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Abstract

It is our goal to investigate the long term behavior of the solutions of the following
difference equation:

1+ X,

where {A, },_, is a periodic sequence of positive real numbers. We will examine how the

different periods of the sequence and the relationship of the terms of the sequence affect
the long term behavior of the solutions.
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1 Introduction

Our goal in this paper is to investigate the long term behavior of the solutions of the
following non-autonomous difference equation:

_AX

= =0,12,... 2
xn+1 1+x" , N Oaa’ ’ ()

where {A, },_, is a periodic sequence of positive real numbers with prime period k+1 and
the initial conditions x, and x_, are non-negative real numbers.

While examining the long term behavior of the following autonomous difference
equation:

=% ,n=0,12,..., (1)
I+x,

n+l

where A >0 and the initial conditions x_; and x, are non-negative real numbers, the
following properties were proved:

e  When A <1, every solution of Eq.(1) converges to zero.
e  When A =1, every solution of Eq.(1) converges to a period two solution.

e  When A > 1, Eq.(1) has unbounded solutions.



2 The Case where{A,}:, is periodic with prime period 2

In this section, we will assume that {A, }~_, is periodic with prime period two and the
initial conditions x, and x_; are non-negative real numbers. It is our goal to investigate
the long term behavior of the solutions of Eq. (2).

Let
M=max{ A, A }.

In this section we will prove the following properties of Eq. (2):

® When M < 1, every solution of Eq. (2) converges to zero.
e When M = 1, every solution of Eq. (2) converges to a period two solution.

e When M > 1, Eq.(2) has unbounded solutions.

Lemma 1: Let {xn}::_ . be a solution of Eq. (2). Suppose that
M=max{ A;,A } <l

Then

limx, = 0.
n—>o0

Proof: Observe that

= < Apx_, < Mx_,
b1+ x, ot o
Ayx Agx
Xy= ——= < Ax < Mx, < M(Mx_)= M’x_,,
I+x, 1+x,
Ax Ayx
Xg=——= "< Ax, < My, < M(M?x_))= M°x_,.

I+x, 1+x,
It follows by induction that for alln > 0:
0< x,,,, < M"™'x_,.

Hence we see that,
0< limx,,,, < lim M"™'x .

n—



Since we know that M < 1, then

: 1
lim M""x_ =0.
n—soo

Similarly, it follows by induction that:
0< x,, < M"x, foralln>0.

So we see that
0< limx,, < limM"x,.

n—oo n—oo

Thus we get

lim M"x, = 0.

n—eo
Since

limx,,,;, =0 and limx,, =0,
n—soo n—soo

it follows that

limx, = 0.
n—>00

Lemma 2: Eq. (2) has solutions with prime period two if and only if either:
(2.1) Ay=1,0r

(22) A =1.

Proof: Let {xn}::_ X be a solution of Eq. (2). First, suppose that
(23) Ay=1,x,=0and x_, > 0.

The case where A, = 1,x_, = 0 and x, > Ois similar and will be omitted.

It follows via (2.3) that:

x—AOx_l—Ax =X
1 1+ x, 0X-1 -1
Ax
1%0
X, = =0=x
2 1+ x 0



Therefore we get solutions with prime period two.
Similarly, prime period two solutions exist when (2.2) occurs.

Now suppose that Eq. (2) has solutions with prime period two. Then it follows that:

%, = on—l_ »
1+ x,
I+ x,

So we obtain the following equalities:
23)Ax_, = x_(1+xy))=x_, +x_x4,
QA A x, = x,(1+ x_) = x,+ xx_,.
Then via (2.3) and (2.4) it follows that:
25)x_xy=Apx_, - x,=x_,(A, -1,
(2.6) xyx_, = Ajx, = x, = x,(A, - 1).
Therefore from (2.5) and (2.6) we get:
2.7) x (Ay-D=x,(A-1).

Now since we know x_, # x, and A, # A, then we see that via (2.7) one of the
following conditions must occur:

(1) x,=0and A =1,o0r
(ii) x,=0and A, =1.

Hence the result follows.



Lemma 3: Suppose that
M=max{ A;,A } =1
Then every positive solution of Eq. (2) converges to a period two solution.
Proof: Let {xn}:;_l be a solution of Eq. (2). First we will consider the case where:
(3.1) Ay=1and A, < 1.

The case where A, = land A, < 1 is similar and will be omitted.

Note that via (3.1) we get:

Apx
0*-1
'Xl: <A0x_1—x1,
I+ x,
Ayx,  Agx;
X3 = < Apxp = xp,

Aux Ayx
3 0*3
X5 = = < Apxs = x3.
>+, d+x, 077

It now follows by induction that for alln > O:
(3.2) 0<.cei< Xpppy < Xy <o Xy < X

We see that (3.2) is a monotonically decreasing subsequence which is bounded above by
x_, and below by zero. Thus, there exists a limit L > O such that:

limx,,,, = L.
n—eo

Also, observe that via (3.1) we get:

X, =T < Axy,

T 1+ x

Asxy A,




Asx,  Axy

T 1+ xg 1+ x4

So it follows by induction that for alln > 0:
0< x,, < A"xg.
Therefore, we get

. . n
0< limx,, < lim A,"x,.
n—oo n—yoco

Also from (3.1) it follows that

lim A,"x, = 0.
n—yeo

Thus we see that

limx,,,; = L and limx,, = 0.
n—>o0 n—oo

Hence the result follows.

Lemma 4: Suppose that
M=max{ A;,A }>1.
Then Eq. (2) has unbounded solutions.
Proof: Let {xn}:;_l be a solution of Eq. (2). First suppose that
(4.1) A;>1and x_, =0.
The case where A, > land x, =0 is similar and will be omitted.
Observe that via (4.1), we get:

Agx_,
= H

Ayx, Agx,
T 1+ X, T 1+ X,

X3

10



Axy  Agx

S l+x, l+x,

9

Xs

So it follows by induction that x,, , = x, ., = x_, =0 forall n2 0.

Also notice that via (4.1) we get:

A X, A
X = A x,,
> 1+ x o
Ax, Ax,
= = Ax, = A’x,,
foltx, l4x, CTFTT
Ax, Ax,

It follows by induction that:
(4.2) x,, = A"x, forall n> 0.
Therefore, from (4.1) and (4.2) we see that:

. L no
limx,, = limA,"x, = .

n— oo n— oo

Thus,
ll_{gxzm =0 and limx,, = ».

n—o

Hence the result follows.

11



3 The Case where{A,}, is periodic with an even prime period
k+1.

In this section, we will assume that {A, } ", is periodic with an even prime period k+1
and the initial conditions x, and x_, are non-negative real numbers. It is our goal to
investigate the long term behavior of the solutions of Eq. (2).

Let
M =max{ Ay, A, A,,..... A; }.

In this section, we will prove the following properties of Eq. (2):

® When M < 1, every solution of Eq. (2) converges to zero.
e When M =1, we get one of the following situations:
— Every solution of Eq. (2) converges to a period two solution if
either: Ay = A, =A;=..=A,_=1lor A=A =A=.=4,=1
— Otherwise, every solution of Eq. (2) converges to zero.

e When M > 1, Eq. (2) has unbounded solutions.
Lemma S: Let {xn }::_ . be a solution of Eq. (2). Suppose that

M =max{ A;,A,A,,....., A } < L.

Then

limx, = 0.
n—co

Proof:

Proof is similar to the proof of Lemma 1 and will be omitted.

Lemma 6: Eq. (2) has solutions with prime period two if and only if either:
6.1) Ay=A,=A,=..=A4,_,=1,0r

(62) A = Ay= Ay=..= A, = 1.

12



Proof: Let {xn}:;_l be a solution of Eq. (2). First, suppose that
(63) Ay= A=A, =.=A_=1,x,=0and x_, > 0.
The case where (6.2) occurs, x_, = 0 and x, > O is similar and will be omitted.

It follows from (6.3) that:

X _M_A = x
k 1+xk_1 k=1"Vk-2 -1

A X,
_ k1:0:x0.
1+ x,

xk+1

By induction, we see that forall n> 0:

Xppoy = Xogpey = X and X, 5 = X,, = X;.
Therefore, we get solutions with prime period two.
Similarly, prime period two solutions exist when (6.2) occurs.

Also, similarly to Lemma (2), we see thatif x_, = x, and x, = x,, then exactly one of the
following situations must happen:

@) (6.1) occurs and x, = 0, or

(i1) (6.2) occurs and x_, = 0.

13



Lemma 7: Suppose that:

(i) M =max{ Ay, A, A,,....; A, } =1, and
(ii) Ay=A,=A=.=A _=1or A = A= A;=..= A =1

Then every positive solution of Eq. (2) converges to a period two solution.

Proof: Let {xn }:;—1 be a solution of Eq. (2). First, we will consider the case where
(7.1) Ay= A=A, =.=A,_, =1.

The case where A; = A; = A; =...= A, = 1 is similar and will be omitted.

Observe that via (7.1) we get:

X, = Aoxy X <X
Yot xy Itx, TV
_1%x1_ X
X3 = = < Xy,
I+x, 1+x,
Ay X

Cl+x, 14+ x,

It now follows by induction that for alln 2 O:

(7.2) 0<.iii< Xpppy < Xy <o X <X

Notice that (7.2) is a monotonically decreasing subsequence which is bounded above by
x_, and below by zero. Thus, there exists a limit L 2 O such that:

(7.3) limx,,, = L.
n—oo

Also note that:

X, = A1x0<Ax <x
2 1+ x, 1%0 = *o>
Ax
342
1+ x5

14



Asx,
X =
67 14 xg

< Asxy < xy.

So it follows by induction that for alln > 0:
(7.4) 0<....< Xy, < Xy, <X Xy < X

Thus we see that (7.4) is a monotonically decreasing subsequence which is bounded
above by x, and below by zero. Therefore, there exists a limit / > 0 such that:

(7.5) limx,, = 1.
n—oo

Hence, the result follows from (7.3) and (7.5).

Lemma 8: Let {xn}::_ X be a solution of Eq. (2). Suppose that:

(i) M =max{ Ay, A, A,,.....; A } =1.
(ii) There exists an even i, 0< i< k, such that A;<1, and
(iii)  There exists an odd j, 0< j < k, such that Aj<1.

Then

limx, = 0.
n—so0

Proof: First we will consider the following case:
(8.1) A;=1 forall ie {0]1,...,k-2}, A_,<land A, <I.
All other cases are similar and will be omitted.

It follows from (8.1) that:

Apx_, X_4 <y
Pl xy It x, TV
x A, Al
Pl x, l+x, U
2 2
s < X3,

15



Hence we see that:

(82) 0<..< Xy, <Xy <o X <X, <K Xy <X, < X, <X

Now via (8.1) and (8.2), notice that:

A, x
k=1%k—2
X = < A1 Xpp < A Xy,
I+ x,,
A x
k+1"Vk
X = 1+ < Apn X = Apxy = Xp s
X+
_ ApiX2k-3 A - A _
Xog-1 = 1 < AgppXop3 = AraXop 3 = Xop_3>
+t X2
A, x
e ) _ 2
X1 = < Ay Xopoy = Ap1Xopoy < Apoy Xy < A Txg,
I+ x5
: Agpia Xk A - A :
Xok+3 = < AppXors1 = ApXoks1 = Xogsts

1+ X440

So by induction we observe the following prc')perty:

(8.3) Xty rany1 < Ary' "' x_y forall £20.
Thus from (8.1) and (8.3) we get:

(8.4) 0< Himx ), < lim A_Mx =0

Also note that,

16



Asx, X2
X, = = <X
Tl xy lbxy Y
Asx, Xy
Xo = = < X
Tt xs l4xg Y
a A2 X3 X3
X1 = < Xje—3 -

I+x,, 1+x.,
It follows that:

(8.5) 0<..< Xy, < Xy <o Xy <X <X X <X, <X, < X

Hence via (8.1) and (8.5), we see that:

A Xy

X =
k+1 1+ xk

< Apx_ < Apxg,

A X a A X

Xpaq = = = <X
k+3 k+1>
I+ x5 I+ x,, 1+x.,
o = Api1%X2k-2 a AaXpi ) ) <x
2% = = = 2k-2
T+ X gy T4 Xy
Ay X
_ Aop1Xox : 2
Xogs2 = < AppprXar = ApXop < Apxpy < A X,
1+ X444
_ Ajis3¥okeo A - A _
Xok+a = < AgpyszXopyn = AiXopin = Xopyo -
1+ X443

So by induction we observe the following property:

(8.6) X(anren < Ay xg forall 12 0.

Note that (8.5) is a bounded monotonically decreasing sequence that has a limit L, such
that0 < L < x,. Also notice that all the terms of (8.6) are a subsequence of (8.5).
Now from (8.6) and (8.1) we get:

17



(8.7) 0< lim Xy p);4p) < lim A, 'xy=0.
t—o0 t—oo

Therefore, since (8.6) is a subsequence of a monotonically decreasing sequence (8.5)
bounded below by zero, we see that via (8.5) and (8.7):

(8.8) limx,, =0.
n—oo
Similarly, via (8.2) and (8.4) we see that
8.9) limx,,,; =0.
n—oo

Hence, the result follows from (8.8) and (8.9).
Lemma 9: Suppose that
M =max{ Ay, A, A,y,....., A, } >1.

Then Eq.(2) has unbounded solutions.

Proof: Let {xn}::_ X be a solution of Eq. (2). Suppose that
(9.1) min{A,,A;,A,,.....,A }>1and x_, = 0.

The case where min{A,, A,,A,,....,A._;} > 1 and x, = 01is similar and will be omitted.

Observe that via (9.1), we get:

Apx_,
.Xl = m =V,
A x,
X5 = m =0,
A, X,
XS = m = N
So it follows by induction that x,, , = x,,,, = x_, =0 forall n2 0.

In addition, note that via (9.1) we get:

18



Ax .
= ——"= Ax, 2 min{A, A, Ag,...., A )%,

X,

1+ X,
Asx, . 2
x4 = T: A3X2 > (mlIl{Al,A3,A5,----’Ak }) ‘x()’
X3
Asx, . :
x6 - 1 = A5x4 2 (n’lln{Al,A3,A5,----’Ak }) 'XO'
+ X5

It follows by induction that:
9.2) x,, > (min{A,, A,, A;,..... A, }) x, forall n> 0.
Also from (9.1) we see that:
(9.3) Tim| (min{A,. A, Aq...oo. 4,)) 5] = o0

Now notice that from (9.2) and (9.3) we get:

limx,, = o,

n—oo

from which the result follows.

19



4 The Case where {A,}:, is periodic with prime period 3

In this section, we will assume that {A, },_, is periodic with prime period three and the
initial conditions x, and x_; are non-negative real numbers. It is our goal to investigate
the long term behavior of the solutions of Eq. (2).

Let
M =max{ A;, A, A, }.

In this section, we will prove the following properties of Eq. (2):

e When M <1, every solution of Eq. (2) converges to zero.
e When M > 1, we get one of the following three situations:

— If AjA A, <1, then every solution of Eq. (2) converges to zero.
— If AjA A, =1, then every solution of Eq. (2) converges to a

period six solution.

— If AyA,A, > 1, then Eq. (2) has unbounded solutions.

Lemma 10: Let {xn}::_ . be a solution of Eq. (2). Suppose that
M =max{ A;,A;,A,} <1.

Then

limx, = 0.
n—co

Proof:

Proof is similar to the proof of Lemma 1 and will be omitted.

Lemma 11: Let {xn}:z_l be a solution of Eq. (2). Suppose that
M =max{ A,,A;,A, } =1.

Then

limx, = 0.
n—oo

20



Proof: We will consider the case
(11.1) Ay=1, A,=1and A,<].
All other cases are similar and will be omitted.

It follows by computation and via (11.1) that:

Agx_, X_4
X, = = < Xy,
I+x, 1+x,
o AXe X
SR R R
Ayx A
Xy = < Ay x; < Xy,
3 1+ x, 2X1 1
Asx,  Agx, )

X, = = = < X5,
Ul xy lxy l4xy 7
Agxs  Ajxg X3
X = = = < Xz,
S l+x, l+x, 1+x,

Asx A, x
x6:5—4:2—4< Ayxy < Xy,
I+x5 1+ x5
AgXs ApXs Xs
x7: = = <x5,
X X X
I+xs I+xg 1+ x4
Az X A X X6
Xo = = = < Xg,
8 1wy, 1t xy dl4x, OO
Agx A, x
8 X7 2%7

St xg 1+xg
So by induction, we observe the following properties:

(11.2) 0<..<x,,,,<x,, <..<X,<x,<x,<x, forall n2>0,
(11.3) X3042) < A" 'xy forall 120,
(11.4) 0<..<x,,,,<x,, ;| <..<x5<x,<x,<x_ forall n=0,

(11.5) X3541) < Ay""'x_; forall 12 0.

Note that (11.2) is a bounded monotonically decreasing sequence that has a limit L, such
that0 < L < x,. Also note that the all the terms of (11.3) are a subsequence of (11.2). In
addition, from (11.3) and (11.1) notice that:

21



(11.6) 0< limx3y,,, < lim A, x;=0.
t—oo t—oo

Therefore, since (11.3) is a subsequence of a monotonically decreasing sequence (11.2)
bounded below by zero, we see that via (11.2) and (11.6):

limx,, = 0.
n—»oo

Similarly, we observe that:

limx,,,; = 0.
n—oo

Hence, the result follows that:

limx, = 0.
n—oo

The following theorem is a consequence of Lemmas 10 and 11.

oo

Theorem: Let {xn}n__ X be a solution of Eq. (2). Suppose that

M =max{ A;,A,A,} < 1.

Then

limx, = 0.
n—eo

Now we will assume that max{ A,,A;,A,} > 1.

Lemma 12: Let {xn} L, be a positive solution of Eq. (2). Suppose that

(12.1) AyA A, <1,

Then

limx, = 0.
n—oo

Proof: Observe that via (12.1) we get:




Asx, AgXy
X, = = < Anx .
YTl xy dtx,  07?
Aux Ax
xs 4X3 3 ¢ Axs,
I+x, 1+x,4
Asx, Ay,
K= P < A (A) < AA A,
5 5
A X5 Ayxs
1 T xy T, © 5 S A AR < AA A,
6 6
A x, Ajxg
Xg = 1+ x = 1t x < Axg < A(Ayxy) < AjAAyx,,
7 7
Acx A x
x9 = ]:—7: 1+2 7 < A2x7 < A0A1A2X3,
Xg Xg
Ay xg ApXg
9 9
AjpXxg Ajxy
X = = < A1X9 < A1A2x7 < AQA1A2X5’
I+x,, 1+x
Apnxyg  Ayxyg
11 11
App Xy Agxyy 2
I+x, 1+xp,
Apxpy  Axg 2
X4 = = < Al.xlz < A0A1A2x8 < (AOAIAZ) X2,
I+ x5 1+ x5
wg = s L AN A A < Ay A Ay < (Ao Ay) X
15 TEVRETES 2X13 042X 1 04142 X9 04412 35
_A15x14_ AgXiy A A A AA A AgAAy)?
Xi6 = = < Agxyy < AgAixpy < AgAj Ay < (AgAjAy) Xy,
I+ x5 1+ x5
AeXis  Axgs 2
)C17 = = < Alxls < A0A1A2x11 < (AoAlAZ) X5,
I+ x,6 1+ x5
Aprxig  AXe 3
I+x5 1+ x4

It follows by induction that for all n2> 0:

(12.2) 0< xg,,6 < (AgA A" x,,

(12.3) 0< x4,.7 < (AyAA)" ™ x,,

23



(12.4) 0< x4, .5 < (AgA A" x5,

(12.5) 0< x40 < (AgA A" x5,

(12.6) 0< x40 < (AgA Ay) " xy,

(12.7) 0< xg,0; < (AgA A" x5
Notice that via (12.1) and (12.2), it follows that:

0<limxg, o <lim(4,AA,)"" x, =0.
Therefore, we see that:

lim xg,,6 = 0.
n—»oo

Similarly, via (12.1), (12.2), (12.3), (12.4), (12.5), (12.6), and (12.7) we get:

(12.8) 1im Xg,,q,; = O forall je {0,1,2,3,4,5}.
n—oo

Hence the result follows from (12.8).

Lemma 13: Eq. (2) has solutions with prime period six if:
(13.1) AjA A, =1.
Proof: Let {xn}:z_l be a solution of Eq. (2). Suppose thatx_; = 0 and x, > 0.

The case where x, = 0 and x_, > O is similar and will be omitted.

Observe that via (13.1) we get:

Apx_
X, = =0,
1+ x,
Apx
= = Ax ,
27 1+ X 1o
Arx
X3 = - 1)
14 x,



= = Ayx,,
4717 0X2
x—A4x3— =X
> 1+ x, v
—ASX“—A = A, (Agx,) = AgA Ayx, =
X6 = = Ayxy = Ay(Agxy) = AgA1Ayxy = Xgs
I+ x,
A x
X, =2 -0=x,,
I+ x
A;xg
Xg = = Ax. = AgA A x, = X,
8 1+ x, 1%6 041 A% 2
Agx,
X =0=x,,

R R ’
_Agxg_ ~ ~ ~
X0 = = Agxg = Ag(Ayxg) = AgA Apxy = Xy,

I+ xq
Ao
X, = = 0= x,
I+ x,,

Therefore, it follows by induction that:

Xgp = Xguee forall n20,
Xgpi1 = Xgnyg forall n20,
Xgpin = Xgnig forall n20,
Xgpiz = Xgupo forall n2 0,
Xgnia = Xgni1o forall n20,
Xgnss = Xepepy forall n2 0.

Thus the result follows.
Lemma 14: Suppose that
(14.1) AyA A, =1.
Then every positive solution of Eq. (2) converges to a period six solution.

oo

Proof: Let {xn}n__l be a solution of Eq. (2). Observe that via (14.1) we get:



x3:1+ < Ayxp,
Axx Apx
3X2 0%2
Xy =7 = < Apx,,
Ul xy lvxy 07
_ Ayxs B Ajx,
X5

= = < Aixs,
l+x, l+x, 77

Ax, Ax,

Xe = 1 . = I . < A2X4 < AZ(A0X2)< AOAlAzxo = X,
A6X5 A0x5
7 = 1+ xé = 1+ xé < A()x5 < AO(AI'X?)) < A0A1A2x1 = xl,
A; X Axg
BT X, T 1+ X, < Apxg < Aj(Ayxy) < AgA Ay, = X,
*o = 1+x, 1+x < Ayxg < AgAAYx; = Xy,
8 8
Yo = 1+ x - 1+ x < A0x8 < A0A1A2x4 = X4,
9 9
_ A10x9 _ A1X9
xll

1+ X0 T 1+ X, <Axg < A(Ayx;) < AgA A xs = Xy,

_ Aj Xy _ Ay Xy

X, = = <Ax,< A (A,x)< AJA A x, = X,
2T ek, 1+ x, 2X10 oAy Xg 0412 Xg 6
X ‘A12x“—A0xll<Ax <A(AAX)=Xx,<X

5T 14 x,  1+x, 0X11 oA Ay Xy 7 15
_ Ay : Axy,
X4

= = <Ax, <AAA X, = xg < Xy,
I+x,; I+x,
_ Auxis a Ayxyy A AA AAA 5 =
T 1+ x. 1+ x < AyXys < AgAy Xy < AgA Ay Xg = Xg < Xy,
14 14

AjsXyy,  AgXyy

Xis

X = = < Apxis < AgAix, < AgA A, X g = X9 < X4,
16 1+ x5 1+ x5 014 0441412 04142410 10 4
A x Ax
_ eXis  AXgs B
X7 = = < Apxgs < AgAjAgxy = Xy < X5,
I+ x,6 14 x5
_ A17x16_ Ay X6
X8 = =

Thus, we observe the following properties by induction for all n2> 0:

(14.2) 0<....< Xg,46 < Xgy <eoeeX Xpp < X6 < Xgs
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(14.3) 0<....< Xg,07 < Xgppp <oee$ X3 < Xq < Xy,
(14.4) 0<....< X8 < Xgpin <ooroX Xpg < Xg < Xy,
(14.5) 0<....< Xg,49 < Xgpp3 <-oeoX Xp5 < Xg < X3,
(14.6) 0<....< Xg,10 < Xgppa <o Xy < Xpp < Xy,
(14.7) 0<....< X011 < Xgpas <ooeeX Xp7 < X < Xs.

Now notice that (14.2) is a monotonically decreasing subsequence which is bounded
above by x, and below by zero. Thus there exists a limit L > 0 such that:

limxq, = L.
n—seo

Hence, the result follows via (14.2), (14.3), (14.4), (14.5), (14.6) and (14.7).

Lemma 15: Suppose that
(15.1) AjA /A, >l

Then Eq. (2) has unbounded solutions.

Proof: Let {xn}::_ X be a solution of Eq. (2). Suppose that
x_;=0and x,>0 .

The case where x, = 0 and x_, > O is similar and will be omitted.

Observe that via (15.1) we get:

Agx_,
X, = ,
1+ x
A x
1*0
= = A xg,
Ay x
X3 = - B
14 x,
Asxx
3
= :Ax,
4774 X 0X2



Ayxy

5T x,
Asx
Xe = 1+5x1 = Ayxy = A (Agxy) = AjA Ay x,,
AgXs
S Xg
A, x
Xg = ﬁ: Alx6 = A0A1A2x2’
Ay
S X3
Agx
KXo = 14—9;9 = Agxg = Ag(Axg) = AAAyxy,
oz A%
A x
X2 = %10: Ayxyy = Ay (A Axg) = (A A A,) X,
+ Xy
A x
X3 = l_ll_z =0,
12
Ajx
Xy = 1 o= Axy = A(Ayxy) = A(AA)X) = (AjAA) x,,
+ X5
Apx
xlS = 141_4 L2 = Oa
X14
Ajsx
Xi6 = 115—14 = Agxyy = Ag(A A x,) = (A)AA) X,
+ X5

So it follows by induction that:

(15.2) x,5,,;, =0 forall n20,
(15.3) x4, = (AgA/Ay)" x, forall n2 1,
(15.4) xg,.» = (AgAA)" x, forall n2 1,

(15.5) xg,0a = (AgAA) " x, forall n>1.

Therefore, we see that via (15.1), (15.2), (15.3), (15.4), and (15.5) we get:
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. L no
lim x4, = Im(AyA;Ay) x5 = o,
n—oo n—oo

lim xg,,, = lim(AyA,A,))" x, = o
n—oo

n—oo

lim x4, 4 = JE?O(AOAIAZ)"x4 = o0,

n—oo

Hence the result follows.
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S The Case {A,}>, is periodic with an odd prime period k+1.

In this section, we will assume that {A, } ", is periodic with an odd prime period k+1
and the initial conditions x, and x_; are non-negative real numbers. It is our goal to
investigate the long term behavior of the solutions of Eq. (2).

Let
M:max{ AO’AI’AZ"""A]C }.

In this section, we will prove the following properties of Eq. (2):

e When M < 1, every solution of Eq. (2) converges to zero.
e When M > 1, then we get the following three situations:

— If H A, <1, then every solution of Eq. (2) converges to zero.

— If H A, =1, then every solution of Eq. (2) converges to a period
2(k+1) solution.

— If H A, >1, then Eq. (2) has unbounded solutions.
Lemma 16: Let {xn}:z_l be a solution of Eq. (2). Suppose that
M =max{ Ay, A, A,,...., A, } < 1.

Then

limx, = 0.
n—oo

Proof:

Proof is similar to the proof of Lemma 1 and will be omitted.

Lemma 17: Let {xn}::_ X be a solution of Eq. (2). Suppose that
M =max{ A;, A, A,,.....; A } = 1.

Then

limx, = 0.
n—>o0
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Proof: Consider the case

(17.1) A;=1forall ie {0,1,..,k -1} and A, <1.
All other cases are similar and will be omitted.

It follows by computation and via (17.1) that:

.= Apxy X B
Pl xy 14 x, TV
A xy Xo
=—= <X
2T+ x 1vx Y
Ay x X
X3 = = < Xl,
I+x, 1+x,
v = A1 X ) <x
N P 1+ x,_ k=2>
k-1 k-1
: A Xy A
Vet =T S Ak
k
A x
k+17Vk _
Xe2 = < Apn X = Apxy = Xp s
1+ x4
A, X
k+2 " k+1 _
X3 = < A X = AiXp = X
I+ x05
A, X
2k X2k—1 B
Xok41 = 1+ x < AppXppoy = A1 Xok-y = Xop s
2%
: Api1Xox A _ A
Xoks2 = < AgpyiXop = ApXops
14 X544
A X
2k+2 X2k 41
Xok+3 = < AgpiaXopir = ApXogat = Xogars
I+ x50
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Asp1 Xag

X342 = 1+ < AsgpiXap = Apo Xy = X3,
X3k+1
_ Agn X341 A A
X3p43 = 1+ < Azpyn X341 = ApX3pyr s
X3k+21
_ Asi3X3142 A - A _
X3p+q = < Azpy3X3pen = ApX3pe2 = X342
L+ X345
_ AurXun _ A _
Xak+3 = < AgpraXak+1 = A1 Xag+1 = X1
I+ X440
B ApisXapn A - A
Xaksa = 1+ < AprisXaper = A Xypin s
Xake31
_ AypraXares A - A _
Xgpas = < AgkraXak+3 = AoXak+3 = Xags3s

14 Xgp0a

By induction, we observe the following properties:

(17.2) 0<..< x,,,, < X, <X Xg < X, < X, < x, foralln2 0,
(17.3) Xnyaren) < A 'xg forall 120,

(17.4) 0<..<x,,,3< Xy, <X X3 < X3 < x, < x_ foralln2 0,
(17.5) Xpiyarany < A 'xy forall £2 0.

Notice that (17.2) is a bounded monotonically decreasing sequence that has a limit L,
such that0 < L < x;. Also note that all the terms of (17.3) are a subsequence of (17.2).

In addition, via (17.3) and (17.1) we see that:

t+1

(17.6) 0 Tim X g 1014y < lim A xy= 0.
t—oo f—>oco0

Therefore, we see that (17.3) is a subsequence of a monotonically decreasing sequence
(17.2) which is bounded below by zero. Thus, it follows via (17.2) and (17.6) that:

limx,, = 0.
n—»oo
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Similarly, via (17.1), (17.4) and (17.5) we get:

. . t+1
0< limx ;0. < limA,
- t—oo

)

x_,=0,

from which we see that:
lim x,,,; = 0.

n—eo

Hence the result follows.

The following theorem is a consequence of Lemmas 16 and 17.

oo

Theorem: Let {xn}n__ X be a solution of Eq. (2). Suppose that

M =max{ Ay, A,A,,....., A } £ 1.

Then

limx, = 0.
n—oo

Now we will assume that max{ A,,A4,,A,,....., 4, } > 1.

oo
n=

Lemma 18: Let {xn} . be a solution of Eq. (2). Suppose that

k
as.nfl A <1.
i=0
Then
limx, = 0.
n—oo

Proof: Observe that via (18.1):

_ Ag a1 X2 k12 5 Appi1Xox 5 A Xy A - A Ajio1X2k—
Yo(ken) = 1+ x 1+ x 1+ x < AXa = Ay 1+ x
2(k+1)-1 2k+1 2k+1 2k-1
A A - A A = A A M A A A
S ApAgp g Xopn = ApAp pXop o = ArAp o 1+ x < A Ap 2 Agp_3X2k—4
2k-3

AA LA Xy < S ALAL LA A = AVALLA AN, =
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A _x, _
AA LA, .. A, %} <A A LA A)A X, =
X1
A 3X
(A, A LA ... A)A,, T (A AL Ay A)) A Ay X,y <o
k-3

k
<A A LA A )AL A A s A ), = {H Allxo < x,,

X _ A1 ¥ C Aps¥aer | At <A x - A A4k+1x4k]
4(k+1) - - kVak+2 T
I+ Xack+1)-1 I+ x5 I+ x5 I+ x40
A A = A A = A A M AA A _
S A AypXar = A A0 Xy = A Ay, 1+ x S A Ay L Ay Xy =
4k-1

ACA LA Xy <o S AALLA L A Xy ) T AGALL A Ag Xy s =

A X3
AkAk—ZAk—4“"AO|:ﬁ SAAGA e A Ay Xy = (AkAk—ZAk—4"“AO)Ak—1x3k =
3k+1
Ase 1 X3

(Ak Ak—ZAk—4 AO)Ak—l

1+ X3k-1 } < (Ak Ak_zAk_4""AO)Ak—lASk—1x3k_2 =

(Ak Ak—ZAk—4""AO)Ak—lAk—3x3k—2 << (Ak Ak—ZAk—4""AO)(Ak—lAk—3Ak—5““A1 )'XZ(kH) =

k k 2
= [H Al}xz(km < [H Al} Xy < X,
i=0 i=0

So it follows by induction that for alln > O :

k n+l
(18.2) 0< Xokenne2(k+1) < {H Ai} Xo -

i=0

Therefore, via (18.1) and (18.2) we get:

34



k n+l
IEEXZ(k+1)n+2(k+1) S hm{H Ai:| X, =0.

n n—oo| =
i=0

Similarly, we see that:

(18.3) M X, ;.1 neerys; = O forall je {0,12,...2(k + 1) - 1} .

Hence the result follows from (18.3).

Lemma 19: Eq. (2) has solutions with period 2(k+1) if:

k
a9.n ] 4 =1.
i=0

Proof: Let {xn}::_ . be a solution of Eq. (2). Suppose thatx_; = 0 and x, > 0.

The case where x, = 0 and x_, > O is similar and will be omitted.

Observe that:
Agx_
.Xl = m = 5
A x,
XS = m = N
A, x,
X5 = m =0,

So it follows by induction that x,,_, = x,,,, = x_;, = 0 forall n2 0.
Note that via (19.1) we get:

A2(k+1)—1x2(k+1)—2

Xotk+1) = = Ay X = A Xy = Ay
1+ Xo(ks1)-1

Api X0
I+ x,,_,

Ay 3%y

= A Ay Xy, = A AL X, = A Ak—Z{ }: A A Ay 3 Xy

I+ x,,_,
AA LA Xy == ALA LA o AgXy s = ALALLA A, =
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A X,

1+ x,_, } = (AkAk—2Ak—4""AO)Ak—lxk—2 =

AkAk_zAk_é‘....Ao{

A Xy

(4, Ak_zAk_4....A0)Ak_l{ } = (A Ay LA A)) A Ay X,y =,

I+ x,_,

k
= (AA LA A )AL A LA A )x, = [HO Al}xo = Xx,.

It follows by induction that for alln 2 O :

Xotkayn = Kok Dn+20k+1) *
Similarly, we see that:

Xotkayns1 = Ko(kelyns2(k+1)+12
Xotkayn+2 = Kokt 1yne2(k+1)+2 2

Xotkrnt3 = Xo(keDnt2(k+1)+3 7

Kok Dyn+[2(k+1)=11 = K2(k4 Dn+2(k+D)+[2(k+1)~1] *

Hence the result follows.

Lemma 20: Suppose that

k
0. [] 4 =1.
i=0
Then every solution of Eq. (2) converges to a period 2(k+1) solution.

Proof: Let {xn} . be a solution of Eq. (2). Observe that via (20.1):

oo
n=

_ Aprrn-1¥agsn-2 C ApnXor | Axxy A - A A 1%k
Xo(k+1) = < ApXop = Ay

I+ X441y T+ x4 X9 1+ xp

A A Xy = ALAL X, = AVAL,

A, .x
24-3%2k-4
SAA LAy Xy y =

1+ x,,,
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AA A Xy <ok AA LA Aty = AA A . A, =

A _x, _
AA LA A, %} <A A LA A)A X, =
X1
A _x, _
(A A LA ... A)A, %x“} A A LA A A A Xy <o
k-3

It follows by induction for alln 2 O :
(20.2) 0< X2+ < Xostyn -
Similarly, note that for all n2> 0:

O< x2(k+1)n+2(k+l)+l < x2(k+l)n+1’
0< Xoenynr2(k+y+2 < Xokeyne2 0

0< X2 (k+143 < Xo(kanyne3s

0< X0 D2+ D2k 4D)-1] < X2k Dn+[2(k+1)-1] *

Observe that (20.2) is a monotonically decreasing subsequence bounded above by x, and
below by zero. Thus, there exists a limit L > 0 such that:

limx,,,,, = L.
n— oo

Similarly, we see that the remaining 2(k+1)-1 decreasing subsequences will also have
finite limits, from which the result follows.

Lemma 21: Suppose that
k
e [T A >1.

i=0

Then Eq. (2) has unbounded solutions.
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Proof: Let {xn}::_ . be a solution of Eq. (2). Suppose that

x_;=0and x,>0.

The case where x, = 0 and x_, > O is similar and will be omitted.

Observe that:
Agx_,
.xl = m = N
Ayx,
X5 = E =0,
A, x,
X5 = H =0,

So it follows by induction that x,,_, = x,,,, = x_;, =0 forall n2 0.

Now notice that via (21.1):

_ Ay a1 X2 _ _ _ Ay 1 X
Xotks1) = 1+ = App X = A Xy = Ay 1+
Xo(ks1)-1 Xok-1
A, X
24-3%2k-4
= A Ay Xy = AL A X0 = A AL 1+ = A AL Ay 3 Xy
Xok-3
AALA Xy g == AA LA Ay = ALA LA LAY =

A1 X ( )
A A LAy Ay 1+ x A A LA g A )AL X
k-1
(A,A LA _,....A)A Ao (A, A LA ... A)A,_ A
| IE WU k Az g rees Ao J A1 A3 Xpog = eveeee
k
= (AkAk—ZAk—4""A())(Ak—lAk—3Ak—5”"A1)x() = [H Al}co > Xo>
i=0
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B Ay ksn1X a2 4 A _ A
Xakery = 1+ = AgpeaXarer = NXapen = Ay
X4k+1)-1

A X ]
1+ x4k+1

A, X
4k-1%45-2
= A A X = A A Xy, = AVAL,

=AA LA, X, _
1+x4k_1] ke A2 Aap-1Xak-2

A A DA Xy = m AL A LA AgX g oay = A A LAy A Xy =

Ag1 X5
AkAk_zAk_é‘....A{—H I | = (A Ay Ay Ay A Xy, =
X341
Ay 1 X5,
(A, A LA ... A)A,_, e (AL A LA A)) A Ay sXgy s =
3k-1

k k 2
= (Ak Ak—ZAk—4""AO)(Ak—lAk—3Ak—5”"A1)x2(k+1) = [H Ai‘|x2(k+1) = [H Ai:| Xo > Xo-

i=0

So it follows by induction that for alln > 1 :

k n
(21.2) X001, = {H AZ} X,

Therefore via (21.1) and (21.2) we see that:

k n
li_{gx%k-#l)n = 11_{2{111 Ai‘| Xo = .
Similarly note that:

lmx, 00 =,

n—oo

limox, )., =,
n—oo

M, o agenya = -
n—oo

Hence the result follows.
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6 Conclusions and Future Work

In conclusion, we discovered that the behavior of the solutions of Eq. (2) is similar to the
behavior of the solutions of Eq.(1); depending on either the maximum value or on the

product of the terms of the periodic sequence {4, }, -

First, we can consider the behavior of the solutions of Eq. (2) when {A, },_, is an infinite

sequence of positive real numbers that has a non-negative limit L. From computer
observations, we conjecture the following:

— When L <1, every solution of Eq.(2) converges to zero.
— When L =1, every solution of Eq.(2) converges to a period two

solution.

— When L >1, Eq.(2) has unbounded solutions.

Furthermore, it is of paramount interest to study the long term behavior of the solutions
of the following difference equation:

Ax _
X, = ﬁ ,n=012,...,

n n

where {A,}_, and{B,},_, are periodic sequences of positive real numbers.

Moreover, future work on this problem is to study the long term behavior of the solutions
of the following difference equation:

An'xn—k
=——,n=012,...,
I+x,,

xn+l

where we have added delays k and [/ respectively; k = 1,2,3,.... and [ = 0,1,2,....
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