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Abstract

Branch and bound based algorithms are used by w@mynercial mixed integer programming
solvers for solving complex optimization problenis.a branch and bound based method, a
feasible region is divided into smaller sub-prokdenihis is called branching and various
branching strategies have been developed to imptioeeperformance of branch and bound
based algorithms. However, their performance hasgpily been studied on general mixed
integer programs. Thus, in the first phase of thissis, we study the performance of these
branching strategies on a specific, structured chikgeger program, the capacitated multi-
commodity fixed charge network flow (MCFCNF) profnie We also develop new branching
strategies using the pool of available feasibletsmhs for solving the mixed integer program for
MCFCNF. We present the computational results fetiig various branching rules with four
different variants of the network design problemdgtd with SCIP and GLPK mathematical

solvers.

Keywords: Mixed-integer-programming; Branch-and-bou Variable selection methods; Entropic branching;

Pseudo-cost branching; Strong branching; Religilianching; Solution based approach
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1. Introduction

Branch and bound based algorithms are used by w@mynercial mixed integer programming
solvers for solving complex optimization problen3$. Real world optimization problems often
involve a very large number of variables and caists. For NP-hard problems, the time
required to solve the problem increases exponéntial the size of the problem [7]. This
degrades the performance of branch and bound kgedthms with respect to solution time
and solution quality. Various techniques such as generation, heuristic solutions, and
preprocessing have been developed to reduce thdiosoltime of branch and bound based
algorithms. Because branch-and-bound method regigaselves restrictions of the original
problem (called sub-problems), an important denisi@t can affect the performance of branch
and bound algorithms significantly is ‘what sub{gems to create next’ and ‘which of the sub-
problems to explore next’ [3]. These techniquesgererally referred as ‘branching rules’ for

the branch and bound based search algorithm.

1.1 Background and Motivation

Branch and bound based methods typically expl@ebaproblem that is an integer program by
solving its linear programming (LP) relaxation. Thst common branching rule, known as
variable dichotomy or simply branching on a vamrgldreates sub-problems by bounding the
value of a variable whose value is fractional iatthP relaxation [3]. The research that has been
conducted for developing efficient variable selectistrategies has been focused on general
mixed integer programming problems and has shoamntkiese strategies can significantly affect
solution times of branch and bound based algoritf@hdHowever, these methods have not been
computationally analyzed in particular to the muattimmodity fixed charged network flow
(MCFCNF) problems.



MCFCNF problems are an academically and practigaligvant class of mixed integer
problems. Practical applications of MCFCNF problemslude the airline schedule design
problem [4], package delivery problem [23], andeteimmunication problems [11]n the
MCFCNF problems, multiple commodities are to be teduthrough a directed network
consisting of nodes and arcs with limited capagititach commodity is associated with a certain
demand which is to be routed from a particular nodéhe network called a source-node to
another node in the network called a destinatiotlend'he objective is to select arcs to be
installed in the network in order to reduce totabtcfor satisfying all the demand with arc
capacities as a constraint. The total cost conefste’o components: fixed cost for installing a
network and variable cost that depends on the atmmfurommodity to be routed. Realistically
sized instances of MCFCNF problems are NP-hardlenad [7] and have a large number of
nodes and arcs in the network. Furthermore, a laueber of commodities need to be routed
through the network. While solving such compleximptation problems, the performance of
branch and bound based algorithms may get degratledespect to solution times and solution

quality.

Branching strategies can have significant impactalation times. Various existing branching
strategies have been analyzed in literature foeggrMIPs. However, these strategies have not
been computationally analyzed in particular to tietwork design problems. Network design
problems are an academically and practically sicgit class of mixed integer programming
problems. This suggests that understanding theloasthing strategy for that particular class of
problems is critical. This motivates the idea of thesis to evaluate which of the existing
strategies has the best performance for MCFCNFIpmob and to design new strategies for
solving MCFCNF problems. We have done so by anatyzihe performance of various
branching strategies with SCIP and GLPK mathemlasoévers. For our analysis, we used

different statistics such as solution time, MIP gap total number of branch and bound nodes.

Many popular optimization solvers like CLPEX [8]opide the option of selecting a branching

rule by the users [20]. The results of this thesgik help users choose the best option when
solving a MCFCNF problem. In addition to analyzihg existing techniques, this thesis is also
aimed to propose a new variable selection methedaise MCFCNF-type substructures appear

within various real-world network design optimizatiproblems, this analysis of branching rules
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may help users achieve better solutions within tehotime for real-world network design

optimization problems.

1.2 Problem Statement

The first objective of this thesis is to determihe existing branching strategy that performs well
for MCFCNF problems. We have done this by implenmegnand evaluating existing branching
strategies from the academic literature on varimgances with different characteristics.
Thereafter, the second goal of this thesis is wigienew branching strategies for MCFCNF
problems.

In this document, we present the computationalyasmabf some of the existing branching rules
for MCFCNF. These experiments have been implemamtedy SCIP (Solved Constraint Integer
Programming) [30] and GLPK (GNU Linear Programmii) [21] software libraries, which
provide the underlying MIP solver framework. Vargsooontrol parameters are used to set the
behavior of the MIP solver. The call back routire®w the user to modify the behavior of

branch and bound based solving process at theofitneanching.

This document is organized as follows. After a tbri@roduction of the branch and bound
algorithm in section 2, section 3 presents variexisting variable selection strategies that we
have implemented. Section 4 presents the formulagiod the different variants of MCFCNF
problem that we have studied. The computationakexgents, experimental setup with SCIP
and results for the existing branching rules, aesgnted in section 5. We then introduce the
solution based approach used for developing a nemching rule in section 6. Section 7
presents the computational results for this newtsml based approach. The report concludes
with a discussion of the results and conclusioreettion 8.

11



2. Branch and Bound Based Algorithm

Branch and bound based algorithms are the most cotynused algorithms by commercial
mixed integer programming solvers [1]. In theseoathms, the feasible region is divided into
smaller regions, in hopes that solving multiple imptation problems over smaller regions
(referred to as solving a sub-problem) is easian thptimizing over the entire feasible region at
once. This process of dividing the feasible regamid solving resulting sub-problems is often
represented with a binary tree, called a branchkewhd search tree, with a node of the tree
representing a sub-problem [32]. The nodes thuse@tdeare explored subsequently in the similar
way, by dividing the feasible region further intoetsmaller sub-problems that are hopefully

easier. All the information is then put togetheaiago solve the original problem.

2.1 Branch and Bound Search Tree

Figure 1 shows the general structure of the braamthbound search tree. The top node in the
tree is referred to as the root node, and represkatoriginal problem to optimize over the entire

feasible region. The root node is said to be allévn a branch and bound search tree.

root node Level 0
child nodes Level 1
Level 2

child nodes

Figure 1: Branch and bound search tree

The feasible region is then divided into two snralgib-problems. Each sub-problem is
represented as a child node of the node represgetitenproblem from which the sub-problem
was derived. Thus, each child node is associatéd e@rtain parent node and a node level.

Typically, the feasible regions are divided intoadler sub-problems by adding bounds on a

12



variable which is integral, but has fractional \&aln the LP relaxation of that feasible region.

This is called branching.

2.2 Branching

Part (a) of figure 2 [30] represents entire feasielgion of the optimization problem to be solved
that corresponds to a particular node. Each divisiofeasible region as indicated in part (b) of

figure 2 [30] represents a child node.

L
i f.-'"'-' .
. II - - . e
II - . || et \
| - - . -
. s of |
II .'|l |I Jf
|I - - - - - r.'ll I . - r 1 . I/r
| J II
L - - a .\_\_‘_H-I L] . [ /y
H"x,_._ : - . .H""x.\_
L B
" L
(a) (b)
Current Solution is infeasible Divicte the prohie minta:hin sul:
because of integrality constraint. proshale s (ranches} to cul-gff the
current solution.

Figure 2: Branching on a variable (Figurestaken from [30])

For a minimization problem, the primal (upper) bdsiron the optimal value of a sub-problem
are provided by feasible solutions and the dual€lyp bounds are obtained by relaxation of the

feasible region [6]. Using this information, mangdes in a branch and bound search tree are

implicitly enumerated.
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Assumptions:

We use the following notation.

Consider a minimization mixed integer programmingiyfem corresponding to S.
LetS = S; U... USy bethe decomposition of S into smaller sets, and

¢ = objective function coefficients for the decisioariables x.

Letz, = min{cx:x € Si} fork = 1,.....,K

z = optimal solution of the main problem S.

Let z, ,p, be an upper bound aR andzy ;. be a lower bound ozy.

Zyp= Mingzy p IS an upper bound on z ang,,= mingzy ;o iS @ lower bound on z.

Pruning of nodes:

There are three basic reasons to prune the nadadranch and bound search tree, and thus

enumerate a large number of solutions implicit/][3

I.  Pruning by optimality:

A node in a branch and bound search tree can beegroy optimality if a sub-problem

associated with that node has been solved andctbgeir optimal solution for that sub-

problem is obtained. That is,2f = { mincx: x € S; } has been solved, prune the node

corresponding to sub-problem S

II.  Pruning by bound:

A node can be pruned if lower bound on the optisalution of the sub-problem

associated with that node is greater than or eéquéke global upper bound.

That is, a node corresponding to sgtc&n be pruned by boundif ., = z,, (for a

minimization problem).

lll.  Pruning by infeasibility:

A node corresponding to the sub-probleje&h be pruned by infeasibility it S ¢ (void

or infeasible).

14



2.3 Algorithm for Branch and Bound Search Method

A typical algorithm for branch and bound search huodt [32] for solving a mixed integer
programming problem is presented as follows. Bezdhere is a one-to-one mapping between

nodes and sub-problems, we use the terms intereahhg

Input: A mixed-integer program.

Initialization:

List of unexplored nodes = Initial problem S witirhulation P on list.
Global upper bound z ,,= Infinity.

Global lower bound =z ,,, = 0.

Incumbent solution x* = voidg).

Algorithm 1: Branch and bound based algorithm

1. A. Compare global upper and lower bounds againstnafity tolerance.
a) If z p=215w , STOP.
b) If the relative gap between,, andz oy [ (Z up — Z 10w)/(Z yp) ] < specified MIP
optimality tolerance level, STOP. (l£_,, = 0, then denominator is set to a small

value).

B. If the list of unexplored nodes is empty,
a) Return the incumbent x* as optimal solution, and&T

b) If there is no incumbent, return that the problennieasible and STOP.

2. Select a set'Svith the formulation Pto solve next from the list of unexplored nodes.

a) Solve the LP relaxation ovet &f the selected problem.
b) Dual boundz',,,,= LP solution value.
c) x'(LP) = LP solution.

d) Update global lower bound:jo,, = min;z’j,,,

15



3. Pruning:

a) If P' is empty, LP relaxation is infeasible. This makis infeasible. Prune by
infeasibility.
Go to step 1.

b) If for LP relaxation, dual bound of current nomfg‘-;)W > global upper bound,,, prune
by bound.
Go to step 1.

c) If LP relaxation is integer-feasible, that is, {L®) is integer, update the primal bound
Z yp= z_iup, and incumbent x* ='X LP). Prune by optimality.

Go to step 1.

4. Select a variable for branching from the set ofdidate variables (Candidate variables are
the integer bounded variables that have fractior®lies in the current LP relaxation

solution).

5. Create two sub-problems (child nodes) from theanirnode by branching on the selected
variable and add these new nodes to the list okploeed nodes. This will return two sub-

setsS! and S¢ with formulationsP} and P;.

6. Gotostepl.

Instead of solving the problem to optimality, wen@so specify an optimality tolerance level for
branch and bound algorithm. The relative gap betwglebal upper bound 4, ) and global
lower bound £ 1,) is calculated as(z p, — Z10w)/(Z up) |, €XCEPL fOr when , is 0, in which
case the denominator is set to a small value. fidiaive gap is compared with the specified
optimality tolerance level [8, 21]. In this cadee texecution of branch and bound algorithm stops
just after reaching the optimality tolerance lesreén though the list of unexplored sub-problems
is not empty. This guarantees that a solution \wéhin a certain percentage of the optimal

solution. The solvers such as CPLEX [8] also alfomspecifying absolute tolerance level.
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Furthermore, we can also introduce cuts after sglthe LP relaxation as mentioned in step 2.
After obtaining an optimal solution for LP relaxati a cutting plane algorithm can be used to
find further linear constraints that are satistdall feasible integer solutions of the currerit-su
problem, but violated by the current fractionalusimin. If such an inequality is found, it is added
to the linear constraints. This new formulatiorsadved again and a new solution is obtained.
This process is repeated until either an integéutisn is found (which is then known to be

optimal solution for that sub-problem) or until mmre cutting planes are found [3].

2.4 Methods to Improve the Performance of Branch and Bound Based

Algorithms

Consider a minimization mixed integer programminglgem. The optimal solution value for

this problem is always less than any other feassbletion for this problem [6]. Hence, any

primal feasible solution provides an upper boundhenoptimal solution value whereas any dual
feasible solution obtained by LP relaxation progidelower bound on the optimal solution of
that problem. The smallest among all LP relaxatv@atues associated with the active sub-
problems provides a global lower bound on the ogitmalue. When the global lower bound and
global upper bound are equal, in which case theLlisf active sub-problems vanishes. This
terminates the branch and bound algorithm accordingtep 1 of the branch and bound
algorithm (presented above in section 2.3). Deangabe global upper bounds is accomplished
by finding improved feasible solutions during séaprocess for minimization problems [3].

Some of the techniques used to improve the bouunidklyg are presented next.

Preprocessing [3]:

Before solving an integer program, many mixed iategrogramming solvers check if the
formulation is as strong as possible given thermgdion available. The basic idea behind this is
to detect and eliminate the redundant constraints \ariables, and tighten the formulation
whenever possible. Feasible regions for the regufiormulations are smaller than the original

problem and hence require less time to solve usiagch and bound based algorithms.

17



Following example illustrates the preprocessinghmétfor the integer programming problem
[29, 32].

Maximize 5x1 + 3x2 + 2x3 + x4
Subject to:

7x1 + 3x2— 4x3 - 2x4< 1
—2x1 + 7x2 + 3x3 + 4x4< 6
—2x2 — 3x3 — 6x4 < -5
3x1—-2x3>1

x1,x2,x3,x4 = {0, 1}

For preprocessing, we can add some derived logaradtraints in the model.

1. From constraint 1,
a) ifx1=1thenx3 =1, thusl < x3
b) if x1 =1 then x4 =1, thusl < x4

c) if x1 =1 and x2 = 1 then the problem becomes sifde, thux1 +x2 < 1
2. From constraint 2,

a) ifx2=1thenxl =1, thus2 < x1
From steps 1 and 2, we hawd (+ x2 < 1) and &2 < x1)
Thus, we can derive that x2 = 0.

Hence, we can add the constraint x2 = 0 in the irati®repeat.

We can similarly pass through all constraints alhddecision variables and repeat the same
process. As we can notice from the above examptecam add a derived constraint (x2 = 0)
during preprocessing. This makes the feasible reginaller and hence improves solution time

as compared to the original problem. Some othdmigaes for preprocessing are tightening of

18



variable bounds, identification of infeasibilitydantification of redundant constraints and
variables [29].

Valid Inequalities:

Mathematical definition of valid inequalities isggented as follows [28].

An inequalitynx < m, is a valid inequality foK € R" if tx < m, forall x € X.

Valid inequalities are the constraints added todheginal sub-problem that are violated by the
optimal LP solution of the original problem, butlaast one optimal integer solution for this
problem satisfies these inequalities. Valid inejiesl make the formulation stronger by reducing
the size of feasible region. Branch and bound badgdrithms take less time to solve the
problem because of smaller feasible region. Exaspfevalid inequalities are Gomory mixed

integer cuts, cover inequalities and mixed integending inequalities [32].
The cover inequalities technique is an exampl&efgeneral cutting-plane method.

Consider a binary knapsack problem with decisiamabesx;:
Maximize ey cjXj, Subject to)ey ajx; < b,
Let N denote {1, ... , n}. AseC € Nis called a cover if it satisfi@gcca; > b.

Since it is impossible to set all the variablesGnto 1 simultaneously while maintaining
feasibility, the linear inequality;ecx; < [C| — 1 is valid inequality for that problem. This is

called cover inequality [32].
Following example illustrates a cover inequality &binary knapsack problem.
Consider a binary knapsack problem,

Maximize x1 + x2 + x3 + x4

Subject to:
11x1 + 6x2 + 6x3 + 5x4 < 19
x1, x2, x3, x4 ={0,1}
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For the relaxed knapsack problem (without binamysti@ints), bounds on the decision variables
will be
0 <{x1,x2,x3,x4} <1

LP relaxation solution for this relaxed knapsaodippem i§2/11,1, 1, 1}.

We then construct a linear inequality that is vdliee can guarantee that all binary vectors
feasible to the given knapsack problem satisfyitleguality) but which is not satisfied by the

fractional vectof2/11, 1, 1, 1} that we obtained after solving the relaxed problem

Thus, we can add a cover inequality + x2 + x3 < 2. This is a valid inequality as it is satisfied
by all the integer feasible solution of a givenasynknapsack problem, and it cuts off the LP
relaxation solutiof2/11,1,1, 1}.

Heuristics:

Heuristics are used to improve the upper boundprbyiding a good upper bound early in the
branch and bound search process [3]. This impraokesperformance of branch and bound
method with respect to the solution time. Examméshe heuristics that are implemented in
many mixed integer programming solvers are locahbining method [16] and RINS (Relaxation
Induced Neighborhood Search) [13].

Branching Rules

Branching is an important step for any branch aoainld based algorithm. The research on the
branching strategies has shown that these strategie significantly affect solution times of
branch and bound based algorithms [3]. We presestirey branching strategies that we have
analyzed for MCFCNF problem in order to determirfecl of these strategies performs best for
MCFCNF.
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Branching rules provide two main choices.
1: Variable Selection M ethods:

One of the branching rules is based on the variablection methods that determine how the
current problem is divided into smaller sub-prokdethat are easier to solve than the original
problem. One way to divide a feasible region asgedi with the original problem is to choose
an integer variable with a fractional value in therent LP relaxation [3]. Typically, the integer
variables that are fractional in the LP relaxatwotution of a present problem are considered as
candidate variables for branching. The variabled®n methods determine which of these
candidate variables to branch on next. The twomobiems are created by changing the bounds

on the selected variable for branching.

For example, consider a mixed integer programmiuagplpm with 5 decision variables {x1, x2,

yl, y2, y3}, where the variables x1 and x2 are eamdus, and variables y1, y2, and y3 are
binary. Suppose that a LP relaxation solution &f tinary mixed integer programming problem
is {12, 15, 1, 0.2, 0.5}. The integer variablesttl@ve fractional values in the current LP
relaxation form a set of candidate variables f@nishing. In this problem, variables y2 and y3
(with LP relaxation values 0.2 and 0.5) will bedid as candidate variables for branching. If we
apply the most fractional variable selection methatiable y3 will be selected as a branching

variable as it has the most fractional value indtieent LP relaxation solution.

2: Node Selection M ethods:

Another branching rule is based on the node seleatnethods. After dividing the original

problem into two sub-problems, the node selecti@thiods are used to select one of the sub-
problems from the list of unexplored sub-problemsptocess next once the current node is
solved. One of the methods used to select the nedesepth first search method. This method
always selects a node that is a child of the nageently being explored and thus attempts to
find the first integer feasible solution quicklyhd& depth first search method mainly focuses on

global upper bound found (for a minimization prabjefrom the available feasible solutions as

21



researchers have found that feasible solutionsotiem found deep in the branch and bound
search tree [3].

The best bound search method selects a node test thie best dual (lower) bound. This method
favors exploring nodes at the top of branch anchdaearch tree by finding the nodes with the
lowest value of LP relaxations (for a minimizatiproblem). If 2*'is the optimum solution to a
minimization problem, then node k is said to beesfipous is & > " where % is the lower
bound for node k [3]. Best bound search ensurésthauperfluous nodes will be explored.

The linear programming based branch-and-bound rdedind its various challenges have been
discussed in Atumturk et al. (2005) [3]. These kgmges include branching rules, search
techniques for exploring nodes in a branch-and-dodecision tree, cut generation and
preprocessing techniques. Further references éorelated work can be found in this paper. This
paper also reviews major algorithmic componentshefcommercial MIP solvers, and discuss
the various options that are available to the tserontrol the behavior of MIP solvers. Even
though there has been significant development tegar programming solvers, there still are
many challenges for these solvers. These challeinges been addressed and a possible future
scope for improving the performance of branch amdinld based algorithms has been discussed
in this paper.
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3. Overview of the Variable Selection Methods

In the branch and bound based algorithms, the Hieasegion is divided into smaller sub-
problems. This is called branching. For branchmgariable is selected from the set of integer
variables that have fractional values in the curtéhrelaxation. This set is referred as the set of

candidate variables for branching.

The generalized algorithm for the implementatiovafiable selection methods [1] can be stated

as follows.

Algorithm 2: variable selection

Input: LP relaxation solution of the current sulelglem to be solved next

Output: index of the variable to be branched ort.nex

1. Determine the set of the candidate variables fandhing.

2. For each candidate variable, calculate the scaedian a particular branching rule.

3. Sort the variables based on score values.

4. Return the index of variable with maximum scorer/rfinimum score based on a particular

branching rule).

We now present a brief review of the literaturevanious branching rules. The classification of

these branching rules and a brief algorithmic dpBon is presented further in section 3.2.

3.1 Literature Review

The research on the branching strategies has stimtithese strategies can significantly affect
solution times of branch and bound based algorit[8hsit has been experimentally shown in

Achterberg et al. (2005) [1] that the branchindhteque that selects the most fractional variable
as discussed in Atumturk et al. (2005) [3] is naicin efficient than randomly selecting a

branching variable.

Traditional approaches for selecting branchingaldes rely on estimating the impact of the

candidate variables on the objective functions.ides branching rules based on the estimate of
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the impact of a variable on the objective functi@ve been discussed in Atumturk et al. (2005)
[3]. Similar methods that use the idea of selectngranching variable that maximizes the
degradation in the objective function value at¢héd node LP relaxation are presented in Dakin
(1965) [12], and Eckstein (1994) [14].

Instead of measuring the impact on the objectiveetion, a branching rule based on measuring
the impact of variables on the active-constraintgurrent LP relaxation has been proposed in
Patel et al. (2007) [26]. These branching rulesae branching variable using three main steps
1. Normalization of the active constraints (By divig through by the number of candidate

variables that appear in the constraint) 2. Assignscores to the candidate variables by
summing the normalization effects over all actie@straints. 3. Selecting the branching variable

with maximum score.

A new approach for selecting the branching variddyleconsidering uncertainty at a particular
node has been developed in Gilpin et al. (2011). [PBis uncertainty is measured by calculating
entropy using an information theoretic approachm&adlefinitions from information theory, such

as the notion of entropy [31], which measures theunt of uncertainty in a random event, have
been used while developing this information thaorapproach. The strong branching method
and hybrid approaches involving strong branching @&mtropy based branching are also
explained in Gilpin et al. (2011) [20].

Various branching strategies such as most-infeadishnching, pseudo-cost branching and
strong branching have been explained in Achterbegd. (2005) [1]. Pseudo-cost branching rule
presented here is a sophisticated rule and it mage®f the statistics from a current branch and
bound tree. This method has drawback that thesstatiavailable in the beginning of branch and
bound tree are not reliable. To overcome the drawbaf pseudo-cost branching, a new

branching technique called ‘reliability branchingihich is a hybrid method that uses pseudo-
cost branching and strong branching has also megduced in Achterberg el al. (2005) [1].

The following table lists various branching stragsgthat we have studied from the above

literature for the network design problem.
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Tablel: List of the existing variables selection methods studied from the literature

Variable Selection
No. Method Reference Author Year
Pseudo-Cost Branching A computational Study of Search
Considering the History of Strategies for Mixed Integer J. Linderoth, M.
1 Branching Variables Programming Savelsbergh 1999
Integer-Programming Software A Atumturk, M.
2 Most Infeasible Branching Systems Savelsbergh 2005
Integer-Programming Software A Atumturk, M.
3 Best Estimate Methods Systems Savelsbergh 2005
4 Strong Branching Branching Rules Revisited T. Achterberg 2005
Reliability Branching
(Hybrid Method Consisting the
Strong and Pseudo-Cost
5 Branching) Branching Rules Revisited T. Achterberg 2005
Information Theoretic Aproaches to
6 Entropic Branching Branching in Search A Gilpin, T. Sandholm 2011
Information Theoretic Aproaches to
7 Entropic Lookahead Branching Branching in Search A Gilpin, T. Sandholm 2011

In the literature presented above, various bramchihes have been developed and studied for

general MIPs. However, the performance of thesendbriag rules remains to be studied

particularly for the MCFCNF problem.

3.2 Classification of Variable Selection Methods

In this section, we present the classification afiable selection methods. We also briefly

present a literature review and the algorithmsefwh of these techniques.

Conventions used in the description of the algorithms:

x* = The optimal solution to the current node’s LP

candidates— {i | x; fractional}

Xi = variable to be branched on (binary variableohhs fractional in the current LP

relaxation)

xf = Xx;- floor(x;)
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e 7z = Objective value of LP relaxation at the curnentle
e 7 = Lower bound on the objective value of the dowamich

e 7, = Lower bound on the objective value of the umbha

Figure 3: conventions used for the description of algorithms

3.2.1 Methods Based on the Current LP Relaxation

In these methods, the information used for variagelection is obtained from the LP relaxation
solution at the current node in branch and bouee. tFor example, the method of branching on
the most fractional variable selects a variable s¢hgalue in the LP relaxation solution is
furthest from being integral [3]. Selecting the ialte that has the most fractional value in the
current LP relaxation requires negligible compuatattime. Recent research shows, however,
that this method is not much better than randomelgciing a branching variable [1]. In this

method, the score for the branching variablgsigxcalculated as follows:

Branching on the M ost Fractional Variable

For each E candidates:

1. score (¥ <« x — floor (%) forx< 0.5
— ceil (%) — % for x> 0.5

2. i* = arg {max Ecandidates{score(}}

3. Return

The branching variables with the maximum scorééntselected for branching.
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For example, suppose that we have a set of caedidaiables y1, y2, and y3 that are binary
variables having fractional values in the currePRt ielaxation solution. Let the values of these
variables in the current LP relaxation be 0.5,d&h8 0.9. The most fractional variable selection

method selects a variable y1 for branching asdttha most fractional value.

yi=1{0,1} yl y2 y3
Values in the
current LP solution 0.5 0.3 0.9

Figure 4 : Most Fractional Variable Selection Method

Similarly, the least fractional variable selectimethod selects a candidate variable with the least

fractional value in the current LP relaxation smnt

Branching on the Least Fractional Variable

For each E candidates:

1. score () <« x —floor (x) forx< 0.5
«— ceil (%) — X% for x> 0.5

2. i* = arg {min iecandidates{score(}}

3. Return #

The branching variables with the minimum scorediidieactional) is then selected for branching.

For the same example presented above, the leasiofal variable selection method selects

variable y3 as a branching variable.

yi=1{0,1} y1 y2 y3
Values in the
current LP solution 0.5 0.3 0.9

Figure 5 : Least Fractional Variable Selection Method

Information theoretic branching (without look-ahgad presented in Gilpin el al. (2011) [20]

ranks the variables based on the entropy calcukatiny considering values of the variables in
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current LP relaxation. A new approach for selecarfgranching variable has been developed by
considering uncertainty in the variable values lagd at a particular node in this paper. This
uncertainty in the variable values is measured dlgutating the entropy using information
theoretic approach. Entropy is considered as agtibty of each outcome (0 or 1) occurring. In
this approach, the fractional portion of the integenstrained variable in the current LP solution
is treated as probability with which we expect Wagiable to be greater than its current value in

the optimal solution.

The entropy value for each candidate branchingbdes is calculated as follows:

Entropic Branching

For each E candidates:
1. entropy(x) =
e(x) = —xjlog,x; — (1 —x;)log, (1 — x;) 0<x;<1
=0 X;i €{0,1}

2. i* = arg {min iecandidates{entropy(}}
3. Return #

The branching variable with the minimum entropthisn selected for branching.

At the beginning of a search, the nodes on thetigoof a branch and bound search tree have
large amount of uncertainty about variable valWegath in the branch and bound search tree
ends when there is no uncertainty left in varialddues. Selecting a branching variable, that
involves less uncertainty, from a set of candidateables, will result in better performance of
the search algorithm. Thus, the idea is to driveeddarch to reduce uncertainty (entropy) in the
current sub-problem.

Computation time required for selecting a variadtleach node is very low for these methods as

they only require information related to the cutréf® relaxation solution. However, these
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methods are not very sophisticated, and often parfpoorly, particularly on the larger

instances.

3.2.2 Methods Based on the Current Statistics Calculations

In these methods, statistics calculated during diraamd-bound for each candidate variable are
used for ranking the variables. For example, $eudo-cost branching [1] assigns the scores to
the candidate variables by calculating pseudo-amsgsciated with each variable. These pseudo-
cost calculations consider the history of branchsngcess of the variables in the branch and
bound tree. Branching success of a variable corssicliange in bound per unit change in the

variable value when that variable is selected fanbhing.

Pseudo-cost branching explained in Achterberg.€RaD5) [1] keeps a history of the success of
the variables, which already have been branchedVWdmenever a variable is selected for
branching, the information such as change in boped unit change in the variable value,
number of times that variable is branched on isest@s a branching history of that variable.
Pseudo-costs for each candidate variable are eddclifrom this history that is stored whenever

a particular variable is selected for branching.

The following algorithm briefly describes how theepdo-costs are calculated for a branching

variable:

Pseudo-Cost Branching

For each E candidates:
1.A?-=Zu—Z, Ai_=Zl_Z
2. fF = ceil (%) — % andf;” = x — floor (X)

3.7 = A/ fF
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4. Calculate pseudo-cost considering the branchisgory of variable for upward
branching.

ll"i+ = 0i+/ 77i+

Where , ¢ is the sum of gain per unit changg ¢ver all problems where

variable ‘i * was selected as branching variableln is number of such problems.
5. score(xi) = scorg( ¥;, f*¥})
Where,score(q~,q") = (1 — ) * min{q~,q*} + u*max{q~,q*}

For the variables which are not branched on befiva, is,n = O, the average of the

initialized pseudo-costs over all the variablessed.

The variable with maximum score is then selectedbfanching. The branching history of the

selected variable is updated before continuindhérrbranching.

As this method uses the statistics available flioencurrent branch and bound tree, no additional
computations are involved while assigning scorethéocandidate variables. Furthermore, this
method has no computational burden while processaulp node as the LP relaxations at the
child nodes are not required to be calculated &mhecandidate variable. However, the weakness
of pseudo-cost branching is that reliable and ehanfiprmation is not available in the beginning
of branch and bound search tree, and the pseud®-aos almost identical for all candidate
variables.

The following example (taken from [30]) illustratdee pseudo-cost branching rule for variable
selection.

Figure 6 : Pseudo-Cost Branching Method (Figure taken from [30])
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LP relaxation at the current node (indicated bylladf circle in the above diagram) yields a
lower bound on the objective value. Letdenote the lower bound on objective value of the
problem associated with each node. Integer varsaplas fractional value 7.3 (denoted by x

the current LP relaxation solution. Branching ors tvariable decomposes the current problem
into smaller sub-problems with the inequalittes< 7 andx; > 8. LP relaxation for the sub-

problems yields a lower bound on their objectiviiga.

Objective gain per unit change on the lower braoclvariable x3 is then calculated as:

. . . . . . 5-2 3
Objective gain per unit change in variable x; = ST s 10

Pseudo-cost of variable; for the down branch is then calculated as averdgal objective
gains per unit over all the occurrences for whioh ¥ariablex; has been branched on. Pseudo-
cost for the up branch is calculated similarly. §d&@seudo-cost values are further used to assign

scores to the candidate variable as mentioneg&mst

3.2.3 Methods Considering the LP Relaxation of Child Nodes

The strong branching method [20], best estimatehoust [3], and the entropic look-ahead
method [20] use statistics related to the LP rdlaraat the child nodes to evaluate candidate

variables.

The variable selection strategies addressed in ket al. (2005) [3] are the best estimate
methods and strong branching methods. The beshastimethods assign the scores to the
candidate branching variables by computing themedtis on the degradation in LP objective.
One way to obtain the values of these estimatisgsnply observe the increase in the LP bound
due to branching using dual simplex pivots for thédd nodes. The degradation estimations of

the lower and upper branches are then combinesisigrascore to the candidate variables.

Instead of estimating the change in bounds on Hpective function values of the child nodes,

strong branching method patrtially solves the LEhaid-nodes using smaller number of simplex
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iterations and observes the change in objectivetimm value. The computational requirements
while solving LPs just to identify the best candelasariable for branching can become
prohibitive. Typically, only few LP iterations ovémited set of candidate variables are executed

[3]. Inthe Strong Branching method, the scorettiercandidate variables is assigned as follows:

Strong Branching

For each E candidates:

1.score(x;) = 10 * min{z;,z,} + max{z, z,}
2. i* = arg {max ecandidates{score(}}

3. Return #

The candidate variable with maximum score is the@acted for branching.

Consider the following example that illustrates #tmng branching method. Assume that we
have LP relaxation solution at the current node \aarthblex; has value 7.3 (denoted by)xn
this LP solution. Current problem is divided intmaler sub-problems (that correspond to the
child nodes) by adding constraintg < 7 andx; > 8. In strong branching method, we solve LP
relaxation problems at the child-nodes using smaliember of simplex iterations and observe
change in the objective function values. Ledenote the LP relaxation solution value for each
node.

Figure 7 : Strong Branching Method

For this example, score for the candidate variahleising strong branching method will be
calculated as follows:
score(x3) = 10 * min{5,6} + max{5,6} = 56
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As discussed in section 3.2.1, the entropic bramgchonsiders the entropy or uncertainty left in
the variable values for assigning the scores. prartmok-ahead branching considers one step
look-ahead (by calculating LP relaxations at chilodes) as in strong branching [20]. The
difference is that, instead of examining the olyectalues of the potential child nodes as in
strong branching, the remaining uncertainty ingb&ential child-nodes is calculated in entropic
look-ahead branching. Variable with the least wadety is chosen for branching. This
algorithm can further be modified for more than step look-ahead, which may further reduce
the size of branch and bound search tree.

With slight modification to the entropic branchingethod, the entropy for the entropic look-
ahead method is calculated as follows:

Entropic L ook-ahead Branching

For each E candidates:
1. entropy(x) = XL, [(1 — xp) * e(x]) + x¢ * e(x)]

2. i* = arg {min iecandidates{entropy(}X}
3. Return k

The candidate with minimum entropy value is thdeced for branching.

The drawback of these methods is that the computéitne required at each node is very high.
However, for the larger problems, time required tlols computational requirement may get
compensated by the performance of this method dsaweéy limiting the number of simplex

iterations for calculating LP relaxation of childdes as in strong branching.

3.2.4 Hybrid Methods
The hybrid methods use more than one existing #ihgos for selecting the branching variable.
Various hybrid methods are discussed in Gilpin let(2011) [20] that use both entropic

branching and strong branching for assigning sctréke candidate variables. Example of this

33



is the tie-breaking approach in which the scorediest assigned using entropy calculations, and

then the ties while assigning the scores are brokerg strong branching.

To overcome the drawback of pseudo-cost branclinthe uninitialized variables as mentioned
before, Achterberg et al. (2005) [1] introducesatality branching, a hybrid of pseudo-cost and
strong branching. In this branching technique, $siceres for variables that have not been
branched on a sufficient number of times (specifigdthe algorithm parameter rel) are
assigned based on the strong branching methodp3dwedo-cost branching method is then used

to assign the scores for the candidate variablestioch branching history is available.

The following algorithm describes how the scores assigned to the candidate variables in the

reliability branching method:

Reliability Branching

1. For all candidates i, Calculate score score based on pseudo-cost calculation.
2. Sort the variables in non-increasing order @uol®-cost scores.
3. For all candidates, with mim{, n+} < n rel
(wheren is number of times the variable is branched oworgef
n rel = parameter for strong branching initializatjo
a. Update scores based on strong branching
b. If maximum score is not changed for conseeutipdates,
i* = arg{max iecandidates{score(}}
4. Return i*.

Thus, the variable i* is selected next for the lotang.

The calculation of LP relaxation values is requifed strong branching; however, the strong
branching is used only for the uninitialized cardévariables. Also, the overhead of calculating

LP relaxation values gets compensated due to heglonpnance of this method and by limiting
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the number of simplex iterations for strong branghiExtensive computational analysis using
various parameter settings has been presentedhitederg et al. (2005) [1] and it shows the
effectiveness of this method. This paper preseotspatational results for reliability and
pseudo-cost branching for certain set of parametieres. We tested the same set of parameters
for MCFCNF problem, and determined the best periognparameters over 20 datasets. We
used these best performing parameters for our GeRperiments. For SCIP experiments, we
have used the default parameter settings providedtiae SCIP solver.
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4. Multi-Commodity Fixed Charged Network Flow (MCFCNF) Problem

MCFCNF problems are an academically and practigaligvant class of mixed integer
problems. Practical applications of this particutdass of network design problems include
telecommunication problems [11], package delivergbfems [23], airline schedule design
problems [4], and the freight transportation prabl®]. For some of these applications, network

design problems form a substructure of the fornmuedf the original problem.

4.1 Problem Description

In the MCFCNF problems, multiple commodities arebt routed through a directed network
consisting nodes and arcs with the limited capagitEach commodity is associated with a
certain demand which is to be routed from a pddicnode in the network called a source-node
to another node in the network called a destinatiotie. We select the arcs to be installed in the
network. The objective is to install arcs in théwwk in order to reduce the total cost for
satisfying all the demand with arc capacities a®m@straint. The total cost involved in routing
these commodities has two components: fixed castnfialling a network, and variable cost

which depends on the amount of commodity to beed{22].
Figure 8 presented below represents a directedonletyvaph with arc capacities indicateduas

There are multiple source nodes and sink (destinptiodes for different commodities. All the

demands of these commodities are to be satisfidtdant capacities as constraints.
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Source 2

Source 1
Sink 1

Source 3

U4

Sink 2

Figure 8: MCFCNF problem - a directed network graph

Realistically sized instances of network desigrofgms have a large number of nodes and arcs
in the network and a large number of commoditiesded to be routed through a network.
Hence, such NP-hard optimization problems have ry l@rge number of constraints and
variables. As mentioned in Hewitt et al. (2010) ][2&hany realistically sized instances of
MCFCNF (or instances of models that contain MCFC&dFa substructure) are so large (for
example [27]) that sometimes even the LP relaxatiotne arc-based integer programming (IP)
formulation can be intractable. Furthermore, exaethods are only capable of handling small
instances, far smaller than many realistic-sizathinces. The performance of branch and bound
based algorithms may get degraded with respecoligi@n times and solution quality while

solving such complex optimization problems.

In the next subsection, we present an applicatftdd@FCNF problem (as presented in Crainic
et al. (2000) [9]) along with mathematical formidat

4.2 A Service Network Design Application - Freight Transportation

Service network design problems arise in varioupliegtions such as rail-roads, airlines,
trucking firms, and Less-Than-Truckload (LTL) motarriers [9]. These require determination

of cost-minimizing or profit-maximizing set of séres and schedules, given limited resources.
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Freight transportation is an example of the MCFONBblem as most freight transportation

planning issues exhibit a multi-commodity nature.

Freight transportation problems deal with long-haatercity transportation. Transportation
operations are mainly concerned with the movemehtgoods over relatively long distances,
between terminals or cities. Goods may be movedally truck, ship, or any combination of
modes. Tactical (medium term) planning is partidylaital for intercity freight carriers that

make intensive use of consolidation operations. MA@ tactical issues for this type of carriers
are selection and scheduling of services, spetificaof terminal operations, and routing of

freight.

We now present a general mathematical formulatmmtlie freight transportation planning

problem (as presented in Crainic et al. (2000). [9])

Consider a graplt = (N, A). Where, N is a vertex set (set of nodes) and A lisk set (set of
arcs) in a directed network. The terminals in agpertation companies operation are modeled
with nodes and potential services are modeled aits. P represents the set of commodities

(freights) to be transported through the network.

Decision Variables:

yij (v € Y):

These are integer variables modeling discrete ehaésign decisions. Wh&h e {0,1}, these are
the binary decision variables that indicate whetaerarc (i,j) is open, that is selected for
inclusion in the final network. When € {Integers = 0}, they;; variables are not restricted to
{0,1} values and usually represent the number of faslibr units of capacity installed, or the

level of service offered.

p.

Xi]' :

These are the continuous flow decision variables ittdicate amount of flow of commodity p
using link (i,j).
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Parameters:

f; : Fixed cost of opening link (i,j) (selecting fioiclusion in the final network), and when y
belong to N, hypothesis is thatfiacost is incurred for each unit of facility instdl or
service offered

: The transportation cost per unit of flow of guat p on link (i,j).
Ujj : The capacity of link (i,j)

df’ : The demand of product p at node i.

Objective Function:

Minimize Yjea fijyij + 2ijjea Lpep Cg Xg

Subject To:

YjenXj; = Zjenxj; = df IEN, peP (1)
ZpEPXiI])' < Y (1j) €A 2)
(v,x) €T, (i,j) €A, peP 3)
yEY, 4,j)eA 4)
xP >0, (i,j) EA, p€EP (5)

The objective function measures the total coshefdystem.

Constraints (1) express the flow conservation ardahd satisfaction requirements.

Constraints (2) are the capacity constraints thatiee flow does not exceed capacity.
Constraints (3) are some additional constraintsuch as budget constraints that indicate
restrictions imposed upon resources shared by aeyer all) links or the disaggregation
constraints that are used for tighter formulation.

Constraints (4) and (5) indicate bounds on thesi@tivariables.
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4.3 Literature Review

This section presents a brief overview of the dtere that we studied in particular to the
MCFCNF problems, and various heuristic and exa¢hous that are suggested for solving these
problems more effectively.

Network design problems are theoretically and jcally significant class of problems. Practical
applications of this problem have been presentedany papers such as [4, 9, 22, 23, and 28].
The service network design problems faced by leas-truckload (LTL) freight transportation
carriers and a solution approach for the huge megts that result when they are applied to large-
scale LTL networks are presented in Crainic et (2D00) [9]. The results presented in
Ghamlouche et al. (2003) [19] indicate that théanses even with the experimental size (around
100 to 300 arcs), take a long time for finding gp#imal solution. Realistically sized instances
are larger than this experimental size of instanEgen though much research has been devoted
to MCFCNF, exact methods are only capable of hagdhe small instances that are far smaller
than many realistic-sized instances [15, 22]. Tloeee various heuristic methods such as tabu
search method and the cut generation methods ssictow cover inequalities that were
introduced in Padberg et al. (1985) [25] have h#mreloped for improving the solution time for
solving the MCFCNF problems.

As described in Ghamlouche et al. (2003) [19], ritaristics are used to find good primal
solutions for the network design problems. An é#int procedure to find good feasible solutions
using a tabu search metaheuristic for a diffic@twork optimization problem is proposed in
Crainic et al. (2000) [11]. It also studies thé&atienships among the tabu search framework,
simplex pivoting, and column generation. Some Istigriapproaches such as cycle-based
neighborhood structures, and tabu search algoritisitegy the neighborhood cycles that allow
the rerouting of multiple commodities are preserite@hamlouche et al. (2003) [19]. A new
solution approach for the fixed-charge network fI(MCNF) problem that produces provably

high-quality solutions quickly has been developedewitt et al. (2010) [22]. This approach
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combines mathematical programming algorithms wehrfstic search techniques by using an IP

technology for neighborhood search.

In the literature presented above, the exact metfmdsolving MCFCNF problems, such as cut
generation and heuristic methods such as tabutsbaxe been studied. However the branching

rules that can play an important role in improvihg performance have not been explored.

4.4 Mathematical Formulation

In this section, we present the arc-based fornanatas presented in Hewitt et al. (2010) [22])
for the MCFCNF problem. We use the decision vaeiab;l}} to indicate the amount of
commodity k routed from node i to node j in thewak, and the binary variableg; to
represent whether an arc (i,j) is installed in avoek or not. Letc}} denote the variable cost of
routing commodity k on arc (i,j), lef; denote the fixed cost for installing an arc (ij)the
network, and leti; denote the capacity of arc (i,j). Furthermore,use A and N to represent the
set of directed arcs and nodes in the networkeasely. K denotes the set of commaodities that
have certain demand® that must be routed from the source s(k) to thk (k). The

commodities are distinguished according to the emwand destination pairs. The objective

function is to minimize the sum of fixed and val@&bosts.

Decision variables:

x}} : Amount of commaodity k routed from node i to egdn the network.

y;; - This is a binary variable that represents whegnearc (i,)) is installed in a network.
y;j =1 if arc (i,)) is installed in a network,

=0 otherwise.

Parameters:

C}} : Cost of routing commodity k on arc (i,))
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f; - Fixed cost for installing an arc (i,j)

u;; - Capacity of arc (i,j)

Objective Function:

Minimize YkeK 2j:(i,j)eA C% (rkxﬁ) + Yi:ajea fij Vij

Subject to
TipeaXs — ZiapeaXs = bf VieENkeK
YkeK FkX}} < UyYij v(@jeA
xj < yjj v (i,j) €A, keK
0<xf<1 v(j) €A kEK
yij € {0,1} v (i,j) €A
bk =1 if i is a source node
=-1 if i is a destination node
=0 otherwise

(1)

(@)

3)

(4)
(5)

Constraints (1) ensure flow balance, whifedenotes if the node i in the network is a source

node pX = 1) or a destination nodébX = 1) for commodity k, or an intermediate node (

bk =0).

Constraints (2) are the capacity constraints thauee that the total flow on the arc does not

exceed its capacity. These constraints are alsbas#éhe coupling constraints that ensure that an

arc is used if and only if its fixed charge is paid

Constraints (3) are the disaggregation constraiiitsse are the valid inequalities which are used

to make the mixed integer programming formulatiborgyer by reducing the size of the feasible
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region. The resulting formulation has a tighter tdfaxation at the expense of adding many

constraints.

Constraints (4) indicate the variables are poskive continuous. This represents that the flow of

any commodity over arc (i,)) is always positive.

Constraints (5) indicate that tiggvariables are binary variables. This states thafigy will be

either installed in a network j; is 1, or it will not be installed in a networkyif is 0.

4.5 Variants of MCFCNF Problem

The mathematical formulation presented above insétiion 4.4 contains binawy; variables
that represent whether an arc (i,j) is installe@ inetwork, and the continuom§ variables that
indicate the fraction of the flow of a commodityhk a particular arc (i,j). As the flow variables

x§ are continuous, the flow of a commodity can béridhisted over several paths.

Practical applications of this variant include thead transportation problems, where a
commodity is identified by its type. In this cagecommodity can be distributed over several
paths. Both arc based and path based mathematroalittions of this variant of MCFCNF are
presented in Gendron et al. (1994) [17].

Along with this formulation, we have also studie@tBer variants of the MCFCNF problem as

presented below. The following formulations vargnr each other in the way the bounds are

applied on the;; andx}} variables.

4.5.1 Binary Arc Variables, Binary Flow Variables:

In this formulation, the binary;; variables indicate whether an arc (i,j) is instlie a network,
and the binarw}} variables indicate whether the commodity k is edubn an arc (i,j). Thus, a

commodity can utilize only a single arc, and isflwill not be distributed over several arcs.
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The formulation will be similar to that mentionedoae in section 4.4, with the only difference
in the bounds on the}} variables (Thus, the constraint (4) will be replddy constraint (6)

presented below).
xj; € {0,1} v(j)€EA (6)

The practical applications of this variant inclutlee railroad transportation [5] and truck
transportation problems [15] where commodities dbgplit path. The arc-based and path-based
formulations for this variant of MCFCNF are presshtin Hewitt et al. (2010) [22]. The
splittable (continuous flow variables) and unspbte (binary flow variables) network design
problems have been studied in detail in Atumturlalet(2002) [2]. As noted here, flow of a
commodity is restricted to run through a singlehpaglbng the network in many applications such
as production—distribution with single sourcinggdaaxpress package delivery. Further references
for these applications can be found in Atumturkle{2002) [2].

4.5.2 Integer Arc Variables, Fractional Flow Variables:

This formulation allows multiple arcs between nodesid j. The formulation is similar to that
presented in section 4.4, with the only differemecethe bounds of theg;; variables. They;;
variables are bounded to take integral valuesrdpaesent number of arcs between nodes i and j.

The flow of a commodity can be distributed over tijple paths.

Network design problems where multiple capacitiea single arc are installed in the network
are discussed in Atumturk et al. (2002) [2]. Peadtapplications of the variants with integer arc
variables include truck transportation applicatioralroad applications for determining the
number of engines to power a set of trains on leoeal network as well as telecommunication
applications for installing or leasing fiber optmables on a telecommunication network
Atumturk et al. (2002) [2].
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4.5.3 Integer Arc Variables, Binary Flow Variables:

This formulation also allows multiple arcs betwemdes i and j. Thg;; variables are bounded

to take integral values instead of binary. Thene loa multiple arcs installed between two nodes
and the flow of a commodity is not distributed ogeweral paths. Practical applications for this

variant include freight transportation problems19].

An efficient heuristic approach that can easily diandifferent variants of the problem as
presented above has been proposed in Hewitt €2@10) [22]. We now present the naming

conventions that we have used for these variamgtfork design problem.

4.5.4 Naming Conventions Used for Representing the Variants

We use the following naming convention in this doeumt for representing the variants listed

above in this section. The variants are named agavit X_Y’, where X represents whether the

y;; variables are binary or integral, and Y represeritsther the<§ variables are continuous or

binary.

Table 2: Naming convention for the variants of the MCFCNF problem

Variant Name yij variables x§ variables
Variant B_C Binary Continuous
Variant_B_B Binary Binary
Variant_| C Integer Continuous
Variant_|I_B Integer Binary
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5. Computational Results for the Existing Variable Selection Methods

This section presents the computational resultstlier existing branching rules on several
instances for multiple variants of the MCFCNF peobl All calculations were performed on a
Linux server. Each data set is tested for all tlaathing rules studied. The time limit for solving
MIP is set to 4 hours, and the MIP gap toleraneeido 1%. Different branching rules find high
quality primal solutions at different rates. Henae, used a heuristic primal solution to provide a

better primal bound initially, and the performarmeeimproving the dual bound is tested.

5.1 Test Sets

We have used a group of 20 randomly generatednicssaof the Multi-Commodity Fixed
Charge Network Flow problems (MCFCNF) that are dmwed by Bernard Gendron [17, 18]
and used in several publications [10, 11, 22] &b telaxations and exact or heuristic approaches

to the problem.

Instances with different characteristics are testgd the time limit of 4 hours. Primal heuristic
solution is provided while solving the problem wgioranch and bound based algorithm. As we
branch on the arc variables that are associatédfixéd costs in the objective function, we have
used the instances that have dominant fixed césistesting branching rules on the datasets
with different characteristics, we used a grou@finstances, divided in two classes, one with
loose capacity constraints and the other with taggacity constraints. Size of the experimental
instances that we selected varies from 10 node$@uradcs to 20 nodes and 315 arcs as indicated

below in Table 3.

The first column in Table 3 indicates the namehs instance. The second column (N, A, K)
represents number of nodes, arcs, and commodégsectively in a particular instance. The
instances have a naming scheme Rx_y, where x Aasley the following meaning: The third

column indicates ‘Fixed cost rank’ representedXy&and the ‘Capacity rank’ that is represented

by 'y’. The fixed cost rank can be selected as, br3.0. Higher fixed cost rank indicates that the
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fixed costs are more dominant as compared to thabta costs. We have selected the instances

with fixed cost rank 10, with the dominant fixedst®

Furthermore, the capacity rank indicates whether dapacity constraints are tight or loose.

Higher capacity rank indicates the tight capactgstraints.

Table 3 : Naming convention used for the tested datasets

(Fixed Cost rank, Capacity rank)
Dataset | (N,A,K) (1,5,10), (1,2,8)

r06_6 10,60,50 F,L(10,2)

r07 6 | 10,82,10 |FL(10,2)

r08_6 10,83,25 F,L(10,2)

r09_6 10,83,50 F,L(10,2)

rl0 6 | 20,120,40 | F,L(10,2)

rl4_6 | 20,220,100 | F,L(10,2)

r15_6 20,220,200 | F,L (10,2)

r16_6 20,314,40 | F,L(10,2)

ri7_ 6 | 20,318,100 | F,L(10,2)

ri8 6 | 20,315,200 | F,L(10,2)

r06_9 10,60,50 F,T (10,8)

r07_9 10,82,10 F,T (10,8)

r08_9 10,83,25 F,T (10,8)

r09_9 10,83,50 F,T (10,8)

r10_9 20,120,40 | F,T(10,8)

rl4_9 20,220,100 | F,T (10,8)

r15_9 20,220,200 | F,T (10,8)

rl6_9 20,314,40 | F,T(10,8)

r17_9 20,318,100 | F,T (10,8)

r18_9 20,315,200 | F,T (10,8)
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We have used the mathematical solvers SCIP [30]GIeK [21] for these experiments. The
experimental set-up and computational results \B@IP solver are presented in section 5.3.
SCIP is one of the fastest non-commercial mixedegat programming solvers [30].
Furthermore, being open-source software, we getsascto the source code for studying the
implementation of existing branching rules. Henwe, have used SCIP for our analysis of the
existing branching rules and the solution basedagmbh. In order to evaluate the influence of
SCIP solver on the computational results, we hdse &sted the existing branching rules for
Variant_B_C with GLPK solver. We have presentedé¢heesults with GLPK in Appendix II.

5.2 Experimental Setup

SCIP is currently one of the fastest non-commemgi@n source mixed integer programming
(MIP) solvers [30]. SCIP provides a framework forplementing mixed integer programming
problems, and for studying various branching stiatethrough the built-in methods. Hence, we

chose SCIP as the primary solver for all the expenitations for this analysis.

As noted in Achterberg et al. (2002) [1], “The quex interrelations between cutting plane
generation, primal heuristics, node selection, dménching variable selection makes
benchmarking branching strategies difficult”. Thehhvior of the branch-and-bound algorithm
can be altered significantly by changing the patamsettings that control these components.
Through extensive experimentation, integer-progrargmnsoftware vendors have determined the
default settings that work well for most instaneesountered in practice [3]. Hence, we have
used the default parameter settings for our corsparf the branching strategies. We calculated
the optimal solution values for all the instancefobehand and provided those as primal

heuristics, since leading towards the feasibletgnia fast is a desirable property of branching
rules.

All the instances are solved with SCIP with theeilimit of 4 hours and MIP gap limit of 1%.

The primal heuristic solution is initially calcuéat for each dataset and for all the variants by
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executing these codes with 30 hours of time li@t of total 20 instances, 14 instances with
Variant_B_C, 11 instances with Variant_B_B, andidi®ances with Variant_|_C and 12 with
Variant_I_B are solved to optimality within thisrte limit. All the parameters except the time
and MIP gap limits are set to their default valusy additional functionality such as branching
rules, variable data, separators (cutting planes) are added while solving MIP are added as

plug-ins for the SCIP solver.

In SCIP, the separators are used to generate ¢gegneyose cutting planes [30]. Separators
generate valid inequalities from a specific constralass or a subset of the constraints of a
single constraint class. In contrast, general pegpmuts do not require or exploit any knowledge
about the underlying problem structure but use tmdéycurrent LP relaxation and the integrality
conditions [30]. SCIP provides the built-in separdor the MCFCNF problems and we can add
these as plug-in to the main formulation. We tesliéf@rent formulations of the network design

problem such as formulations with and without diggagation constraints, and with and without
separators. The performance of the existing and Im@amching rules with respect to solution

time and solution quality has been analyzed fdedéht variants of the network design problem
as described in the section 4.5. We further andlyize effect of quality and quantity of feasible

solutions for the new branching rule.

Parameter Settings:

The branching rules such as reliability branching strong branching require parameter values.
For the SCIP experiments, we have used all theuttefettings of these parameters. The
following table lists these parameters and theluesset in the SCIP solver for these branching

rules.
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Table 4 : Parameter settings in SCIP

Branching Parameters Values Description
Rule
Reliability lambda 8 maximal number of further variables
Branching evaluated without better score
DEFAULT_MINRELIABLE | 1 minimal value for minimum pseudo cost
size to regard pseudo cost value as
reliable
DEFAULT_MAXRELIABLE 8 maximum value for minimum pseudo cost
size to regard pseudo cost value as
reliable
etarel - Calculated Reliability parameter is calculated
Reliability dynamically dynamically with the weighted sum of
parameter at the run- the DEFAULT_MINRELIABLE
time And DEFAULT_MINRELIABLE values.
Strong DEFAULT_INITCAND 100 maximal number of candidates
Branching initialized with strong branching per
node

5.3 Computational Results

In this section, we present the computational tedal the existing branching rules. The results
presented below are organized as follows. We Ihjit@resent the results with the SCIP solver
for analyzing the existing branching rules, ancedatne the best branching strategy for all the 4
variants of the network design problem. In ordeumalerstand how significant the influence of
the SCIP solver is, we further analyzed Variant_Bwni@h GLPK. The results of the existing
branching rules tested with GLPK are presentedppehdix Il.

5.3.1 Description of Tables

Tables 5 to 7 present the computational resulth B€IP for the existing branching rules for
Variant_B_C in detail. We present SCIP resultsalbthe variants in appendix I. First column in

these tables is the name of the data-set. Secdatheaepresents number of nodes, arcs, and
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commodities (N, A, K). Third column indicates thgé¢ of the instance in the form (fixed cost
rank, and capacity rank). Higher the fixed coskrdngher is the dominance factor of the fixed
costs over the variable costs. Higher capacity sanklicate that the capacity constraints are
tight. All the data-sets that we tested have dontifigzed cost. We tested the instances with both

loose and tight capacity constraints.

For the results with SCIP presented in Tables 3 tmd appendix |, we report the geometric
mean and variance of the values in each colummeftables. Since all the instances are not
solved to 1% MIP Gap limit, we also report the nembf instances that are solved to the
specified 1% MIP gap limit (NumOpt), and the averaigne and MIP gap for the instances that
are not solved to 1% MIP gap limit (NonOpt_Avg)Appendix I.

Table 5 : Time in seconds (SCIP formulation for Variant_B_C with disaggregation constraints and with cutting planes)

(Fixed Cost rank, Least Most Pseudo-
Capacity rank) Time Full Sltrong+ Full Strong Infeasible Infeasible cost Random Reliability

Dataset (N,A,K) (1,5,10), (1,2,8) inseconds Branching Branching Branching Branching Branching Branching Branching

r06_6 10,60,50 F,L(10,2) 487.54 253.62 2,524.59 3,891.32 233.74 1,254.42 138.36
r07_6 10,82,10 F,L(10,2) 0.39 0.47 0.65 0.69 0.65 0.65 0.65
r08_6 10,83,25 F,L(10,2) 5.62 6.66 10.64 9.22 8.85 7.10 8.60
r09_6 10,83,50 F,L(10,2) 2,274.02 1,521.54 5,455.43 2,645.11 465.14  2,547.86 265.94
r10_6 20,120,40 F,L(10,2) 3,878.25 1,343.92 229.62 169.74 86.30 141.50 146.23
ria_6 20,220,100 F,L(10,2) 14,402.30 14,402.60 14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
rl5_6 20,220,200 F,L(10,2) 14,412.60 14,411.10 14,400.00 14,400.00 14,400.00 14,401.20 14,400.00
rl6_6 20,314,40 F,L(10,2) 14,400.10 14,400.20 14,400.00 14,400.00 6,172.02 14,400.00 2,603.21
r17_6 20,318,100 F,L(10,2) 14,403.80 14,402.50 14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
ri8 6 20,315,200 F,L(10,2) 14,415.70 14,406.40 14,400.00 14,400.00 14,400.00 14,400.00 14,401.40
r06_9 10,60,50 F,T(10,8) 15.95 16.39 22.41 20.75 16.78 17.23 13.13
r07_9 10,82,10 F,T(10,8) 22.09 12.08 97.95 87.78 22.17 33.39 8.57
r08_9 10,83,25 F,T(10,8) 200.30 88.81 1,472.28 2,429.41 45.95 608.37 40.93
r09_9 10,83,50 F,T(10,8) 22.98 11.34 29.22 138.33 13.35 87.35 12.01
r10_9 20,120,40 F,T(10,8) 1,004.26 241.26  14,400.00 7,251.00 154.61 4,031.43 74.22
rl4 9 20,220,100 F,T(10,8) 14,400.20 14,401.10 14,400.00 14,400.00 14,400.00 14,400.00 12,153.90
rl5_9 20,220,200 F,T(10,8) 78.09 80.86 90.20 94.44 121.67 96.84 118.27
rl6_9 20,314,40 F,T(10,8) 14,400.00 14,400.20 14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
r17_9 20,318,100 F,T(10,8) 14,402.40 14,402.10 14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
ri8 9 20,315,200 F,T(10,8) 14,405.30  14,407.80  14,400.00 14,400.30 14,401.70 14,401.20  14,401.60

Time in sec:

Geometric

Mean 841.90 647.64 1,237.92 1,272.56 526.16 979.68 435.18
Variance 7,040.64 7,197.30 6,985.72 6,790.82| 7,058.05| 7,007.19 6,992.24]
NonOpt_Avg 10,153.53 9,787.19| 10,114.90| 9,939.40( 8,016.83| 10,074.55 8,638.24
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Table 6 : MIP Gap (SCIP formulation for Variant_B_C with disaggregation constraints and with cutting planes)

(Fixed Cost rank,
Capacity rank)

Least Most Pseudo-

FuIIStrong+ Full Strong Infeasible Infeasible cost Random Reliability

Dataset (N,A,K) (1,5,10), (1,2,8) MIP Gap Branching Branching Branching Branching Branching Branching Branching
r06_6 10,60,50 F,L(10,2) 0.88 0.99 1.00 1.00 1.00 1.00 1.00
r07_6 10,82,10 F,L(10,2) 0.09 0.09 0.09 0.09 0.09 0.09 0.09
r08_6 10,83,25 F,L(10,2) 1.00 0.80 0.90 0.82 0.94 0.63 0.98
r09_6 10,83,50 F,L(10,2) 0.83 0.92 1.00 1.00 1.00 1.00 1.00
r10_6 20,120,40 F,L(10,2) 0.76 0.76 0.99 0.99 1.00 0.97 0.97
rl4_6 20,220,100 F,L(10,2) 7.03 6.80 5.39 4.51 5.35 4.58 4.36
rl5_6 20,220,200 F,L(10,2) 7.68 7.35 6.84 7.56 7.48 7.68 7.37
rl6_6 20,314,40 F,L(10,2) 5.26 3.65 2.69 1.63 1.00 1.52 1.00
rl7_6 20,318,100 F,L(10,2) 8.72 8.62 5.72 5.28 5.09 5.10 5.06
rl8_6 20,315,200 F,L(10,2) 5.35 5.09 4.52 4.75 5.01 4.82 5.35
r06_9 10,60,50 F,T(10,8) 0.80 0.97 0.96 0.98 0.98 1.00 0.97
r07_9 10,82,10 F,T(10,8) 0.86 0.76 1.00 1.00 0.99 0.99 0.83
ro8_9 10,83,25 F,T(10,8) 0.91 0.87 1.00 1.00 0.99 1.00 0.95
r09_9 10,83,50 F,T (10,8) 0.79 0.96 0.97 1.00 0.91 1.00 0.98
rl0_9 20,120,40 F,T(10,8) 0.97 0.97 1.84 1.00 0.99 1.00 0.93
rl4 9 20,220,100 F,T (10,8) 2.72 1.83 3.67 3.34 1.61 3.28 0.98
rl5_9 20,220,200 F,T (10,8) 0.56 0.56 0.56 0.56 0.56 0.56 0.56
rl6_9 20,314,40 F,T(10,8) 7.10 6.63 5.62 5.08 4.58 4.81 3.87
rl7_9 20,318,100 F,T (10,8) 5.65 5.42 5.69 4.68 4.76 5.01 4.05
r18 9 20,315,200 F,T(10,8) 4.88 4.38 4.60 4.50 5.64 5.60 3.84
MIP Gap:
Geometric
Mean 1.77 1.70 1.78 1.64 1.57 1.63 1.45
Variance 2.94 2.78 2.23 2.17 2.28 2.26 2.08
NumOpt 11.00 11.00 10.00 11.00 12.00 11.00 13.00
NonOpt_Avg]| 6.04 5.53 4.66 4.96 4.94 4.71 4.84
Table 7 : Total Solving Nodes (SCIP formulation for Variant_B_C with disaggregation constraints and with cutting planes)
(Fixed Cost rank, . Least Most Pseudo-
Capacity rank) Total Solving Full Strong  Full Strong Infeasible Infeasible cost Random Reliability
Dataset (N,A,K) (1,5,10),(1,2,8) Nodes Branching Branching Branching Branching Branching Branching Branching
r06_6 10,60,50 F,L(10,2) 543.00 691.00 152,741.00 189,101.00 9,741.00 89,631.00 4,851.00
r07_6 10,82,10 F,L(10,2) 1.00 1.00 1.00 1.00 1.00 1.00 1.00
r08_6 10,83,25 F,L(10,2) 1.00 2.00 681.00 197.00 94.00 171.00 2.00
r09_6 10,83,50 F,L(10,2) 870.00 1,249.00 645,941.00 79,621.00 13,621.00 149,111.00 6,541.00
r10_6 20,120,40 F,L(10,2) 217.00 194.00 4,171.00 631.00 411.00 1,181.00 691.00
rl4_6 20,220,100 F,L(10,2) 17.00 45.00 27,243.00 8,016.00 9,235.00 13,553.00 6,714.00
r15_6 20,220,200 F,L(10,2) 1.00 2.00 1,103.00 57.00 180.00 1.00 100.00
rl6_6 20,314,40 F,L(10,2) 56.00 459.00 220,994.00 87,412.00 23,751.00 124,033.00 6,261.00
rl7_6 20,318,100 F,L(10,2) 2.00 10.00 21,165.00 5,863.00 7,868.00 10,942.00 5,438.00
r18_6 20,315,200 F,L(10,2) 1.00 2.00 435.00 236.00 228.00 214.00 1.00
r06_9 10,60,50 F,T(10,8) 6.00 29.00 1,211.00 461.00 201.00 504.00 24.00
r07_9 10,82,10 F,T(10,8) 67.00 181.00 61,211.00 27,181.00 5,961.00 9,871.00 765.00
r08_9 10,83,25 F,T(10,8) 281.00 411.00 301,151.00 226,241.00 2,671.00 81,091.00 2,281.00
r09_9 10,83,50 F,T(10,8) 16.00 15.00 552.00 5,332.00 122.00 2,092.00 19.00
r10_9 20,120,40 F,T(10,8) 423.00 372.00 602,833.00 171,881.00 1,951.00 115,931.00 275.00
rl4_9 20,220,100 F,T(10,8) 94.00 234.00 22,749.00 9,660.00 9,553.00 8,630.00 19,939.00
r15_9 20,220,200 F,T(10,8) 1.00 1.00 1.00 1.00 1.00 1.00 1.00
rl6_9 20,314,40 F,T(10,8) 87.00 243.00 119,241.00 35,656.00 38,534.00 51,748.00 50,791.00
rl7_9 20,318,100 F,T(10,8) 7.00 52.00 1,635.00 3,781.00 756.00 758.00 3,030.00
r18_9 20,315,200 F,T(10,8) 1.00 2.00 459.00 401.00 1.00 1.00 53.00
Solving
Nodes:
Geometric
Mean 17.64 36.70 5,256.22 2,554.81 622.75 1,340.66 300.34
Variance 231.59 313.36| 195,256.89] 71,244.99 9,828.66| 49,779.98 11,680.36
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A summary of the computational results with SCIPtfe existing branching rules for all the 4
variants of the network design problem is presemte@iables 8 to 10. Labels of the columns
represent names of the branching rules tested 8@k and rows indicate the results for
different variants of the problem. Values in TalBe®, and 10 represent the geometric mean of

the time, MIP gap and total number of solving noole=r all the tested instances respectively.

Tables 8, 9 and 10 present the results with SCIPtle formulation with disaggregation
constraints and with cutting planes. The geomet@an of the solution time and MIP gap are
calculated for comparing the performance of thetinang rules. We conclude from these results
that the reliability branching method outperfornikthe existing branching rules. The most
infeasible, least infeasible and the random brargchilles do not perform well for any variant of
the network design problem. This observation iadoordance with our conclusions drawn from
the GLPK experiments. The ‘Full strong branchingthod (that limits the number of candidate
variables in strong branching), the ‘Full stronigranching’ method that is a ‘Full strong
branching’ with all variables (referred to as ‘alll strong branching’ in SCIP documentation
and source code [30]) and the pseudo-cost branchetgod also perform remarkably well next

to the reliability branching method.

Table 8: Time in seconds (SCIP formulation with disaggregation constraints and with cutting planes)

Full Least Most Pseudo-
Branching Full Strong” | Strong Infeasible | Infeasible Cost Random | Reliability
Rules Branching | Branching | Branching | Branching | Branching | Branching | Branching
Variant_B_C 841.90 647.64 1,237.92 | 1,272.56 526.16 979.68 435.18
Variant_B_B 560.29 434.51 835.61 758.47 315.33 806.50 261.66
Variant_I_C 1,040.43 1,094.93 | 1,633.09 | 1,484.48 801.77 1,387.55 636.28
Variant_|_B 536.05 492.09 749.05 646.04 331.40 678.56 286.03
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Table 9: MIP Gap (SCIP formulation with disaggregation constraints and with cutting planes)

Full Least Most Pseudo-
Branching Full Strong” | Strong Infeasible | Infeasible Cost Random | Reliability
Rules Branching | Branching | Branching | Branching | Branching | Branching | Branching
Variant_B_C 1.77 1.70 1.78 1.64 1.57 1.63 1.45
Variant_B_B 2.39 1.89 2.65 2.18 1.79 2.27 1.72
Variant_|_C 2.06 1.69 2.01 1.84 1.69 1.85 1.49
Variant_|_B 2.38 2.12 2.62 2.39 2.16 2.32 2.12

Table 10: Average number of branch and bound nodes (SCIP formulation with disaggregation constraints and with cutting

planes)
Full Least Most Pseudo-

Branching Full Strong” |  Strong Infeasible | Infeasible Cost Random | Reliability
Rules Branching Branching | Branching | Branching | Branching | Branching | Branching
Variant_B_C 17.64 36.70 | 5,256.22 2,554.81 622.75 1,340.66 300.34
Variant_B_B 3.22 8.20 | 2,561.64 1,883.58 730.10 | 2,481.22 331.18
Variant_|_C 39.61 141.73 | 16,364.82 | 4,549.57 | 2,989.70 | 5,833.92 1,399.99
Variant_|_B 2.97 15.30 | 2,632.77 1,552.06 717.04 1,901.38 378.15

When we consider the geometric mean of the totalbar of branch and bound nodes needed to
solve the problem instances, strong branching ¢basiders all the candidate variables (Full
strong branching) requires the least number of branchbemohd nodes followed by the strong
branching method that limits number of candidatealdes (Full strong branching). Reliability
branching is in the third position followed by theeudo-cost branching. The least infeasible,
most infeasible and the random branching perforen wWlorst with respect to the number of

branch and bound nodes needed to solve the prolmstances. These observations are in

accordance with the analysis presented in Achtgréeeal. (2002) [1].

54




We now introduce the new solution based approachrinching rule in the next section. While
developing the new branching rule, we performedeseaf experiments for selecting a branching
variable that corresponds to the arc with minimumaximum, most fractional, and least
fractional average utilization. Further experiméiotas are performed for testing the effect of

guality and quantity of feasible solutions on tleefprmance of the solution based approach.
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6. Solution Based Approach for Variable Selection

6.1 Motivation

From the computational results presented abovesaneobserve that there is a tradeoff between
the time spent per node and the number of nodededde solve the problem. Strong branching
rule requires the least number of nodes. Howeves, method shows average performance
among the leading branching rules because the gsimgetime per node is very high. Reliability
branching rule is the winning branching rule. fuees less number of branch and bound nodes,

and processing time per node is also less as ceshpaistrong branching.

Hence, as noted in Atumturk et al. (2005) [3], thiemate goal is to find a fast branching
strategy that minimizes the number of branch anghtdianodes that need to be evaluated, and
requires less processing time for evaluating eamfienThis motivates our idea of using the
information contained in a pool of known feasibtéusions for designing a new branching rule.
Unlike most of the traditional branching rules thetjuire high processing time for calculating
LP relaxation for the child nodes, this solutiorsé approach does not have computational
burden at each node.

During the development phase of our new branchimg, e initially analyzed some statistics
collected for the existing branching strategieshrianch and bound based methods, nodes on the
frontier of a branch and bound search tree hage lamount of uncertainty about variable values
[20]. Hence, the branching variables selected énititial levels of a branch and bound tree can
significantly affect the performance of branch dwaind algorithm. Based on this observation,
we collected first five branching variables for #fle data-sets for the existing branching
strategies. We further studied if these initialnmtaing variables are related to the structure ef th
network. For example, we analyzed if the arcs spwading to these branching variables
originate from any source node or terminate onsimnlgion node. We also noted the variable
that is branched on most of the times in a bramsh l@ound tree, and studied if there is any
particular characteristic of the arc associatedh wits variable. We later collected utilizations of

the first 5 branching variables at the time of lstang, and studied if there is any pattern in those
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values. For example, we analyzed if the initialnofang variables correspond to the least

utilized or most utilized arcs.

Next phase of our analysis was directed towarddirfmn the difference between variables
selection for leading existing branching rules [sas reliability branching) and the branching
rules that do not perform well (such as most faawl branching). However, the results from this

study did not suggest a pattern or lead to anyidie# conclusions.

Utilization of an arc is defined as flow per unépacity of that arc (Utilization = Total flow /

Capacity). One key observation that directed usatde/ our new technique is that the values of
the arc variables in LP relaxation at the currerainbh and bound node are current utilization
values of those arcs. Furthermore, utilizationofec affects the remaining flow because of the
capacity constraints. And hence, utilizations piajor role in deciding whether a new arc needs
to be installed in the network or not. Utilizatiwalues may play significant role in branching,

however, branching based on LP solutions may noa$eood as IP solutions. Hence we
considered using the average utilization for thes aralculated from the set of known feasible
solutions for that instance. We further tested augsi methods of assigning the scores to
candidate variables. For example, we analyzed @ahgien based branching rule by selecting a
branching variable with the least average util@atimost average utilization, least fractional
average utilization, and most fractional averagézation. However, we observed that the

methods that selecting branching variable with naestrage utilization, most fractional average
and least average utilization do not perform welénce, our solution based branching rule

selects a branching variable with least averadieation.

We now present the detailed description of the seltion based branching rule below.

6.2 Solution Based Branching Rule

The branching rule that we developed considersisigeof the information contained in a set of
known feasible solutions. Suppose that a set dfiliéa solutions is available for each of the
instances. The utilization and average utilizatbeach arc can be calculated from the available

pool of feasible solutions as described below.
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For the variants of the network design problem tteate binary arc variables (Variant_ B_C and
Variant_B_B),

( leg=1 DkX}{j )

Utilization of arc (i,j) = U

ij
(ZKoq Dkxﬁ )
n

Lter

Average utilization for each arc =

Where, U;; indicates the capacity of arc (i,j) amx is the demand of commodity k. Tlxég
values indicate the fraction of a commodity k oo @jj) and these values are collected from the
set of known feasible solutions. [Please note ttlh\ak}j values do not represent the values from

the solution at the current branch and bound nadd,are collected for each feasible solution
from the known solution pool]. F is a set of fedsibolutions such that F = [f1, {2, 3, .... , fn],
n represents the total number of feasible solutidime numerator value in the calculation of
average utilization represents the sum of thezatibns of an arc over all the feasible solutions
[f1, f2, 3, ...., fn] in set F.

For Variant_|_C and Variant_|I_B, multiple arcs dam installed between the nodes i and j. In
this case, thejwariables can have integral values in the avail&ssible solutions. Hence, the

utilization and the average utilization of an ascthese variants will be calculated as:

- . Ky Dyxk

Utilization of thearc (i,j) = (Z"‘l—kx’)
yij* Ujj

(ZR_1 Dy )
yij*Ujj
n

YfeF

Average utilization for each arc =

For the variants of network design problem witheger arc variables (Variant I_C and
Variant_|_B), we have also tested the approach {imeed below as ‘Variant_|I_C_Approach2’
and ‘Variant_I_B_Approach?2’) of calculating averagidization of an arc considering the flow

on the last copy of that arc. For these variatis,\f variables can have integral values in the
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available feasible solutions. Furthermore, the tagty of the arc (i,j) is incompletely utilized.
Hence, the utilization of an arc for these variastsalculated for the last copy of the arc. The

numerator value in the following formula indicatbs flow on the last copy of the arc (i,)).

(2o 1Dixff ) % Uy

Utilization of thearc (i,j) =

(Tt Dkxﬁ ) % Uy
n

Yter

Average utilization for each arc =

The following table summarizes the calculation led taverage utilizations for all the 4 variants
of the MCFCNF problem:

Table 11 : Formulae for calculating average utilization for the variants of the network design problem

Variant Aver age Utilization
Variant B_C (Zh=1Dxxiy )
EfeFU—ij
n
Variant_B_B (21 Dixff )
LteF 0
n
Variant_| C 5 (Ti=1 Dixfy )
feF yij*Uyj
n
Variant_| B 5 (Zie1 Dixs§ )
feF yij*Uyj
n
Variant_|_C_Approach2 S (ZK_1Dixfs ) % Uy
n
Variant_|I_B_Approach2 S (ZR_1Dix}s ) % Uy
n
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6.3 Algorithm for Selecting a Branching Variable in the Solution Based
Branching Rule

We tested the solution based approach by seleatimgnching variable that corresponds to the
arc with the least average utilization, as wellnéth the least fractional average utilization. The

algorithms for selecting a branching variable feede methods are presented below.

While presenting these algorithms, we follow thensaonventions that are used in section 3 for

describing the existing variable selection methods.

Selecting a branching variable corresponding to the arc with least aver age utilization:

For each E candidates:

1. score(xi) = Average utilization of each arc
2. i* = arg {min iecandidates{score(}}

3. Return &

Selecting a branching variable corresponding to the arc with least fractional average
utilization:

For each E candidates:

1. avguti = Average utilization of each arc
2. score (¥ « avguti — floor (avguti) forgwi< 0.5

«— ceil (avguti) — avguti for avguti >50.

3. i* = arg {min iecandidates{score(}$}
4. Return k

60



6.4 Hybrid Method for the Variants with Binary Flow Variables

In the variants where the flow variable§ are binary (Variant_B_B and Variant_|_B), the

candidate branching variables may include bxﬁhand y;j variables. In this case, only;

variables are considered as candidate variables,tten solution based approach is used for

selecting the branching variable from these carteidariables. If the candidate variables include

. k . apge . . . .
only the flow variables;;, the reliability branching method is applied feabching.

A generalized algorithm for variable selection gsithe solution based approach can be

presented as follows:

6.5 Algorithm for the Solution Based Approach

Algorithm 3: Solution based approach for the new branching rule

Input: A set of feasible solutions.

Output: Index of the variable to be branched ort.nex

1. Determine the set of candidate variables for bremgch

2. For each candidate variable, calculate the aveutiligation using a set of available feasible
solutions that are available as input.

3. Assign the scores for each candidate variable sitbed in section 6.2

4. Return the index of the candidate variable witlsiesgore.
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7. Computational Results for the Solution Based Approach

In this section, we present the computational teswith SCIP for the new solution based
approach. While presenting these results, we atsopare the results of the leading existing

branching rules with the new solution based appgrdacour analysis.

We collected the feasible solutions with SCIP wille default parameter settings without
specifying any MIP gap limit. We used these feasgalutions in the experiments for comparing
the performance of the solution based approach thighleading existing branching rules. The
following table presents the quality of feasibléusions that we used for all the 4 variants of the
network design problem. For each of the variants present average MIP gap for the collected

feasible solutions.

Table 12: Quality of feasible solutions collected with SCIP (%MIP Gap)

(Fixed Cost rank,
Dataset | (N,A,K) Capacity Rank) Variant_B_C | Variant_B_B | Variant_I_C | Variant_I_B
r06_6 | 10,60,50 | F,L(10,2) 21.225 12.125 > 500 1.055
r07_6 10,82,10 F,L(10,2) 21.19 106.16 > 500 111.32
r08_6 10,83,25 F,L(10,2) 20.16 88.59 > 500 107.04
r09_6 10,83,50 F,L(10,2) 4.685 33.65 > 500 38.565
r10_6 20,120,40 | F,L(10,2) 26.35 14.36 > 500 30.195
rl4_6 20,220,100 | F,L(10,2) 70.77 63.08 > 500 70.675
r15_6 20,220,200 | F,L(10,2) 39.16 123.69 > 500 118.53
r16_6 20,314,40 | F,L(10,2) 83.69 128.49 > 500 132.735
rl7_6 20,318,100 | F,L(10,2) 100.105 119.42 > 500 98.815
r18 6 20,315,200 | F,L(10,2) 79.93 93.505 > 500 84.25
r06_9 10,60,50 F,T(10,8) 5.225 17.675 > 500 23.905
r07 9 | 10,82,10 | F,T(10,8) 27.92 - > 500 -
r08_9 10,83,25 F,T(10,8) 16.93 33.93 > 500 46.05
r09_ 9 |10,83,50 |F,T(10,8) 17.035 37.055 > 500 13.92
ri0_9 | 20,120,40 | F,T(10,8) 6.235 47.645 > 500 4.835
ri4 9 20,220,100 | F,T (10,8) 26.865 17.86 > 500 49.47
r15_9 20,220,200 | F,T (10,8) 18.25 13.17 > 500 43.44
r16_9 20,314,40 | F,T(10,8) 89.31 111.955 > 500 150.88
rl7_9 20,318,100 | F,T (10,8) 84.45 50.93 > 500 80.98
ri8 9 20,315,200 | F,L(10,8) 43.58 20.08 > 500 39.23

Average solution

quality 40.80 59.65 >500 65.57
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For analyzing the effect of quality and quantity fefsible solutions on the solution based
approach, we collected the feasible solutions lBcisyping the MIP gap limit for the solutions

using the experimental setup presented below itoset¢.1.

7.1 Experimental Setup for Collecting the Pool of Feasible Solutions with SCIP

The pool of feasible solutions that is requireddoalyzing the solution based branching method

has been collected using the methods availableeiisCIP libraries.

We have also studied the effect of the quality godntity of these feasible solutions on the
performance of the branching rule. For testing éffect of quality and quantity of available
feasible solutions the feasible solutions with dpecified MIP gap window are collected by
specifying the corresponding lower and upper bownrdthe objective function. We first solved
all the instances to optimality, and then calcuat®rresponding lower and upper bounds.

Quality and quantity for feasible solutions areuatid using parameter values as shown below:

Bound o, = & *Zgp

Boundy; = B *Zgpe

Here,a and B are the parameters that specify the lower andrulgie gap limits that indicate
the quality of feasible solutiong,,. represents the optimal solution value calculated &f
particular instance.

Hence, the required constraint that is added toyain formulation is as mentioned below:

Bound; ,,, < Objective Function < Boundy;
The feasible solutions are then collected for thisulation for studying the effect of the quality

of the solution-pool by selecting the required pagter values for quality of feasible solutions
(MIP gap limit), and quantity of feasible solutiofreimber of feasible solutions).
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Average utilization of the arcs is calculated usinget of known feasible solutions as described
in section 6. This average utilization is requitedassign the score to the candidate variables
while implementing the solution based approach.ddemwe associate this average utilization to
the variable corresponding to the particular arthattime of variable creation [Appendix V]

and later use this data while implementing solubased branching rule.

7.2 Results for the Solution Based Approach for Variable Selection

Tables 13 and 14 present the leading existing biagaules with SCIP as analyzed in section 5
along with the new solution based approach witlstleaverage utilization. We consider the
geometric mean of both the time and MIP gap ovethal tested instances for determining the
winning branching rule. As we were unable to cdllge feasible solutions for the instance
RO7_9 and R15_6 for the Variant_B_B and Variant, lwB calculated the geometric mean over
18 instances for these two variants. For the reimgitwo variants, the geometric mean over all
the 20 instances is presented for all the branchiteg. Reliability branching method is a clear
winner followed by the pseudo-cost branching rde dll the variants of the network design
problem.

The performance of the solution based approachatbateveloped is in the third position for the
variants Variant_B_C, Variant B_B, and Variant_|_Bor Variant_|_C, the ‘Full strong
branching’ method that limits the number of cantbdeariables outperforms the solution based
approach. The ‘Full strofigoranching’ method comes in the last position (agntire 5 leading
branching rules) for all the variants.
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Table 13: Time in seconds and MIP Gap: Leading existing branching rules and the solution based approach

Solution
Branching Full Strong” Full Strong | Pseudo-Cost | Reliability based
Rules Branching Branching Branching | Branching approach
Time 841.90 647.64 526.16 435.18 614.12
Variant_B_C
MIP gap 1.77 1.70 1.57 1.45 1.55
Time 560.29 434.51 315.33 261.66 388.25
Variant_B_B
MIP gap 2.39 1.89 1.79 1.72 2.02
Time 1,040.43 1,094.93 801.77 636.28 1,282.80
Variant_|I_C
MIP gap 2.06 1.69 1.69 1.49 1.88
Time 536.05 492.09 331.40 286.03 372.84
Variant_|_B
MIP gap 2.38 2.12 2.16 2.12 2.27

Table 14: Average of the number of branch and bound nodes: Leading existing branching rules and the solution based

approach
Branching Full Strong” | Full Strong Reliability | Solution based
Rules Branching | Branching | Pseudo-Cost Branching | Branching approach
Variant_B_C 17.64 36.70 622.75 300.34 1,601.16
Variant B_B 3.22 8.20 730.10 331.18 1,111.02
Variant_|_C 39.61 141.73 2,989.70 1,399.99 4,835.00
Variant_|_B 2.97 15.30 717.04 378.15 798.65

Results for Variant_|_C and Variant_|_B for the wgmns based approach that calculates

average utilization of an arc considering the ¢agty of the arc:

Time MIP Total Solving

(sec) Gap Nodes
Variant_|_C_Approach2 | 1,310.19 1.87 6,931.38
Variant_|_B_Approach2 370.53 2.29 823.9
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The solution based approach shows average perfeemaith respect to the number of branch
and bound nodes. It does not outperform the leaeiigting branching rules, but requires less
number of branching nodes than the branching suel as least infeasible and most infeasible
branching. Detailed results (obtained with SCIR/aQl of solution based branching rule for all

variants of the MCFCNF problem are presented ireagix I.

7.2.1 Observations:

As observed from the computational results preseatsove, reliability branching rule is the
winning branching rule followed by the pseudo-darsinching rule. The solution based approach
that we developed rank& Zor the Variant_B_C, Variant_B_B, and Variant_| IBranks &' for
Variant_I_C, probably because the set of feasibletion that we used for this variant has very
poor quality (as presented above in Table 12).

We have presented some additional observationarfdliowing table. The second column of
Table 15 presents the ranks for the solution baskdwhen compared with the other existing
branching rules that we studied. The third columesents the number of instances (out of 20)
for which the solution based rule outperforms thienmg reliability branching rule. For this, we
compared the solution time of 20 instances forakglity branching and the solution based
branching rules. For the instances that are temtedhbecause of the specified time limit, we
compared the MIP Gap values.

Table 15: Rank of the Solution based Branching Rule

Rank of the # of instances for which the
Branching Solution based solution based branching rule
Rules branching Rule | outperforms reliability branching
Variant_B_C 3 5
Variant_B_B 3 10
Variant_|I_C 4 4
Variant_I_B 3 9
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It is interesting to note that there are 6, 10,ndl & instances for which the solution based

branching rule outperforms the reliability brananafter comparing them individually.

Furthermore, there are 3 to 4 data-sets for eaghntdor which the solution based rule shows
very poor performance compared to the reliabilitgriching. These 3 to 4 data sets are common
for all the variants (r06_6, r09_6, r10_6, r16_Bdllowing table lists the data-sets that show

significantly poor performance for the solution éadranching rule.

Table 16: Datasets for which the solution based branching rule shows significantly poor performance

Variant_B C [Variant B B| Variant_| C | Variant | B
riG_6 riG_6 r06 6 ri6 6

ro9 6 - r09 6 r09 6

- rio 6 rio & rio &

risé 6 ris 6 ri6 6 -

rio_9 ri6 o rio_9 -

If we exclude these 3 to 4 datasets (from totalf@0gach variant, and then analyze the results of

the leading branching rules for remaining datasbesresults are as follows:

Table 17: Geometric mean of Time in seconds

Solution based
Branching Full Strong” Full Strong Pseudo-Cost | Reliability
Rules Branching Branching Branching Branching approach
Variant_B_C | 678.05 570.43 516.29 481.49 533.73
Variant_B_B | 283.98 237.23 225.85 207.74 182.75
Variant_|_C | 823.25 871.47 703.13 610.17 869.42
Variant_I_B | 349.37 319.73 248.81 254.96 221.11
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Table 18: Geometric mean of MIP Gap

Solution based
Branching Full Strong” Full Strong Pseudo-Cost | Reliability
Rules Branching Branching Branching Branching approach
Variant_ B C | 1.8 1.8 1.7 1.6 1.8
Variant_B_B | 2.5 2.3 2.1 2.0 2.3
Variant_I_C | 2.5 2.0 1.9 1.6 1.9
Variant_| B | 2.2 2.1 2.1 2.1 2.1

Thus, for Variant_B_C and Variant_|_C, the diffezerin the performance of solution based and
reliability branching rules significantly reducef$es excluding the datasets presented in Table 16
for each variant. For the variants Variant_B_B afatiant_|_B, the solution based branching
rule outperforms reliability branching. If we naithe nature of these datasets, most of these are

the instances with ‘Loose Capacity Constraintstddats with *_6’ in name, Refer to Table 2).

7.3 Results for Studying the Effect of the Quality and Quantity of Feasible
Solutions

In the Tables 19 and 20 below, we present the ctatipnal results for the solution based
approach with different quality and quantity of fleasible solutions. These results are presented
for the variant of the network design problem wiimary arc variables and continuous flow
variables (Variant_B_C). The values in Table 19espnt the solution time in seconds and those
in Table 20 represent the MIP gap. Each columrhésé tables represents the results for the
feasible solutions in a specified MIP gap range. té#gted all the 20 data-sets over 5 sets of the
MIP gap ranges from 0% to 50%, with the interval18®6. We were unable to collect the
feasible solutions for all the datasets in eachthete MIP gap ranges with SCIP. Hence, in
Tables 19 and 20, we present the geometric me#imedfme and MIP gap over the intersection
of the instances for which we have the feasibletgmis in all the MIP gap ranges. We present

all the available results for all the MIP gap rasgedetail in Appendix III.
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The rows represent the number of feasible solutigves tested the solution based approach for
2000, 500 and 100 feasible solutions for each MIP gnge. These solution sets with different
number of feasible solutions are not mutually esiclel (The pool of feasible solutions with 500
feasible solutions is a subset of a set with 2088sible solutions). Values in the last row
represent the average over each quantity of theibieasolutions for each MIP gap range
presented in a particular column. And the valuah#nlast column represent the average over all

the MIP gap ranges for each quantity of the feasiblutions.

Table 19: Geometric mean of Time in seconds for Variant_B_C

TIME (sec) MIP Gap Ranges
Oto 10 10to20 |[20to30 |30to40 |40to50
Quantity 2000 78.00 120.69 134.75 119.52 165.16 120.15
of 500 94.64 124.75 111.91 128.95 124.95 116.31
solutions 100 95.70 134.71 114.07 119.58 119.75 116.06
89.06 126.58 119.82 122.60 135.20
Table 20: Geometric mean of MIP Gap for Variant_B_C
MIP Gap MIP Gap Ranges
Oto 10 10to 20 20to 30 30to 40 40to 50
Quantity 2000 0.98 0.96 0.99 0.98 1.00 0.98
of 500 0.96 1.02 0.99 0.97 0.99 0.98
solutions 100 0.98 1.06 0.99 1.01 0.99 1.00
0.97 1.01 0.99 0.98 0.99

We can observe from Table 19 that the solution twia the new branching rule improves

significantly with the improved quality of the felke solutions. All the data-sets that we have
used for this analysis are solved to the specMéd gap limit of 1%. Furthermore, change in the
number of feasible solutions (tested for 2000, &30 100 feasible solutions) does not affect the

solution based branching rule significantly.

We also compared the results of the winning exgstiranching rule (reliability branching) with

the results of the solution based approach usirfiigreint quality and quantity of feasible
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solutions. This comparison has been done onlyherinistances that were used for the results in
Tables 19 and 20. For reliability branching, th@mgetric mean of the solution time for these
instances is 23.66, and the geometric mean of MHP I8 0.71. Thus, the reliability branching
rule wins over the solution based approach fortested instances.
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8. Conclusions and Future Research

We have proposed a solution based approach fochiranrule that selects a branching variable
corresponding to the arc with the least averagkzation. Unlike most of the traditional
branching rules that rely on the LP relaxationha& turrent node or child nodes for selecting the

branching variable, we use the information avadablthe pool of known feasible solutions.

Computational experiments with SCIP and GLPK ondifierent data-sets demonstrate that the
reliability branching rule wins among the existibganching rules followed by the pseudo-cost
branching rule. Next to these two rules, the nele tiiat we developed using the solution based
approach performs remarkably well for all the wvaisaof the network design problem.
Furthermore, the study of the quality and quardityhe feasible solutions clearly indicates that
the performance of the new solution based appraagnoves as the quality of the pool of
available feasible solutions improves. We have rasslithat we have the pool of feasible
solutions available. Hence, the time required fafecting the pool of feasible solutions has not
been considered while measuring the performandbeohew rule. However, various heuristics

and meta-heuristics can be used for collectingptia of feasible solutions with better quality.

For future research, we can consider collectingfélasible solutions more effectively. We can
find the scope of further improvement in the salntibased approach by using the hybrid
approaches. For example, we can use the stronghingnmethod in the beginning of the search
until we obtain the feasible solutions from thereat branch and bound tree. The solution based
approach can then be used for the remaining pargy ukese feasible solutions collected from

the current branch and bound tree.
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APPENDIX 1
RESULTS WITH SCIP: Branching Rules

Part A: Variant_B_C

Time:
Dataset (N,A,K)
r06_6 10,60,50
r07_6 10,82,10
r08_6 10,83,25
r09_6 10,83,50
rl0_6 20,120,40
rl4 6 20,220,100
rl5_6 20,220,200
rl6_6 20,314,40
rl7_6 20,318,100
rl8_6 20,315,200
r06_9 10,60,50
r07_9 10,82,10
r08_9 10,83,25
r09_9 10,83,50
rl0_9 20,120,40
rl4_ 9 20,220,100
rl5_9 20,220,200
rl6_9 20,314,40
rl7.9 20,318,100
ri8 9 20,315,200

MIP Gap:
Dataset (N,A,K)
r06_6 10,60,50
r07_6 10,82,10
r08_6 10,83,25
r09_6 10,83,50
rl0_6 20,120,40
rl4_6 20,220,100
rl5_6 20,220,200
rl6_6 20,314,40
rl7_6 20,318,100
rl8_6 20,315,200
r06_9 10,60,50
r07_9 10,82,10
r08_9 10,83,25
r09_9 10,83,50
rl0_9 20,120,40
rl4_9 20,220,100
rl5_9 20,220,200
rl6_9 20,314,40
rl7_9 20,318,100
rl8_9 20,315,200

(Fixed Cost rank,
Capacity rank)
(1,5,10), (1,2,8)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)

(Fixed Cost rank,
Capacity rank)
(1,5,10), (1,2,8)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)

Least Most Pseudo-
Time FuIIStrong+ Full Strong Infeasible Infeasible cost Random Reliability Solution
in seconds Branching Branching Branching Branching Branching Branching Branching Based Rule
487.54 253.62 2,524.59 3,891.32 233.74 1,254.42 138.36 491.75
0.39 0.47 0.65 0.69 0.65 0.65 0.65 0.41
5.62 6.66 10.64 9.22 8.85 7.10 8.60 5.00
2,274.02 1,521.54 5,455.43 2,645.11 465.14 2,547.86 265.94  1,512.23
3,878.25 1,343.92 229.62 169.74 86.30 141.50 146.23 73.55
14,402.30 14,402.60 14,400.00  14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
14,412.60 14,411.10 14,400.00 14,400.00 14,400.00 14,401.20 14,400.00 14,400.60
14,400.10 14,400.20 14,400.00 14,400.00 6,172.02 14,400.00 2,603.21 11,382.60
14,403.80 14,402.50 14,400.00 14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
14,415.70 14,406.40 14,400.00 14,400.00 14,400.00 14,400.00 14,401.40 14,400.00
15.95 16.39 22.41 20.75 16.78 17.23 13.13 18.87
22.09 12.08 97.95 87.78 22.17 33.39 8.57 50.60
200.30 88.81 1,472.28 2,429.41 45.95 608.37 40.93 112.45
22.98 11.34 29.22 138.33 13.35 87.35 12.01 16.33
1,004.26 241.26  14,400.00 7,251.00 154.61 4,031.43 74.22 3,718.73
14,400.20 14,401.10 14,400.00 14,400.00 14,400.00 14,400.00 12,153.90 14,400.00
78.09 80.86 90.20 94.44 121.67 96.84 118.27 88.74
14,400.00 14,400.20 14,400.00 14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
14,402.40 14,402.10 14,400.00  14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
14,405.30  14,407.80  14,400.00  14,400.30 14,401.70 14,401.20 14,401.60 14,400.00
Time in sec:
Geometric
Mean 841.90 647.64 1,237.92 1,272.56 526.16 979.68 435.18 719.05
Variance 7,040.64 7,197.30 6,985.72 6,790.82| 7,058.05| 7,007.19 6,992.24 6,976.49
NonOpt_Avg 10,153.53 9,787.19] 10,114.90 9,939.40[ 8,016.83| 10,074.55 8,638.24| 9,107.95
Least Most Pseudo- Solution
FuIIStrong+ Full Strong Infeasible Infeasible cost Random Reliability Based
MIP Gap Branching Branching Branching Branching Branching Branching Branching Rule
0.88 0.99 1.00 1.00 1.00 1.00 1.00 1.00
0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09
1.00 0.80 0.90 0.82 0.94 0.63 0.98 0.67
0.83 0.92 1.00 1.00 1.00 1.00 1.00 1.00
0.76 0.76 0.99 0.99 1.00 0.97 0.97 0.98
7.03 6.80 5.39 4.51 5.35 4.58 4.36 5.63
7.68 7.35 6.84 7.56 7.48 7.68 7.37 7.68
5.26 3.65 2.69 1.63 1.00 1.52 1.00 1.00
8.72 8.62 5.72 5.28 5.09 5.10 5.06 5.55
5.35 5.09 4.52 4.75 5.01 4.82 5.35 5.22
0.80 0.97 0.96 0.98 0.98 1.00 0.97 1.00
0.86 0.76 1.00 1.00 0.99 0.99 0.83 1.00
0.91 0.87 1.00 1.00 0.99 1.00 0.95 1.00
0.79 0.96 0.97 1.00 0.91 1.00 0.98 0.97
0.97 0.97 1.84 1.00 0.99 1.00 0.93 1.00
2.72 1.83 3.67 3.34 1.61 3.28 0.98 3.23
0.56 0.56 0.56 0.56 0.56 0.56 0.56 0.56
7.10 6.63 5.62 5.08 4.58 4.81 3.87 5.99
5.65 5.42 5.69 4.68 4.76 5.01 4.05 5.32
4.88 4.38 4.60 4.50 5.64 5.60 3.84 4.34
MIP Gap:
Geometric
Mean 1.77, 1.70 1.78 1.64 1.57 1.63 1.45 1.63
Variance 2.94 2.78 2.23 2.17 2.28 2.26 2.08 2.41
NumOpt 11.00| 11.00| 10.00 11.00| 12.00; 11.00| 13.00| 12.00
NonOpt_Avg| 6.04 5.53 4.66 4.96 4.94 4.71 4.84 5.37
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Solving Nodes:

Dataset
r06_6
r07_6
r08_6
r09_6
rl0_6
rl4 6
r15 6
rl6_6
rl7_6
r18 6
r06_9
r07_9
r08 9
r09_9
rl0 9
rl4 9
r15 9
rl6_9
r17. 9
ri8 9

(N,AK)
10,60,50
10,82,10
10,83,25
10,83,50
20,120,40
20,220,100
20,220,200
20,314,40
20,318,100
20,315,200
10,60,50
10,82,10
10,83,25
10,83,50
20,120,40
20,220,100
20,220,200
20,314,40
20,318,100
20,315,200

Part B: Variant_B_B

Time

Dataset
r06_6
r07_6
r08_6
r09_6
rl0_6
rl4_6
r16_6
rl7_6
ri8_6
r06_9
r08_9
r09_9
rl0_9
rl4 9
r15_9
r16_9
rl7 9
rig8_9

(N,AK)
10,60,50
10,82,10
10,83,25
10,83,50
20,120,40
20,220,100
20,314,40
20,318,100
20,315,200
10,60,50
10,83,25
10,83,50
20,120,40
20,220,100
20,220,200
20,314,40
20,318,100
20,315,200

(Fixed Cost rank,

Capacity rank)
(1,5,10), (1,2,8)

F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)

(Fixed Cost rank,
Capacity rank)
(1,5,10), (1,2,8)

F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)

Least

Most

Pseudo-

Total Solving FuIIStrong+ Full Strong Infeasible Infeasible cost

Random

Reliability Solution

Nodes Branching Branching Branching Branching Branching Branching Branching Based Rule
543.00 691.00 152,741.00 189,101.00  9,741.00 89,631.00 4,851.00 49,721.00
1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.00 2.00 681.00 197.00 94.00 171.00 2.00 117.00
870.00  1,249.00 645,941.00 79,621.00 13,621.00 149,111.00 6,541.00 166,381.00
217.00 194.00 4,171.00 631.00 411.00 1,181.00 691.00 1,261.00
17.00 45.00 27,243.00 8,016.00 9,235.00 13,553.00 6,714.00 6,707.00
1.00 2.00 1,103.00 57.00 180.00 1.00 100.00 1.00
56.00 459.00 220,994.00 87,412.00 23,751.00 124,033.00 6,261.00 86,041.00
2.00 10.00 21,165.00 5,863.00 7,868.00 10,942.00 5,438.00 10,598.00
1.00 2.00 435.00 236.00 228.00 214.00 1.00 16.00
6.00 29.00 1,211.00 461.00 201.00 504.00 24.00 521.00
67.00 181.00 61,211.00 27,181.00 5,961.00 9,871.00 765.00 31,421.00
281.00 411.00 301,151.00 226,241.00  2,671.00 81,091.00 2,281.00 18,151.00
16.00 15.00 552.00  5,332.00 122.00  2,092.00 19.00 532.00
423.00 372.00 602,833.00 171,881.00 1,951.00 115,931.00 275.00 77,671.00
94.00 234.00 22,749.00 9,660.00  9,553.00 8,630.00 19,939.00 21,651.00
1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
87.00 243.00 119,241.00 35,656.00 38,534.00 51,748.00 50,791.00 84,241.00
7.00 52.00 1,635.00  3,781.00 756.00 758.00 3,030.00  3,666.00
1.00 2.00 459.00 401.00 1.00 1.00 53.00 1,251.00
Solving
Nodes:
Geometric
Mean 17.64] 36.70 5,256.22 2,554.81 622.75| 1,340.66 300.34 1,601.16
Variance 231.59 313.36] 195,256.89] 71,244.99 9,828.66| 49,779.98| 11,680.36] 44,111.08
Least Most Pseudo-
Time FuIIStrong+ Full Strong Infeasible Infeasible cost Random Reliability Solution
inseconds  Branching Branching Branching Branching Branching Branching Branching Based Rule
4,364.73  1,354.11 14,400.00  14,400.00 351.48 14,400.00 233.24  1,279.01
0.10 0.18 0.15 0.18 0.17 0.16 0.14 0.16
4.83 5.26 7.11 5.50 4.72 4.27 6.62 2.27
14,400.00  3,204.92 14,400.00  14,400.00 990.37 14,400.00 461.51 453.93
14,400.00  3,991.87 14,400.00 10,990.50 1,093.08 14,400.00 561.88  3,266.30
14,401.60 14,400.20 14,400.00  14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
14,400.40 11,412.40 14,400.00  14,400.00 2,769.70 14,400.00 1,026.87 14,400.00
14,401.00 14,404.20 14,400.00  14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
14,415.60 14,407.40 14,400.00  14,400.00 14,400.00 14,432.60 14,400.00 14,400.00
376.23 64.95  2,797.34 1,026.96 71.92  3,382.49 35.26 26.60
0.16 0.18 0.23 0.18 0.25 0.22 0.24 0.18
1.03 0.80 113 113 1.00 1.05 1.00 0.88
0.40 0.49 0.64 0.55 0.49 0.49 0.60 0.52
14,404.70  14,400.10 14,400.00  14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
14,400.90 14,408.90 14,400.00  14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
1,474.62  2,761.11 14,400.00  14,400.00 993.07 14,400.00 880.73  14,400.00
14,400.30  14,402.50 14,400.00  14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
14,400.90  14,405.80 14,400.00  14,400.00 14,400.00 14,400.00 14,400.10 14,400.00
Timeinsec:
Geometric
Mean 560.29 434.51 835.61 758.47 315.33 806.50 261.66 388.25
Variance 7,035.92| 6,726.60|  6,786.41 6,813.53| 6,968.50| 6,754.01| 7,083.34| 7,161.15
NonOpt_Avg 8,936.18| 8,767.52| 11,782.52| 11,179.66| 7,807.04]| 11,782.25] 7,508.76| 11,208.35
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MIP Gap:

(Fixed Cost rank,

Least

Most

Pseudo-

Solution

Capacity rank) Full Strong+ Full Strong Infeasible Infeasible cost Random Reliability Based
Dataset (N,A,K) (1,5,10), (1,2,8) MIP gap Branching Branching Branching Branching Branching Branching Branching Rule
r06_6 10,60,50 F,L(10,2) 0.89 0.87 2.40 1.07 1.00 1.27 0.99 1.00
r07_6 10,82,10 F,L(10,2) 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06
r08_6 10,83,25 F,L(10,2) 0.60 0.91 0.65 0.99 0.93 0.96 0.53 0.98
r09_6 10,83,50 F,L(10,2) 3.19 0.96 3.21 1.69 1.00 1.73 1.00 1.00
r10_6 20,120,40 F,L(10,2) 4.77 0.92 3.85 1.00 0.92 1.83 0.93 1.00
rl4 6 20,220,100 F,L(10,2) 24.36 23.47 24.34 23.37 16.82 23.75 22.51 22.59
rl6_6 20,314,40 F,L(10,2) 3.50 0.89 3.28 2.07 1.00 2.19 1.00 1.13
rl7_ 6 20,318,100 F,L(10,2) 11.38 10.82 11.38 10.51 10.23 10.51 9.79 9.71
ri8 6 20,315,200 F,L(10,2) 22.42 22.42 22.42 22.21 21.92 22.30 22.06 21.74
r06_9 10,60,50 F,T(10,8) 0.90 0.91 1.00 1.00 0.45 1.00 0.48 0.96
r08_9 10,83,25 F,T(10,8) 0.97 0.97 0.97 0.97 0.97 0.97 0.97 0.97
r09_9 10,83,50 F,T(10,8) 0.32 0.32 0.32 0.32 0.32 0.32 0.32 0.32
r10_9 20,120,40 F,T(10,8) 0.66 0.66 0.66 0.66 0.66 0.66 0.66 0.66
rl4 9 20,220,100 F,T(10,8) 3.93 2.96 4.12 3.49 2.55 3.66 1.73 3.79
r15 9 20,220,200 F,T(10,8) 2.74 2.70 2.74 2.69 2.62 2.67 2.64 2.71
rl6_9 20,314,40 F,T(10,8) 1.00 0.98 2.39 1.68 1.00 1.48 1.00 1.53
rl7_ 9 20,318,100 F,T(10,8) 18.59 17.40 18.59 17.78 17.31 18.36 16.47 18.28
ri8 9 20,315,200 F,T(10,8) 16.04 15.63 16.04 15.87 15.75 15.93 15.74 15.93
MIP Gap:
Geometric
Mean 2.39 1.89 2.65 2.18 1.79) 2.27 1.72 2.02
Variance 8.22 8.20 8.13 8.09 7.39 8.17 7.98 8.01
NumOpt 8.00 11.00 6.00 7.00 11.00 6.00 11.00 9.00
NonOpt_Avg 8.46 13.63 9.56 9.31 11.02 8.81 11.49 12.03
Solving Nodes:
(Fixed Cost rank, . Least Most Pseudo-
Capacity rank) Total Solving  Full Strong  Full Strong Infeasible Infeasible cost Random Reliability Solution
Dataset (N,A,K) (1,5,10),(1,2,8) Nodes Branching Branching Branching Branching Branching Branching Branching Based Rule
r06_6 10,60,50 F,L(10,2) 218.00 661.00 1,279,631.00 886,882.00 18,661.00 1,239,302.00 6,381.00 131,621.00
r07_6 10,82,10 F,L(10,2) 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
r08_6 10,83,25 F,L(10,2) 7.00 6.00 1,436.00 280.00 150.00 141.00 11.00 83.00
r09_6 10,83,50 F,L(10,2) 1.00 293.00 1,243,973.00 529,863.00 26,291.00  836,463.00  6,985.00 20,511.00
rl0_6 20,120,40 F,L(10,2) 1.00 183.00  470,747.00 325,541.00 14,641.00 503,581.00 4,809.00 66,071.00
rl4 6 20,220,100 F,L(10,2) 1.00 6.00 7,491.00 7,730.00 6,312.00 11,336.00 1,390.00 5,035.00
r16_6  20,314,40 F,L(10,2) 3.00 62.00 257,926.00 124,116.00 19,222.00  167,781.00  5422.00  184,281.00
rl7_6 20,318,100 F,L(10,2) 1.00 2.00 1,751.00 7,446.00 5,410.00 3,590.00 7,404.00 12,378.00
ri8_6 20,315,200 F,L(10,2) 1.00 1.00 1,241.00 353.00 665.00 838.00 148.00 697.00
r06_9 10,60,50 F,T(10,8) 10.00 23.00 798,192.00 160,232.00 4,990.00 596,962.00 244.00 1,975.00
r08_9 10,83,25 F,T(10,8) 202.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
r09_9 10,83,50 F,T(10,8) 17.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
ri0_9 20,120,40 F,T(10,8) 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
ri4 9 20,220,100 F,T(10,8) 1.00 8.00 2,456.00 13,686.00 17,199.00 17,366.00  19,506.00 9,140.00
r15_9 20,220,200 F,T(10,8) 1.00 2.00 3,310.00 1,933.00 4,055.00 5,453.00 3,810.00 3,225.00
rl6_9 20,314,40 F,T(10,8) 9.00 162.00  663,042.00 296,593.00 26,122.00 427,801.00 17,792.00 426,336.00
r17.9 20,318,100 F,T(10,8) 1.00 3.00 1,687.00  2,902.00  1,572.00 2,385.00  2,521.00 3,437.00
rig 9 20,315,200 F,T(10,8) 1.00 1.00 688.00 226.00 517.00 523.00 145.00 658.00
Solving Nodes:
Geometric
Mean 3.22 8.20 2,561.64 1,883.58| 730.10 2,481.22 331.18 1,111.02
Variance 66.96| 167.24|  440,925.01| 241,783.89 9,499.09 363,738.55 5,896.46 107,514.62
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Part C: Variant_I_C

Time:
Dataset (N,A,K)
r06_6 10,60,50
r07_6 10,82,10
r08_6 10,83,25
r09_6 10,83,50
r10_6 20,120,40
ri4 6 20,220,100
r15_6 20,220,200
r16_6 20,314,40
rl7_6 20,318,100
ri8 6 20,315,200
r06_9 10,60,50
r07_9 10,82,10
r08_9 10,83,25
r09_9 10,83,50
r10_9 20,120,40
ri4 9 20,220,100
r15_9 20,220,200
rl6_9 20,314,40
rl7_9 20,318,100
rl8 9 20,315,200

MIP Gap:
Dataset (N,A,K)
r06_6 10,60,50
r07_6 10,82,10
ro8_6 10,83,25
r09_6 10,83,50
ri0_6 20,120,40
ria_6 20,220,100
ris_6 20,220,200
ri6_6 20,314,40
ri7_6 20,318,100
ris_6 20,315,200
r06_9 10,60,50
r07_9 10,82,10
ro8_9 10,83,25
r09_9 10,83,50
r10_9 20,120,40
ri4_9 20,220,100
ris_9 20,220,200
ri6_9 20,314,40
ri7_9 20,318,100
rig_9 20,315,200

(Fixed Cost rank, . Least Most Pseudo-
Capacityrank) Time in Full Strong  Full Strong Infeasible Infeasible cost Random Reliability Solution
(1,5,10), (1,2,8) seconds Branching Branching Branching Branching Branching Branching Branching Based Rule
F,L(10,2) 717.67 734.79 14,400.00  13,909.20 519.07 6,968.09 237.17  1,741.00
F,L(10,2) 0.85 0.66 0.81 0.56 0.67 0.70 0.74 0.44
F,L(10,2) 7.10 5.85 6.15 7.03 6.28 6.05 4.61 5.05
F,L(10,2) 2,252.78 1,826.07 14,400.00  14,400.00 638.57 11,185.40 435.49  3,783.66
F,L(10,2) 3,572.62 3,327.20 14,400.00 10,650.90 1,646.93 14,400.00 1,144.58 14,400.00
F,L(10,2) 14,401.90 14,402.80 14,400.00  14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
F,L(10,2) 14,415.40 14,433.10 14,400.00  14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
F,L(10,2) 14,400.10  9,108.97 12,588.20  11,892.00 2,429.68 3,197.31 2,675.11  4,442.12
F,L(10,2) 14,419.20 14,407.20 14,400.00  14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
F,L(10,2) 14,409.50 14,418.30 14,400.00  14,410.00 14,400.00 14,400.00 14,400.00 14,401.50
F,T(10,8) 151.36 41.10 11.09 12.42 12.08 16.16 18.11 29.81
F,T(10,8) 13.91 18.28 57.00 69.93 12.62 71.47 10.54 77.68
F,T(10,8) 4.76 25.88 69.64 73.98 27.37 48.96 5.58 28.11
F,T(10,8) 28.38 86.57 153.62 74.74 182.70 115.21 48.23 230.95
F,T(10,8) 8,590.86 12,412.80 14,400.00  14,400.00 6,184.22 14,400.00 2,710.12  14,400.00
F,T(10,8) 14,400.10 14,400.10 14,400.00  14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
F,T(10,8) 971.00 1,006.92 540.03 211.36 247.74 265.48 425.97 388.52
F,T(10,8) 14,400.10 14,401.00 14,400.00  14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
F,T(10,8) 14,401.30  14,400.20 14,400.00  14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
F,T(10,8) 14,400.40 14,400.20 14,400.00  14,400.00 14,400.00 14,400.00 14,400.10 14,400.00
Time in sec:
Geometric
Mean 1,040.43 1,094.93 1,633.09 1,484.48 801.77[ 1,387.55 636.28| 1,282.80
Variance 6,865.40| 6,801.54| 6,932.34 6,828.02| 6,877.47| 6,812.75 6,957.40| 6,935.36
NonOpt_Avg 9,960.09] 10,433.39| 10,371.64 9,483.60| 8,513.57| 10,116.34 8,069.47| 9,524.53
(Fixed Cost rank, N Least Most Pseudo- Solution
Capacity rank) Full Strong  Full Strong Infeasible Infeasible cost Random Reliability Based
(1,5,10),(1,2,8) MIP Gap Branching Branching Branching Branching Branching Branching Branching Rule
F,L(10,2) 0.71 0.99 1.12 1.00 1.00 1.00 1.00 1.00
F,L(10,2) 0.60 0.06 0.97 0.79 0.92 0.49 0.06 0.72
F,L(10,2) 0.80 0.65 0.81 0.92 0.92 0.99 0.72 0.92
F,L(10,2) 0.96 1.00 1.93 1.23 1.00 1.00 1.00 1.00
F,L(10,2) 0.99 0.89 2.24 1.00 1.00 1.97 1.00 2.08
F,L(10,2) 7.34 7.60 6.51 5.97 4.44 4.85 6.02 5.86
F,L(10,2) 55.42 55.65 5.33 4.97 4.78 5.03 3.83 4.80
F,L(10,2) 3.45 0.59 1.00 1.00 1.00 1.00 0.99 1.00
F,L(10,2) 7.25 7.25 6.88 5.67 6.20 5.91 5.96 6.46
F,L(10,2) 7.75 7.25 5.45 7.75 7.51 7.73 7.09 7.75
F,T(10,8) 0.50 0.88 0.97 0.93 0.97 0.97 0.97 0.97
F,T(10,8) 0.97 0.95 1.00 1.00 0.99 1.00 1.00 1.00
F,T(10,8) 0.86 0.91 1.00 0.91 0.99 1.00 0.99 0.99
F,T(10,8) 0.81 1.00 0.88 1.00 0.95 0.97 0.99 0.97
F,T(10,8) 1.00 1.00 2.73 2.57 1.00 2.43 1.00 2.62
F,T(10,8) 3.18 3.32 3.30 3.04 3.05 3.06 2.60 3.00
F,T(10,8) 0.98 0.67 0.85 1.00 0.78 0.98 1.00 0.65
F,T(10,8) 6.72 3.87 3.46 3.23 2.40 3.02 2.83 3.08
F,T(10,8) 3.72 4.40 3.94 3.52 3.41 3.58 3.40 3.74
F,T(10,8) 2.81 2.81 2.61 2.21 2.57 2.69 2.99 2.78
MIP Gap:
Geometric
Mean 2.06 1.69 2.01 1.84 1.69 1.85 1.49 1.88
Variance 12.06 12.15 2.02 2.09 2.01 2.02 2.04 2.14
NumOpt 11.00 12.00 8.00 10.00 12.00 10.00 12.00 10.00
NonOpt_Avg 9.86 11.52 4.04 4.02 4.29 4.03 4.34 4.22
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Solving Nodes:

Dataset
r06_6
r07_6
r08_6
r09_6
rl0_6
rl4_6
rl5_6
rl6_6
rl7_6
r18_6
r06_9
r07_9
r08_9
r09_9
rl0_9
ri4 9
r15_9
rl6_9
rl7_9
r18_9

(N,AK)
10,60,50
10,82,10
10,83,25
10,83,50
20,120,40
20,220,100
20,220,200
20,314,40
20,318,100
20,315,200
10,60,50
10,82,10
10,83,25
10,83,50
20,120,40
20,220,100
20,220,200
20,314,40
20,318,100
20,315,200

(Fixed Cost rank,

Capacity rank)

Total Solving FuIIStrong+ Full Strong Infeasible

(1,5,10), (1,2,8) Nodes

F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)

Branching Branching Branching

Least Most

Pseudo-
Infeasible cost Random
Branching Branching Branching Branching Rule

Solution
Reliability Based

1,290.00 1,941.00 2,546,571.00 950,241.00 36,641.00 394,001.00 14,211.00 364,351.00
11.00 36.00 151.00 109.00 141.00 101.00 38.00 154.00
3.00 2.00 131.00 53.00 32.00 111.00 2.00 87.00
1,301.00 2,221.00 972,185.00 403,725.00 31,531.00 575,261.00 12,191.00 233,571.00
561.00 1,262.00 973,494.00 292,341.00 29,001.00 381,219.00 15,421.00 514,911.00
11.00 22.00 9,631.00 4,431.00 5,849.00 5,805.00 1,119.00 19,978.00
4.00 3.00 2,213.00 927.00 1,157.00 1,119.00 788.00 2,184.00
41.00 110.00 196,981.00 13,601.00 3,351.00 12,191.00 1,561.00 25,181.00
2.00 7.00 29,731.00 2,063.00 2,497.00 2,360.00 964.00 706.00
1.00 2.00 1,131.00 1.00 81.00 10.00 146.00 1.00
210.00 167.00 551.00 291.00 181.00 691.00 261.00 1,571.00
333.00 1,161.00 57,571.00 61,341.00 6,441.00 40,291.00 2,871.00 41,061.00
3.00 402.00 14,701.00 9,817.00 1,711.00 8,261.00 453.00 3,081.00
3.00 433.00 10,400.00 3,111.00 3,940.00 6,286.00 851.00 6,840.00
4,822.00 13,141.00 703,333.00 286,279.00 300,391.00 503,376.00 98,051.00 399,178.00
228.00 769.00 45,626.00 20,231.00 20,928.00 31,794.00 24,574.00 17,939.00
33.00 201.00 217.00 45.00 98.00 105.00 503.00 98.00
189.00 931.00 116,518.00 65,636.00 90,539.00 84,009.00 71,125.00 124,999.00
11.00 69.00 21,180.00 4,852.00 5,690.00 1,636.00 3,779.00  3,400.00
17.00 61.00 3,383.00 4,272.00 1,882.00 3,450.00 226.00 264.00
Solving Nodes:
Geometric
Mean 39.61 141.73 16,364.82 4,549.57 2,989.70] 5,833.92 1,399.99| 4,835.00|
Variance 1101.49| 2901.09 620030.86] 231331.86| 67863.70| 189782.43 25946.00 158234.21

Results for the solution based branching rule with approach 2 (that calculates

aver age utilization of the last copy of thearc)

(Fixed Cost rank, Capacity rank) Total Solving
Dataset | (N,A,K) (1,5,10),(1,2,8) Time (sec) | MIP Gap | Nodes
r06_6 10,60,50 F,L(10,2) 3,512.03 1.00 439,601.00
r07_6 10,82,10 F,L (10,2) 0.71 0.72 160.00
r08_6 10,83,25 F,L(10,2) 5.87 0.92 113.00
r09_6 10,83,50 F,L(10,2) 3,140.79 1.00 228,881.00
r10_6 20,120,40 F,L(10,2) 14,400.00 2.11 598,054.00
rl4_6 20,220,100 | F,L(10,2) 14,400.00 4.96 23,308.00
r15_6 20,220,200 | F,L(10,2) 14,400.00 4.80 2,089.00
rl6_6 20,314,40 F,L(10,2) 4,025.38 1.00 25,621.00
rl7_6 20,318,100 | F,L(10,2) 14,400.00 6.14 5,703.00
r18_6 20,315,200 | F,L(10,2) 14,400.10 7.75 7.00
r06_9 10,60,50 F,T(10,8) 20.87 1.00 1,071.00
r07_9 10,82,10 F,T(10,8) 42.66 1.00 34,551.00
r08_9 10,83,25 F,T(10,8) 31.53 0.98 3,971.00
r09_9 10,83,50 F,T(10,8) 257.39 0.98 8,832.00
r10_9 20,120,40 F,T(10,8) 14,400.00 2.61 340,344.00
rl4_9 20,220,100 | F,T(10,8) 14,400.00 2.81 12,287.00
r15_9 20,220,200 | F,T(10,8) 433.47 0.79 58.00
rl6_9 20,314,40 F,T(10,8) 14,400.00 3.04 174,326.00
rl7_9 20,318,100 | F,T(10,8) 14,400.00 3.66 8,473.00
r18_9 20,315,200 | F,L(10,8) 14,400.00 2.73 2,601.00

Geometric Mean 1,310.20 1.87 6,931.38
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Part C: Variant_I_B

Time:
Dataset (N,AK)
r06_6 10,60,50
076  10,82,10
r08_6 10,83,25
r09_6 10,83,50
r10_6 20,120,40
rl4_6 20,220,100
r16_6 20,314,40
r17_6 20,318,100
r18_6 20,315,200
r06_9 10,60,50
r08_9 10,83,25
r09_9 10,83,50
r10_9 20,120,40
r14_9 20,220,100
r15_9 20,220,200
r16_9 20,314,40
r17_9 20,318,100
r18_9 20,315,200

MIP Gap:
Dataset (N,A,K)
r06_6 10,60,50
r07_6 10,82,10
r08_6 10,83,25
r09_6 10,83,50
r10_6 20,120,40
rl4 6 20,220,100
rl6_6 20,314,40
rl7_ 6 20,318,100
ri8 6 20,315,200
r06_9 10,60,50
r08_9 10,83,25
r09_9 10,83,50
r10_9 20,120,40
rl4 9 20,220,100
r15 9 20,220,200
rl6_9 20,314,40
r17. 9 20,318,100
ri8 9 20,315,200

(Fixed Cost rank,
Capacity rank)
(1,5,10), (1,2,8)

F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)

(Fixed Cost rank,
Capacity rank)
(1,5,10), (1,2,8)

F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)

Least

Most

Pseudo-

Time FuIIStrong+ Full Strong Infeasible Infeasible cost Random Reliability Solution
inseconds  Branching Branching Branching Branching Branching Branching Branching Based Rule
5,293.32  5,483.07 14,400.00 14,400.00 1,760.68 14,400.00 551.21 14,400.00
0.18 0.19 0.19 0.18 0.30 0.23 0.19 0.17
1.15 121 171 1.17 133 1.29 1.52 173
14,400.00 10,671.80 14,400.00  14,400.00 3,838.40 14,400.00  1,222.35 14,400.00
1,242.28  1,310.02 14,400.00 5,221.75 396.64 14,008.00 194.91 633.05
14,403.50 14,400.20 14,400.00  14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
14,400.40  9,404.75 14,400.00 14,400.00 1,078.02 14,400.00  1,149.62 810.86
14,408.60 14,401.50 14,400.00  14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
14,412.30 14,412.10 14,400.00  14,400.10 14,400.00 14,400.00 14,400.00 14,400.00
87.63 29.10 728.56 738.25 2391 1,600.54 15.21 7.57
0.59 0.70 0.72 0.72 0.77 0.68 0.77 0.66
12.27 13.08 4.90 3.91 3.99 3.64 7.24 3.92
2.44 3.16 2.89 2.88 3.06 2.76 3.07 3.01
14,400.00 14,400.20 14,400.00  14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
14,400.60 14,400.10 14,400.00  14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
237.69 159.49 413.56 152.27 69.87 53.39 112.69 81.81
14,400.60 14,400.10 14,400.00  14,400.00 14,400.00 14,400.00 14,401.70 14,400.00
14,400.50  14,400.20 14,400.00  14,400.00 14,400.00 14,400.00 14,400.00 14,400.00
Time insec:
Geometric
Mean 536.05 492.09 749.05 646.04, 331.40 678.56 286.03 372.84,
Variance 7,118.51] 6,762.31] 7,143.01 7,068.64| 6,957.66| 7,096.05| 7,084.16| 7,323.76
NonOpt_Avg 8,166.30]  7,725.60| 10,121.82 7,577.76] 6,392.51| 10,046.54]  6,380.28] 5,591.31
Least Most Pseudo- Solution
FuIIStrong+ Full Strong Infeasible Infeasible cost Random Reliability Based
MIP Gap Branching Branching Branching Branching Branching Branching Branching Rule
0.97 0.72 2.57 171 1.00 1.61 1.00 1.00
0.43 0.43 0.43 0.43 0.43 0.43 0.43 0.43
0.94 0.94 0.94 0.94 0.94 0.94 0.94 0.94
2.42 0.93 3.91 2.49 1.00 2.82 1.00 2.17
0.70 0.89 1.51 1.00 0.99 1.00 0.97 1.00
11.62 10.79 11.55 10.78 10.27 10.43 9.86 10.52
2.57 0.99 2.03 1.06 1.00 1.03 0.99 1.00
12.60 12.03 11.81 11.46 11.39 11.08 10.70 11.35
15.85 15.85 12.75 15.79 15.64 15.05 14.91 13.14
0.79 0.83 1.00 1.00 0.96 1.00 0.97 0.98
0.94 0.94 0.94 0.94 0.94 0.94 0.94 0.94
0.94 0.99 0.99 0.99 0.99 0.99 0.99 0.99
0.99 0.99 0.99 0.99 0.99 0.99 0.99 0.99
9.76 9.44 7.48 9.32 7.75 5.88 7.84 8.52
2.49 2.40 2.47 2.31 2.20 2.30 2.04 2.32
0.86 0.92 1.00 0.99 0.99 1.00 0.99 1.00
8.56 8.37 8.33 7.92 8.25 8.07 8.15 8.09
12.22 11.94 10.74 12.05 11.21 11.07 10.71 12.08
MIP Gap:
Geometric
Mean 2.38 2.12 2.62 2.39 2.16 2.32 2.12 2.26
Variance 5.32 5.25 4.52 5.08 4.97 4.71 4.74 4.74
NumOpt 9.00 11.00 7.00 8.00 11.00] 8.00 11.00] 10.00]
NonOpt_Avg 8.68 10.12 6.83 8.46 9.53 6.39 9.17 8.52
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Solving Nodes:

Dataset
r06_6
r07_6
r08_6
r09_6
r10_6
r14_6
r16_6
r17_6
ri8_6
r06_9
r08_9
r09_9
r10_9
r14_9
r15_9
r16_9
r17_9
r18_9

(Fixed Cost rank, Least Most Pseudo-
Capacityrank)  Total Solving FuIIStrong+ Full Strong Infeasible Infeasible cost Random Reliability Solution
(N,A,K) (1,5,10),(1,2,8) Nodes Branching Branching Branching Branching Branching Branching  Branching Based Rule
10,60,50 F,L(10,2) 363.00 1,965.00 1,272,046.00 902,861.00 95,502.00 1,230,455.00 31,242.00 1,692,802.00
10,82,10 F,L(10,2) 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
10,83,25 F,L(10,2) 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
10,83,50 F,L(10,2) 353.00 3,918.00 626,779.00 849,766.00 211,041.00 944,262.00 66,691.00 447,061.00
20,120,40 F,L(10,2) 5.00 133.00 640,251.00 147,332.00 11,232.00 630,132.00 3,242.00 17,892.00
20,220,100 F,L(10,2) 1.00 7.00 27,771.00 8,148.00 8,340.00 5,322.00 4,691.00 8,268.00
20,314,40 F,L(10,2) 3.00 68.00 333,596.00 184,709.00 7,282.00 257,111.00 3,922.00 7,652.00
20,318,100 F,L(10,2) 1.00 2.00 14,314.00 3,167.00 3,905.00 4,090.00 3,536.00 8,412.00
20,315,200 F,L(10,2) 1.00 1.00 2,064.00 353.00 745.00 355.00 387.00 487.00
10,60,50 F,T(10,8) 14.00 22.00 160,482.00 171,412.00 3,252.00  405,642.00 51.00 371.00
10,83,25 F,T(10,8) 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
10,83,50 F,T(10,8) 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00
20,120,40 F,T(10,8) 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
20,220,100 F,T(10,8) 1.00 102.00  42,621.00 25,679.00 8,711.00 37,985.00 13,236.00 10,870.00
20,220,200 F,T(10,8) 1.00 417.00 10,793.00 43,219.00 28,491.00 45,954.00 27,654.00 22,825.00
20,314,40 F,T(10,8) 4.00 3.00 22,973.00 1,053.00 543.00 463.00 453.00 983.00
20,318,100 F,T(10,8) 1.00 16.00 8,969.00 7,522.00 6,167.00 7,235.00 1,580.00 6,796.00
20,315,200 F,T(10,8) 1.00 16.00 5,793.00 3,177.00 7,742.00 10,193.00 3,667.00 2,699.00
Solving Nodes:
Geometric
Mean 2.97| 15.30] 2,632.77 1,552.06 717.04 1,901.38 378.15 798.65
Variance 115.02 998.32| 343,317.78| 278,520.13| 52,210.65| 369,850.36| 17,170.05| 405,193.75
Results for the solution based branching rule with approach 2 (that calculates
aver age utilization of thelast copy of thearc)
(Fixed Cost rank, Capacity rank) Total Solving
Dataset | (N,A,K) (1,5,10), (1,2,8) Time (sec) | MIP Gap | Nodes
r06_6 10,60,50 F,L(10,2) 14,400.00 1.66 833,096.00
r07_6 | 10,82,10 F,L(10,2) 0.19 0.43 1.00
r08_6 10,83,25 F,L(10,2) 1.33 0.94 1.00
r09_6 10,83,50 F,L(10,2) 14,400.00 1.94 835,646.00
rl0_6 20,120,40 F,L(10,2) 401.55 1.00 18,592.00
rl4_6 20,220,100 | F,L(10,2) 14,400.00 10.42 20,474.00
rl6_6 20,314,40 F,L(10,2) 634.22 1.00 7,802.00
rl7_6 20,318,100 | F,L(10,2) 14,400.00 11.10 11,950.00
rl8_6 20,315,200 | F,L(10,2) 14,400.00 13.14 511.00
r06_9 10,60,50 F,T(10,8) 6.64 0.97 232.00
r08_9 10,83,25 F,T(10,8) 0.94 0.94 1.00
r09 9 | 10,83,50 F,T(10,8) 5.47 0.99 3.00
rl0_ 9 | 20,120,40 | F,T(10,8) 3.90 0.99 1.00
rl4_9 20,220,100 | F,T(10,8) 14,400.00 8.53 5,886.00
r15_9 20,220,200 | F,T(10,8) 14,400.00 2.33 12,232.00
rl6_9 20,314,40 F,T(10,8) 75.97 1.00 843.00
rl7_9 20,318,100 | F,T(10,8) 14,400.00 8.20 6,263.00
r18_9 20,315,200 | F,L(10,8) 14,400.00 10.21 9,162.00
Geometric Mean 370.53 2.29 823.90
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APPENDIX II
RESULTS WITH GLPK

In order to analyze the influence of the SCIP sotwe the performance of the branching rules,

we also analyzed the Variant_B_C with GLPK sol@rthe existing branching rules.

Experimental Setup

We have used the default best-bound method fondlde selection. The integer feasible solution
is obtained for all the instances by using the S&dRer. Time limit is set to 30 hours for
obtaining this solution. This solution is then usad a heuristic primal solution while

implementing various branching rules.

Different variations of the network design problearmulation are used for testing the branching
rules with GLPK. These variations include formuati with and without disaggregation
constraints. GLPK default branching strategy alswplements the pseudo-cost based node
selection strategy along with the variable selectidfter selecting the branching variable with
maximum pseudo-cost, this strategy further seleesof the two active branches with minimum
pseudo-cost value. In order to analyze whethemibesido-cost based node selection strategy has
significant effect on performance, we also testevariable selection methods with pseudo-cost

based node selection strategy and the defaulbloesstd node selection strategy.

The statistics such as MIP Gap and the solutior tireeded to solve the problem instances
within the specified time and MIP gap limits areedsto determine which branching rule

performs the best for network design problems. fi@thods such as reliability branching, for

which the performance depends on certain parametaes, are tested for different parameter
settings, and the parameter values which give #st performance for the network design

problem are determined.
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Parameter Settings:

The following table presents the parameter settittyggt we have used for our GLPK

experiments.

Table 21 : Parameter settings with GLPK

Branching Rule Parameters Values Description
Reliability mu 1/6 for assigning the score to
Branching candidate variables using

(2- mu ) * min + mu * max;

gamma 2*gamma_avg The iteration limit f or
strong branching
evaluations(gamma_avg is

the average number of
simplex iterations per LP
needed so far)

lambda 8 maximal number of further
variables evaluated
without better score

etarel 8 Reliability parameter
Pseudo-Cost mu 1/6 for assigning the score to
Branching candidate variables using

(2- mu ) * min + mu * max;

Branching rules simplexparm2.it_lim 2*gamma_avg; Simplex iteration limit
based on the LP . .

. while calculating the LP
relaxation of the
child nodes — relaxation of child nodes.
(strong, entropic is th
lookahead. (gamma_avg is the average
reliability, number of simplex
pseudocost)

iterations per LP needed

so far)

Results for the Existing Branching Rules

Table 22 presents the summary of the results witRkGfor the formulation with disaggregation

constraints and with the default (best-bound) nselection strategy considering the pseudo-
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costs. Table 23 presents the computational refulthe formulation with the pseudo-cost based
node selection strategy. From the geometric medheofime utilized and MIP gap presented in
these results, the pseudo-cost branching and liabiligy branching methods perform the best

among the existing branching rules.

Table 22: GLPK formulation with disaggregation, with the default (best-bound) node selection strategy

Best

Estimate | Entropic Entropic Pseudo- Most Strong

Method | Branching | Lookahead | Cost Reliability | Fractional | Branching
Time in seconds:
Geometric Mean | 7,387.08 | 14,187.99 | 12,201.83 | 6,045.11 | 6,248.78 | 10,009.04 | 7,404.05
MIP Gap: 10.24 15.79 17.85 10.45 10.68 18.13 11.57
Geometric Mean

Table 23: GLPK formulation with disaggregation, with the pseudo-cost based node selection

Best

Estimate | Entropic Entropic Pseudo- Most Strong

Method | Branching | Lookahead | Cost Reliability | Fractional | Branching
Time in seconds:
Geometric Mean | 7,723.20 | 14,172.12 | 12,783.17 | 5,338.63 | 6,957.64 | 10,466.93 | 8,945.31
MIP Gap:
Geometric Mean 9.57 14.66 18.27 9.43 10.31 17.37 10.98

In the results presented in Appendix I, we highlighe cell that represents winner for a
particular instance after considering both MIP gapl the time utilized for solving that instance.
We present our conclusions for the winning branghule based on the average over all the

instances for a particular branching rule.

Thus, we conclude from the results with GLPK tlinet pseudo-cost branching and the reliability
branching are the ‘winners’ among the existing bhamg rule for the network design problem.
The other branching rules such as strong branchimdjthe best estimate methods also perform

remarkably well with respect to the solution tinmeldhe MIP gap.

As mentioned in Achterberg et al. (2005) [1], weaoalnoticed the observation that most

fractional branching rule is basically as good @asdom branching. Furthermore, the entropic
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branching and the entropic look-ahead methods ateas competitive compared to other
branching rules. Hence, we refrain from consideboth the rules any further in our discussion
and in the analysis of the branching rules withFSCl

After determining the existing branching stratetppttperforms best for the network design
problems, we further analyzed certain statisticsdfeveloping a new branching rule. We studied
the statistics such as current and average utdizadf first five variables that are branched on,
average change in bounds for different utilizatiewels, variables that are branched on most of
the times, and record of the paths from root nadedde level 5. We studied if there is any
relation between the variables selected for brangclaind the structure of the network in the
particular data-set. The variations in these giedisare analyzed for the different branching
rules.
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Part A: With Disaggregation Constraints and with the psecmt based node selection strategy:

Time Utilized:
Best
(Fixed Cost rank, Capacity rank) Objective  Entropic  Entropic PseudoCost Most Strong
Dataset (N,A,K) (1,5,10), (1,2,8) Estimate Branching Lookahead WithHistory Reliability Fractional Branching
r06_6 10,60,50 F,L(10,2) 14398.42  14398.49 14290.35 14398.54 14398.3  14398.47 14399.1
r07_6 10,82,10 F,L(10,2) 295.85 14251.81 865.81 154.91 210.5 86.97 325.4
r08_6 10,83,25 F,L(10,2) 7103.41 14244.88  14277.36 14397.9  3552.24 1439844  9085.08
r09_6 10,83,50 F,L(10,2) 14404.78  14250.14 14279.61 14398.28  14398.08 14398.02 14397.74
r10_6 20,120,40 F,L(10,2) 14402.89 14255.22 14283.47 14398.59  14411.98 14397.9 14300.64
rl4 6 20,220,100 F,L(10,2) 14434 14000 14000 14000 14000 14000 14000
r15_6 20,220,200 F,L(10,2) 14000 14000 14000 14000 14000 14000 14000
r16_6 20,314,40 F,L(10,2) 14403.07 14400.7 14285.17 14398.43  14278.07 14400.76 14295.69
r17_6 20,318,100  F,L(10,2) 14000 14000 14000 14000 14000 14000 14000
r18_6 20,315,200  F,L(10,2) 14000 14000 14000 14000 14000 14000 14000
r06_9 10,60,50 F,T(10,8) 8575.79  14267.02 14398.14 819.08 3122.04 2181.02 14400.44
r07_9 10,82,10 F,T(10,8) 138.97 14252.86 14397.41 12.8 111.84 14243.96 216.35
r08_9 10,83,25 F,T(10,8) 5034.43  14259.04 14397.51 987.95 3554.23  14259.42 9320.57
r09_9 10,83,50 F,T(10,8) 1389.95 14398.77 11357.55 14255.31 691.44 14236.49 221.45
r10_9 20,120,40 F,T(10,8) 14277.88  14398.88 14413.52 14256.87 14287.4 14253.26 14404.71
rl4 9 20,220,100 F,T(10,8) 14000 14000 14000 14000 14000 14000 14000
r15_9 20,220,200 F,T(10,8) 14000 14000 14000 14000 14000 14000 14000
rl6_9 20,314,40 F,T(10,8) 14292.28 14401 14420.88 14260.89  14276.71 14260.29 14310.93
rl7_9 20,318,100 F,T(10,8) 14000 14000 14000 14000 14000 14000 14000
r18_9 20,315,200 F,L(10,8) 14000 14000 14000 14000 14000 14000 14000
|Average Time Utilized: 7387.08| 14187.99 12201.83 6045.11 6248.78| 10009.04 7404.05

MIP Gap:

(Fixed Cost rank, Best

Capacity rank) Objective  Entropic Entropic PseudoCost Most Strong
Dataset (N,A,K) (1,5,10), (1,2,8) Estimate Branching Lookahead  WithHistory Reliability Fractional Branching
r06_6 10,60,50 F,L(10,2) 7.08 9.16 16.28 6.90 4.94 18.09 8.38
r07_6 10,82,10 F,L(10,2) 0.96 12.47 0.90 1.00 1.03 0.92 0.99
r08_6 10,83,25 F,L(10,2) 0.94 10.08 9.89 4.49 0.99 7.06 0.97
r09_6 10,83,50 F,L(10,2) 15.22 15.17 20.88 9.85 16.35 19.76 18.41
r10_6 20,120,40 F,L(10,2) 22.02 17.78 29.12 16.10 21.84 23.83 28.76
r14_6 20,220,100 F,L(10,2) 42.30 32.30 43.70 35.20 43.40 40.70 43.00
r15_6 20,220,200 F,L(10,2) 38.10 32.10 38.00 29.80 38.20 36.80 37.90
r16_6 20,314,40 F,L(10,2) 57.90 55.31 57.49 50.11 55.15 53.17 56.32
r17_6 20,318,100 F,L(10,2) 53.30 50.80 54.10 47.80 53.30 51.40 53.30
r18_6 20,315,200 F,L(10,2) 41.50 32.10 41.80 38.40 41.80 39.60 41.30
r06_9 10,60,50 F,T(10,8) 0.99 5.15 6.23 0.97 0.95 0.91 5.16
r07_9 10,82,10 F,T(10,8) 0.99 2.38 7.48 0.97 0.99 7.86 0.95
r08_9 10,83,25 F,T(10,8) 0.94 3.13 16.79 0.99 0.99 20.18 1.00
r09_9 10,83,50 F,T(10,8) 1.00 2.14 0.90 9.86 1.00 13.31 0.91
r10_9 20,120,40 F,T(10,8) 6.74 13.62 17.54 6.42 13.38 23.39 9.56
r14_9 20,220,100 F,T(10,8) 36.90 30.30 36.70 18.90 36.90 36.20 35.00
r15_9 20,220,200 F,T(10,8) 21.50 14.70 20.30 16.10 21.50 21.00 20.40
r16_9 20,314,40 F,T(10,8) 34.70 31.72 37.62 24.05 32.57 34.31 35.25
r17_9 20,318,100 F,T(10,8) 33.00 26.90 33.00 21.50 33.00 31.40 32.50
r18_9 20,315,200 F,L(10,8) 44.90 43.80 44.90 36.40 44.90 44.60 44.90

|Average MIP Gap: [ 10.24] 15.79] 17.85] 1045]  10.68] 1813 1157
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Part B: With Disaggregation Constraints and with the deféagst bound) node selection

strategy:
Time Utilized:
Best
(Fixed Cost rank, Capacity rank) Objective  Entropic  Entropic PseudoCost Most Strong
Dataset (N,A,K) (1,5,10), (1,2,8) Estimate Branching Lookahead WithHistory Reliability Fractional Branching
r06_6 10,60,50 F,L(10,2) 14398.42  14398.49 14290.35 14398.54 14398.30 14398.47 14399.10
r07_6 10,82,10 F,L(10,2) 295.85 14251.81 865.81 154.91 210.50 86.97 325.40
r08_6 10,83,25 F,L(10,2) 7103.41 14244.88 14277.36 14397.90 3552.24 14398.44 9085.08
r09_6 10,83,50 F,L(10,2) 14404.78 14250.14 14279.61 14398.28 14398.08 14398.02 14397.74
r10_6 20,120,40 F,L(10,2) 14402.89  14255.22 14283.47 14398.59 14411.98 14397.90 14300.64
rl4_6 20,220,100 F,L(10,2) 14434.00 14000.00 14000.00 14000.00 14000.00 14000.00 14000.00
r15_6 20,220,200 F,L(10,2) 14000.00 14000.00 14000.00 14000.00 14000.00 14000.00 14000.00
rl6_6 20,314,40 F,L(10,2) 14403.07  14400.70 14285.17 14398.43  14278.07 14400.76 14295.69
rl7_6 20,318,100 F,L(10,2) 14000.00 14000.00 14000.00 14000.00 14000.00 14000.00 14000.00
r18_6 20,315,200 F,L(10,2) 14000.00 14000.00 14000.00 14000.00 14000.00 14000.00 14000.00
r06_9 10,60,50 F,T(10,8) 8575.79  14267.02 14398.14 819.08 3122.04 2181.02  14400.44
r07_9 10,82,10 F,T(10,8) 138.97 14252.86 14397.41 12.80 111.84 14243.96 216.35
r08_9 10,83,25 F,T(10,8) 5034.43  14259.04 14397.51 987.95 3554.23  14259.42 9320.57
r09_9 10,83,50 F,T(10,8) 1389.95 14398.77 11357.55 14255.31 691.44 14236.49 221.45
r10_9 20,120,40 F,T(10,8) 14277.88 14398.88 14413.52 14256.87 14287.40 14253.26 14404.71
rl4_9 20,220,100 F,T(10,8) 14000.00 14000.00 14000.00 14000.00 14000.00 14000.00 14000.00
r15_9 20,220,200 F,T(10,8) 14000.00 14000.00 14000.00 14000.00 14000.00 14000.00 14000.00
r16_9 20,314,40 F,T(10,8) 14292.28 14401.00 14420.88 14260.89 14276.71 14260.29 14310.93
r17_9 20,318,100 F,T(10,8) 14000.00 14000.00 14000.00 14000.00 14000.00 14000.00 14000.00
r18_9 20,315,200 F,L(10,8) 14000.00 14000.00 14000.00 14000.00  14000.00 14000.00  14000.00
|Average Time Utilized: 7387.081247| 14187.993| 12201.8277| 6045.111151 6248.78| 10009.042| 7404.0476

MIP Gap:

(Fixed Cost rank, Best

Capacity rank)  Objective Entropic  Entropic  PseudoCost Most Strong
Dataset (N,A,K) (1,5,10),(1,2,8) Estimate Branching Lookahead WithHistory Reliability Fractional Branching
r07_6 10,82,10 F,L(10,2) 0.98 9.30 0.90 0.97 0.98 0.97 0.97
r08_6 10,83,25 F,L(10,2) 0.94 7.21 8.50 2.32 1.00 4.76 0.97
r09_6 10,83,50 F,L(10,2) 12.59 13.82 20.40 13.32 15.86 17.98 16.54
rl0_6 20,120,40 F,L(10,2) 17.76 14.77 23.31 17.08 17.79 20.87 17.64
rl4 6 20,220,100 F,L(10,2) 39.20 36.70 43.00 34.50 40.10 37.90 43.00
r15 6 20,220,200 F,L(10,2) 38.60 28.00 38.50 34.30 37.90 35.60 38.20
rl6_6 20,314,40 F,L(10,2) 52.54 51.99 54.34 47.69 51.67 49.42 51.34
rl7_6 20,318,100 F,L(10,2) 52.00 48.50 53.00 46.40 51.30 48.70 52.80
ri8 6 20,315,200 F,L(10,2) 41.50 34.60 42.00 37.40 41.00 38.50 41.90
r06_9 10,60,50 F,T(10,8) 1.00 3.56 3.72 1.00 0.91 0.91 1.00
r07_9 10,82,10 F,T(10,8) 0.99 2.07 6.48 1.00 0.91 7.06 1.00
r08_9 10,83,25 F,T(10,8) 1.00 3.20 13.88 1.00 0.97 19.45 1.00
r09_9 10,83,50 F,T(10,8) 1.24 3.93 9.11 6.03 2.88 16.48 4.37
r10_9 20,120,40 F,T(10,8) 5.13 12.43 10.89 8.05 5.09 23.18 8.80
rl4 9 20,220,100 F,T(10,8) 28.90 29.30 36.60 33.50 36.60 35.70 36.60
r15_9 20,220,200 F,T(10,8) 20.30 13.30 20.80 1.00 21.10 21.90 20.80
r16_9 20,314,40 F,T(10,8) 26.23 27.85 33.40 31.66 29.26 32.66 26.07
rl7_9 20,318,100 F,T(10,8) 28.30 22.50 33.00 28.90 32.10 30.40 33.10
ri8_9 20,315,200 F,L(10,8) 44.90 41.30 46.10 44.80 46.00 45.10 46.10

Average MIP gap 9.57 14.66 18.27 9.43 10.31 17.37 10.98
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APPENDIX III

Results for analyzing the effect of quality and quantity of the feasible
solutions:

The following tables present the results for thieitsan based approach for all the tested MIP gap
ranges and quantity of feasible solutions. We werable to collect the feasible solutions in all
the MIP gap ranges for some datasets. Hence, thdtgefor such occurrences are blank

(represented by ‘-) in the following tables.

2000 feasible solutions

Results with 2000 feasible solutions TIME MIP Gap

(Fixed Cost rank,

Capacity rank)
Dataset (N,A,K) (1,5,10), (1,2,8) Oto 10 10to20 20to30 30to40 40to 50 Oto 10 10to20 20to30 30to40 40to50
r06_6 10,60,50 F,L(10,2) 393.63 481.05 388.75 573.17 1879.99 1 0.99 1 1 1
r07_6 10,82,10 F,L(10,2) 3.85 3.71 3.8 3.1 6.15 0.89 0.96 0.96 0.99 0.96
r08_6 10,83,25 F,L(10,2) 8.52 - 9.41 8.69 11.47 0.95 - 0.92 0.92 0.95
r09_6 10,83,50 F,L(10,2) 449.72 725.46 454.06 199.28 755.17 1 1 1 1 1
r10_6 20,120,40 F,L(10,2) - 1154.03 847.4 2215.24 3865.97 - 1 1 1 1
rl6_6 20,314,40 F,L(10,2) - - - 14400 14400 - - - 1.63 1.07
r06_9 10,60,50 F,T(10,8) 8.11 10.7 12.69 8.98 14.64 0.97 0.95 0.99 0.87 0.93
r07_9 10,82,10 F,T(10,8) 30.49 36.84 47.24 37.62 15.87 1 1 1 1 0.99
r08_9 10,83,25 F,T(10,8) 90.96 262.5 343.51 425.94 337.42 1 1 1 1 1
r09_9 10,83,50 F,T(10,8) 33.34 41.28 67.95 57.09 56.19 1 0.85 1 0.99 0.99
r10_9 20,120,40 F,T(10,8) 2681.1 8145.28 11585 14316.5 14400 1 1 1 1 1.2
rl4 9 20,220,100 F,T(10,8) - - - 14400 14400 - - - 4.6 5.42
r15 9 20,220,200 F,T(10,8) 218.47 - 258.16 473.64 - 0.45 - 0.45 0.45 -
rl8 9 20,315,200 F,L(10,8) - - - - 14403.8 - - - - 5.79

500 feasible solutions

Results with 500 feasible solutions TIME MIP Gap

(Fixed Cost rank,

Capacity rank)
Dataset (N,A,K) (1,5,10), (1,2,8) Oto 10 10to20 20to30 30to40 40to50 Oto 10 10to20 20to30 30to40 40to50
r06_6 10,60,50 F,L(10,2) 360.04 508.95 555.38 906.52 1270.86 0.99 1 1 1 1
r07_6 10,82,10 F,L(10,2) 4.27 4.09 2.95 4.06 3.86 0.95 0.96 0.96 0.86 0.96
r08_6 10,83,25 F,L(10,2) 11.31 - 7.39 9.23 9.58 0.95 - 0.96 0.84 0.9
r09_6 10,83,50 F,L(10,2) 687.33 802.47 269.93 365.36 463.1 1 1 1 1 1
r10_6 20,120,40 F,L(10,2) - 1191.38 694.82 3149.86 3109.92 - 0.94 1 1 1
rl6_6 20,314,40 F,L(10,2) - - - 14400 14400 - - - 4.26 1.05
r06_9 10,60,50 F,T(10,8) 10.96 7.42 11.84 8.24 10 0.9 0.95 0.99 0.83 0.93
r07_9 10,82,10 F,T(10,8) 42.04 24.17 34.15 39.37 20.17 1 1 1 1 0.99
r08_9 10,83,25 F,T(10,8) 89.29 380.68 478.63 287.09 281.27 1 1 1 1 1
r09_9 10,83,50 F,T(10,8) 31.43 35.74 47.82 42.4 32.02 0.84 1 1 0.99 0.95
r10_9 20,120,40 F,T(10,8) 4712.8 14400 6014.1 14400 14400 1 1.27 1 1.1 1.09
rl4 9 20,220,100 F,T(10,8) - - - 14400 14400 - - - 0.45 5.03
r15 9 20,220,200 F,T(10,8) 380.99 - 155.02 218.43 - 0.45 - 0.45 1.45 -
rl8 9 20,315,200 F,L(10,8) - - - - 14400 - - - - 4
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100 feasible solutions

Results with 100 feasible solutions

Dataset
r06_6
r07_6
r08_6
r09_6
rl0_6
rl6_6
r06_9
r07_9
r08_9
r09_9
rl0_9
rl4 9
rl5_9
ri8 9

(N,AK)
10,60,50
10,82,10
10,83,25
10,83,50
20,120,40
20,314,40
10,60,50
10,82,10
10,83,25
10,83,50
20,120,40

(Fixed Cost rank,
Capacity rank)
(1,5,10), (1,2,8)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,L(10,2)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)
F,T(10,8)

20,220,100 F,T (10,8)
20,220,200 F,T (10,8)
20,315,200 F,L(10,8)

TIME

Oto 10
465.25
2.51
13.95
1256.15

6.86
25.88
144.35
35.6
5260.31

440.11

674.2
3.05
391.69
887.48

11.13
37.33
459.61
48.95
14400

638.6
3.08
11.01
231.54
1221.02

8.86
30.48
286.88
62.77
12952.7

232.14

1269.2

3.22
9.91

181.16
3052.37
14400

6.38

44.79
263.59
52.07
14400
14400.2
377.65

90

10to20 20to30 30to40 40to 50

2592.38
3.79
8.81
358.91
2700.97
14400
9.79
15.26
266.01
20.99
14400

14403.8

14400

MIP Gap

Oto 10

1
0.96
0.86

0.45

1
0.95

0.88

1
0.95
0.92

1
0.99
0.65

10to20 20to30 30to40 40to 50

1
0.96
0.94

1

1
4.23
0.97
0.99

0.98
1.07
1.01

5.76



APPENDIX IV

File Formats

1. Format of the data-files
The format of the data files that we used forladl instances is as follows:

+ number_of _nodes, number_of_arcs, number_of _commasdit
-+ for each arc:

from_node, to_node, variable_cost, capacity, fixedt, any _number, any_number
« for each commodity:

from_node, to_node, demand (>0)

2. Format of the files containing the set of feasgutions

We have collected the set of feasible solutionthenfile that represent each arc and the total

flow of all the commodities on each arc.

* Index of the variable representing arc: total flomvthat arc

3. Format of the files containing the primal heuristdutions

There is separate file containing the primal heigrisolution for each of the tested data-sets.

These files contain the values of all the varialnhes particular solution.
Implementation details for SCIP

Collecting feasible solutions:
For implementing the solution based approach oiabée selection, we initially collected the

pool of feasible solutions as described above &hevariant of the network design problem. For

this, we initially implemented the formulation ¢fet MIP in SCIP.
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We can enumerate the feasible solutions of a gimewd integer program with the methods
available in SCIP. These methods return the vatdiedl the variables that are active in the
current sub-problem. In addition to these activaabdes, there can also be some aggregated,
multi-aggregated, and the fixed variables presanthe sub-problem whose values are not
reflected in the solutions returned by SCIP methddms for obtaining the complete solution,
we turned the aggregation and multi-aggregatiothefvariables off for our experiments. The
methods for obtaining the values and the indicetheffixed variables are available in SCIP.
Using this data, we inserted the values of thedfixariables at the appropriate positions in order
to obtain the values of all variables in the cdbelcfeasible solutions. Thus, we created the final
solution files has the data that represents tla fiotv on each arc for each feasible solution.

We can also specify the number of feasible solstiowith the parameter
“constraints/countsols/sollimit”. Furthermore, wancspecify the MIP gap range for these
feasible solutions by specifying the bounds ondbjective function as presented in the section
7.1.

Adding a user-defined branching rule

We have added our own branching rules by definhegplug-ins ‘branch_mybranchingrule.h’

and ‘branch_mybranchingrule.c’. We need to make shat we adjust the makefile such that
these files are compiled and linked to our mainguto SCIP provides some interface methods
that are responsible for notifying SCIP that thevr@anching rule is available along with the
default list of branching rules. SCIP also providesious callback methods for defining and
using the user-defined branching rules. The mopbmant callback method BRANCHEXECLP

that we have used performs the actual task of géngrthe branching. This callback method is

executed while branching at the time of node praiocgsf a fractional LP solution is available.
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Assigning the variable specific data

The SCIP solver provides the methods that we cartaibandle the data specific to the problem
variables. This data is assigned to the varialilisestime of variable creation. We have used the
plug-ins ‘scipvardata.h’ and ‘scipvardata.c’ in domplementation for assigning the variable

data. We can retrieve this variable specific datgime during the solving process. Hence in our
implementation, we have stored the average uiitimabf each arc as the variable data
corresponding to the particular arc. We then usedata while implementing the solution based

branching rule.

Sdlecting a particular existing branching rule and separator (cutting planes)

SCIP solver has some existing branching rules impiged in the source-code. We can select a
particular branching rule by increasing the prionitalue for a particular branching rule.

Similarly, a particular separator can be selectethtreasing the priority value.
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