presented herein.

Nonlinear reduced order “modal” domain analysishods are being developed to help
reduce the computationally expensive cost of amadygractical engineering structures.
Further research with the reverse path nonlineguency domain identification
methods may help scientists develop more accumatinear modal models. Although
the “three path” linear, square and cubic reveegth method used in this thesis was
successful, other nonlinear basis functions may maere physical meaning. The
nonlinear models of force to displacement to std@wmeloped in this thesis are a logical
starting point for continued nonlinear modal resbailhe nonlinear frequency domain
displacement to strain relationships are partityilaovel and may help with the

development of improved nonlinear modal models.

The link between PDFs of displacement, velocity aockleration for nonlinear

response may also help with nonlinear vibratiorysmstechniques. This study
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demonstrated that the change in the displacemehnaeseleration PDFs were related:;
as the system became more nonlinear, the displatdPd- became skewed such that
the kurtosis became less than 3, whilst the actsder PDF was skewed in an opposite
fashion such that the kurtosis became greater3hArthrough understanding of this
interaction may be helpful for a reverse path satiah using Fourier transforms of

simulated time domain responses.

6.3 Closing remarks

Overall there is still much to be done, but it &iéved that the work presented is a
significant step in improving the understanding deslelopment of techniques suitable
for the fatigue and random response analysis ot&tres in their nonlinear response

regime.
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