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Abstract

Cataract, the leading cause of blindness worldwide, has motivated a variety of
investigations into the behavior of concentrated mixtures of eye lens proteins. While there
has been success in modeling single protein solutions, a convenient model for mixtures is
needed. We apply an analytically solvable sticky-hard sphere model to aqueous mixtures
of alpha and gamma crystallin, two of the predominant proteins found in the mammalian
eye lens. Developed by Baxter and Barboy, this model incorporates some of the
fundamental characteristics of realistic mixtures, namely, variation in size and
intermolecular attraction strength among each component. We show that light scattering
intensities reconstructed from the model are in semi-quantitative agreement with
experimental data. Our analysis of the model includes convenient algebraic reformulation
for quantities used in light scattering expressions and using a parameter homotopy
continuation method to solve a system of coupled quadratic equations arising in the
model. Additionally, we derive analytic expressions for the second and third virial
coefficients for the multicomponent sticky sphere potential, which describe the two and
three body particle interactions, respectively.
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Chapter 1

Introduction

1.1 The Crystallin Lens and Cataract

Cataract, a condition affecting nearly 18 million people worldwide, is characterized by the
opacification of the crystallin eye lens. As its name suggests, the primary function of the
mammalian eye lens is to focus incoming light onto a photosensitive layer at the back of the
eye called the retina. Incoming light stimulates photosensitive cells in the retina, convert-
ing them into electromagnetic impulses which travel to the brain via the optic nerve. The
incident light rays must therefore pass unobstructed through the lens in order for a sharp
image to be formed.

The crystallin lens is a transparent, biconvex structure containing thin, concentrically ar-
ranged cells called lens fibers. These fibers hold concentrated aqueous mixtures of three pri-
mary types of proteins: a—, 5 and y—crystallins. The most common of these, a-crystallin,
is a polydisperse multisubunit protein with a molecular weight ranging from 700,000 g/mol
- 1,200,000 g/mol with a diameter of around 18 nm. p-crystallins come in two varieties
with molecular weights ranging from 60,000 g/mol to 180,000 g/mol. Lastly, v-crystallins
are small, monomeric proteins with a molecular weight of approximately 20,000 g/mol and
a diameter of around 4 nm. [2]. Figure 1-1 gives a size comparison of bovine a- and -
crystallins, which are the primary focus of this thesis. This difference in protein size is one
of the challenges in effectively modeling lens crystallin interactions.

Under normal conditions, these proteins are packed tightly in the lens fibers at concen-
trations exceeding 400 mg/ml in some regions of the lens. At such high concentrations, one

would expect a large fraction of incoming light to be scattered before reaching the retina.
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Figure 1-1: Size comparison of vy-crystallin (left) and a-crystallin (right)

However, it has been established that the liquid-like packing of the crystallins accounts for
the transparency of the healthy lens [3] . This short-range ordering of the lens proteins
minimizes fluctuations in protein density, which helps establish a uniform index of refrac-
tion, resulting in a clear image. Any disruption to this local uniformity in composition will
result in increased lens turbidity and clouded vision. For this reason, cataract is classified
together with Alzheimer’s disease, sickle cell disease and others as a protein condensation
disease [4]. These conditions are characterized by protein aggregation, condensation or sep-
aration which results in compromised cellular or organ functionality.

In order to design effective treatments for cataract, one must understand how the lens
crystallins interact and how these interactions affect lens transparency. Previous studies
have begun to quantify the interactions between proteins of the same species. It has been
found that o — « interactions can be modeled well by a hard sphere potential [5], and that
~vp-crystallin exhibit a short-range attraction to each other, which has been successfully
modeled by a single component sticky-sphere model [6]. A convenient model for mixtures

of different crystallin types is needed, and shall be the primary focus of this thesis.

1.2 Motivation and Goals

The motivation of this thesis stems from a series of observations demonstrating some inter-

esting properties of mixtures of different crystallin types. Single point mutations in human
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Figure 1-2: Light Scattering Intensity vs a-crystallin weight fraction for aqueous a/vp mixtures
at 37° C at various total protein concentrations. At low concentrations (square markers) the light
scattering intensity profile is concave down, while at high concentration (circular markers) the light
scattering is concave up. Taken from [1] with permission.

~v-crystallin have been linked to congenital forms cataract simply by increasing the attrac-
tion strength between a and ~ crystallins[7]. This finding is consistent with molecular
dynamics simulations and thermodynamic perturbation theory [8, 9], which predicted the
light scattering intensity and phase stability of bovine oo — vp mixtures depends sensitively,
and nonlinearly, on the o — 7 interaction strength. Recent experiments [1] have shown
the light scattering intensities of concentrated mixtures of bovine a and ~-crystallins are
not simply a linear combination of the scattering of the constituent proteins. Furthermore,
as seen in Fig (2-2), a qualitative change in the light scattering properties of these mix-
tures was observed as total protein volume fraction increased. At low total concentration
(square markers), the light scattering profile is a concave down function of weight fraction
a-crystallin, while at higher concentrations (circular markers) it is concave up. Our aim in
this work is to reconstruct the light scattering intensities seen here using an analytically
solvable statistical mechanical model.

In this thesis, we apply a multicomponent sticky-sphere liquid structure model, devel-
oped by Baxter and Barboy [10, 11], to reconstruct light scattering intensities for concen-

trated mixtures of a and «p. This model incorporates some of the key features of eye



lens protein mixtures, namely the differences in size and intermolecular interaction strength
among the different types of lens crystallins. Despite being a highly idealized model, we
have found that the calculated light scattering intensities are in good semi-quantitative
agreement with experimental data, and capture many of the characteristics seen in the
laboratory. Furthermore, we calculate analytic expressions for the second and third virial
coefficients for the Baxter-Barboy model which can be useful in future experimental and

theoretical investigations.

1.3 Outline

This thesis is organized in the following manner: In Chapter 2 we introduce the Baxter-
Barboy multicomponent sticky-sphere model and discuss numerical schemes to solve an
associated set of couple nonlinear equations. We introduce the fundamental light scattering
equation and derive a convenient matrix factorization for the Hessian matrix of the Gibbs
free energy for a two protein system, as predicted by the model. We compute light scattering
intensities for concentrated aqueous a — yp crystallin mixtures and compare our results to
experimental data. Chapter 4 is dedicated to deriving analytical expressions for the second
and third virial coefficients for the Baxter-Barboy multicomponent potential. We end with

a brief discussion and mention possible future work.



Chapter 2

The Baxter-Barboy Model

In this section we give a brief description of the multicomponent sticky-sphere model devel-
oped by Baxter and Barboy in the 1970s. We give an account of some of the mathematical
manipulations we found convenient when using this model to reconstruct light scattering
intensities for aqueous two-protein systems. This includes a numerical scheme to solve
and select the physically meaningful roots of a system of coupled quadratic polynomials
which define a set of model parameters. Using a compact expression for the Hessian of the
Gibbs free energy, we compute light scattering efficiencies for ageuous o — yp mixtures and

compare with experiment.

2.1 Description of the Model

In the late 1960s, R. J. Baxter introduced a single component ’sticky-hard sphere’ model of
liquids [12] which incorporated some of the most fundamental features of realistic particle
interactions: a potential that combined both intermolecular attraction and a repulsive "hard-
core’. This model generated much interest due to the fact that it was analytically solvable
under the Percus-Yevick closure. Shortly afterward, Barboy [13] generalized Baxter’s model
to multicomponent mixtures of spheres of different sizes. As there has been success in using
Baxter’s original model for systems containing a single protein species [6], we attempt to
apply Barboy’s extension to multicomponent o — v mixtures.

The Baxter-Barboy multicomponent model describes the interaction of M spherical

molecules, each with respective diameter d; and number density p; = %, 1<i¢< M. The



intermolecular potential, u;;, between species ¢ and j is defined by

dij
QTZ']'

e—ui]-(r)/kBT . 1 —

(57(di]’ — ’r‘) — H,(dij — T‘) (211)

where kp is Boltzmann’s constant, 1" is absolute temperature, d;; = %(dii—l—djj) is the short-
est center to center distance between a particle of species 7 and j. Additionally, 7;; measures
the attraction strength between species i and j and d_(z) and H_(x) are the asymmetric
Dirac delta and asymmetric Heaviside step functions, respectively. The parameters 7;; are
generally temperature dependent and are defined so that 7;; = 0 represents infinitely strong
adhesion between ¢ and j and 7;; — oo indicates hard-sphere behavior (no attraction) [11].
Barboy and Tenne [11] show that analytic expressions for the correlation functions,
cij(r), are attainable through the Percus-Yevick closure. These expressions are defined in
terms of a set of dimensionless parameters, A;;, which are determined through the following
system of coupled nonlinear polynomial equations:
9d;;&2 dzzj

- — 2.1.2
1—&3  dydjj ( )

mdij 2
— N ped (i — 6)(Aj — 6) — TijAij =

where 1 <i<j< Mand§& =5 pkd};k. The quantities \;; = A\j;, 7;; = 7j; and d;; = dj; are
all invariant under permutation of their indices. Observe that through the Percus-Yevick
closure, the task of determining c;;(r) has been turned from solving an integral equation to

solving a system of algebraic equations.

2.2 Solving the Barboy-Tenne Equations

For an M component mixture, the system of quadratic equations in the );; given in Eq.
(2.1.2) generally has M (M + 1) complex solutions. However, we are only interested in real
solutions to Eq. (2.1.2) and only a certain subset of these roots will have physical signif-
icance. Lahnovych [14] formulated the system in Eq. (2.1.2) as a matrix polynomial and
examined the one- and two-component cases in detail. She also gave bounds on the 7;;
which guaranteed the existence of a real solution. In the present work, we derive a method
to find the A;; in the specific two-component case of o — 7 mixtures. We also discuss the
general M-component case and describe a method for determining the physically relevant

set of parameters, when real roots exist.



2.2.1 «— vy Mixtures

In the two-component case, the system given in Eq. (2.1.2) consists of the following three

coupled quadratic equations in the unknowns Ai1, A12 and Ago:

7 _du 2 2 2 2 9d11£2
_ _ _ — —6
121 & (p1di (M1 — 6)° + padye (M2 — 6)7) — T A e,
(2.2.1)
LT d12 2 2 9d12§2 Gd%Q
&2, (M1 — 6) (M2 — 6) + pad2y(A12 — 6)( Aoz — 6)) — T12h1 = -
121_53(P1 11(AM11 = 6)(A12 = 6) + padia (M2 — 6)(A22 — 6)) — Ti2A12 Tt diyde
(2.2.2)
T _dx 2 a2 2 a2y _ 9d2&e
121 — 63 (pldll()\IQ 6) + ,02d22()\22 6) ) 7'22)\22 — T 53 6
(2.2.3)

It has been found that « — « interactions can be accurately modeled as hard spheres [5]. In
other words, we are interested in a two-component system for which 799 — oo. Two cases

arise:
(1) A22 — 0 so that m92A29 — a for some constant a.
(2) A2 = oo and pd3y(A2a — 6)2 — TaaA9a = 0.

In the first case, where A2z — 0, Eq. (2.2.3) becomes

T doo

K _ 9d2282
121— &

o1&

(pld%l()\m — 6)2 + 36p2d32) —a —6 (2.2.4)

which can always be satisfied for an appropriate choice of a. Thus, for A9s = 0 the system

is reduced to

T d 9d
= (pld%I(All - 6)2 + ,02d%2()\12 — 6)2) — ’7’11)\11 = 1162

B 6 T, (2.2.5)

T dig 0 2 9di2&s  6diy

— di1(A11 — 6)(A12 — 6) — 6padie (A2 — 6)) — 1212 = - 2.2.6

121_53(/)1 11(A11 = 6)(A12 — 6) — 6padiy(Ai2 — 6)) — T12A12 16 diyda (2.2.6)
To simplify calculation, we define ¢; = %pid?i, T; = 1?23, and v;; = %. In terms of these



new variables, (2.2.5) and (2.2.6) can be written

xl()\ll — 6)2 + Vijﬂfg()\lg — 6)2 — 27’11()\11 — 6) = 127’11 + 18($1 + %]’332) —12 (2.2.7)
(A2 = 6) [(1 4+ vij) (x1 (A1 — 6) — 675522) — 445T12]

= 18(1 + 7ij) (w1 + vijaz) — 6(1 +7ij)* + 24735712 (2.2.8)
Solving Eq (2.2.8) for (A2 — 6) we obtain

24,5
18(x1 + vijxe) — 6(1 + 45) + 111,22

(M2 —6) = - (2.2.9)
1 (A1 — 6) — 67;522) — 43}:;?
Writing
_ 2475712
A=18(z1 + ’}/Z'jmz) —6(1+ %’j) + (2.2.10)
1+ 7ij
4y T12
B = —6v.q0) — 2= 2.2.11
VijT2) 1+ 75 ( )
C=12m1 + 18(:111 + ’}/ijl’g) —12 (2.2.12)
and substituting Eq. (2.2.9) into Eq. (2.2.7) yields
2 A?
A1 — 6 i —2 A1 —6) =C. 2.2.13
r1(A11 — 6)7 + vij2 21001 —6) 1 B2 m11(A11 — 6) ( )
s 1 [x1(A\11—6)+B]? . .
Upon multiplying Eq. (2.2.13) by ===+—5"——= and collecting coefficients we get
1
()\11 — 6)4 + D3()\11 — 6)3 =+ DQ(/\H — 6)2 =+ Dl(/\ll — 6) + DO =0 (2.2.14)

where

QB:L'% — 21’%7’11

Da =
3 I':f
.%'132 — 4BT11331 — Cl’%
Dy = 3
Ty
—2B%m; — 2BCx
Dy — 11 - 1
7
Dy = Az%jévzs_ CBQ.
Ty



which is a fourth order monic polynomial in (A1; —6). Observe that knowledge of Aj; leads
to A12 through Eq. (2.2.9) so we have transformed the task of solving Eqgs. (2.2.5) - (2.2.6)
into solving a single fourth order polynomial. The roots of (2.2.14) can be found numerically

by using an eigenvalue routine on the matrix

~Do —Di —D; —Ds]

which has characteristic polynomial z* + D3x3 + Dyx? + Dyx + Dy.

2.2.2 (General Case

In the general M-component case, for which no assumptions on the 7;; are made, it is not
as straightforward to reduce Eq. (2.1.2) to a simpler algebraic equation. In principle, we
could solve Egs. (2.1.2) by simply applying a numerical scheme such as Newton-Raphson.
However, even with knowledge of initial guesses that would converge to all solutions to this
system, we would require external selection critera in order to choose the correct physical
root. In light of this, we apply a method from numerical algebraic geometry known as
Parameter Homotopy Continuation [15, 16]. The basic idea is we begin with a system for
which we have (approximate) knowlege of the physical root. We continuously transform
this system into the target system of interest, by embedding it in a homotopy and tracking
the roots of the changing system. At the end of this transformation, we expect to have a
solution to the target system corresponding to the known solution.

Consider a polynomial system, f(\, 7) = 0 where

fl()‘ﬂ—)
AT
£\, 7) = fQ(. ) (2.2.15)
S (A7)
is a vector of M polynomials in the M unknowns A = (A1,...,Ay) and 7 is a set of

parameters which appear as coefficients in the f;. Suppose we are able to find the solution



Ao when 7 = 7y and wish to find solution A1 when 7 = 7. To do this, we embed the start

system f(X\,719) and the target system, f(X\, 1), in the coefficient-parameter homotopy
h(\t)=f(\, (1 —t)1p +tm1) =0, t €10,1] (2.2.16)

Observe that as t goes from 0 to 1, h(\, t) is continuously deformed from the initial system
h()\,0) = f(\, 7p) to the target system h(\, 1) = f(\, 7).

Since the roots of polynomial equations depend continuously on their coefficients, we
may then follow the path the known solution A\¢ takes as ¢t goes from 0 to 1. To accom-
plish this, we employ a secant predictor-corrector method in which, at each iteration, we

increment t to t,41 = t, + d and predict the solution to the equation
h(A41,tn, +0)=0 (2.2.17)

using the secant predictor

An+1 ~ A\, + 5()\n — )\nfl). (2218)

This approximate solution then serves as the initial guess for a Newton-Raphson method
which corrects our prediction to find the true value of A\, 41, solving Eq. (2.2.17). In order to
ensure convergence, we adapt the step size § based on the success or failure of the corrector

step.

It is known that for systems of hard sphere particles, or for {7;;} — oo, all the {\;;}
will vanish [13]. Thus, if we start the homotopy continuation method, Eq. (2.2.16), at large
values of the 7;;, say 7o = Tmax We should expect the solution, Ag, of the start system to
be approximately 0. This now gives us a way to identify the set of physically significant
roots at 7y and to track using the previously described method to the target values of the
7ij given in 71. In practice, this has proven to be an extremely reliable method for solving

Eq. (2.1.2) in both the two and three component cases.

2.3 Light Scattering Equation

One of the main sources of light scattering in the eye lens is caused by spatial variations of the

refractive index due to local fluctuations in protein composition. For particles suspended in

10



a solvent, the amount of scattered light is usually represented by a quantity called the excess
Rayleigh ratio, AR(6). The excess Rayleigh ratio describes the intensity of the scattered
light in excess of that of pure solvent at a scattering angle §. Kirkwood and Goldberg [17]
have shown that the near forward (# = 0) excess rayleigh ratio for fluid mixtures is given
by

AR(0) = (“2’;fT> Vel H [G/V]™' -V e (2.3.1)

where kp is Boltzmann’s constant, T is absolute temperature, ) is the wavelength of incident
light, V¢ is the gradient of the dielectric coefficient, ¢, with respect to number density, p.
The quantity H,[G/V]~! is the inverse of the Hessian matrix of the Gibbs free energy per

unit volume with respect to number density which is defined as

¢ P
9p7  Opi0
HylG/VI= | 5% 5" |- (2.3.2)

dp1dp2 93

The quantity of fundamental importance in Eq. (2.3.1) is the Gibbs free energy G,
along its functional dependence on composition (specifically, its second partial derivatives).
The liquid structure model we have chosen to analyze o — v mixtures will lead us to an
analytical expression for these quantities, from which we can reconstruct light scattering
intensities. In the next section, we derive a convenient matrix factorization for H,[G/V]

for systems containing two solutes in solution.

2.4 Free Energy of Two-Solute mixtures

Our primary goal is to reconstruct light scattering intensities for aqueous «a/~-crystallin
mixtures, which is a three-component system. While we could consider the solvent as a third
species in a three component system, the McMillan-Mayer theory of solutions [18] allows
us to treat solvent effects implicitly in a two component system. In the latter system, the
solvent is assumed to be a continuum which fills the remaining volume between the solute
particles.

We must determine the correspondence between the thermodynamic properties of the
explicit three component system and the implicit two component system. If we let chemical

species 0 be the solvent, the relationship between the two component chemical potential

11



:%(2) and the three component chemical potential u§3) of species i = 1,2 can be shown to be

v;
qu(?) _ u2(3) _ 7M(3)

2.4.1
g (24.)

where 7 is the partial molecular volume of component j. From Eq. (A5) in [19] we have

ol =g+ (52) o+ (22) o) (2.4

where g = G/V is the Gibbs free energy per unit volume. Differentiating Eq. (2.4.1) for
i = 1,2 with respect to p;(j = 1,2) and using Eq. (2.4.2), we obtain

ou®  out? o out? Tipt Tipo
9p1 Opz | _ | 9p1 Op2 + H,|q] (2.4.3)
8;1%2) 3#(22) 3#9 Byf) _ B pl9 4.
Op1 Op2 op1 Opaz V2p1 V202
where
%9 9%
op2  Opip2
H = P1 2.4.4
p[g] 829 & ( )
dp1p2 apg

is the Hessian of the intensive Gibbs free energy with respect to number densities. It is also

shown in [19] that the matrix of partial derivatives of the 3-component chemical potentials

with respect to p1 and py is related to H,[g] by

o oY

1—piv1 —p201

5] )

O e G b 77 2.4
p1 Dpa —pP102 1 — pavo

Substituting Eq. (2.4.5) into Eq. (2.4.3) yields

G 8;L<12) 8#52)
[5) [5)

H,|—=| = L . 2.4.

, [ } o ol (2.4.6)

Op1 Jp2

Thus the Hessian of the intensive Gibbs free energy of the experimental system is equal to
the matrix of partial derivatives of the two-component chemical potentials. For solutions
modeled by the Baxter-Barboy mutlicomponent model these derivatives are shown to be

Opi _ 1, 12 O
op; = 5\iP) ijQkag (2.4.7)

12



where § = 1/kpT where k is Boltzmann’s constant, T" is absolute temperature and the Q;;

are functions of the set of parameters {\;;} [11].

2.4.1 Matrix Factorization of H, [%}

We shall now derive a convenient matrix factorization for H, [%] in which the @);; appearing

in Eq. (2.4.7) are considered to be the ij entry of the matrix Q defined as

Q=pX I+ XLo~)(I+XU)X/p '

where A o B is the Schur product defined by (A o B);; = A;;B;j and

p1 x1 lin o
p= P2 X = o L= |lig Iy
d
1 ﬁ 1 1
=19 1 U= |11

(2.4.8)

(2.4.9)

(2.4.10)

In the above equations, p; and d;; are the number density and diameter of species i,

respectively, x; = 1_%71% where ¢; is the volume fraction of species i and [;; = 3 — \;;.
k

The quantities Q;; are defined in Eq. (52) of [11] as

di;
Qi = 615 — 27 (pip;) "/ qij(r)dr

13

(2.4.11)



where

1

dij = §(dn +dj;)
1

mij = §(dn —djj)

1
qij(r) = [2%(7“2 — d?]) + bi<7" - dij) + tij] H_(dij - 7“)

1 ™
i= 51— di; — —di; Az
a AL ( &3+ 36 5 Ek Prdiy k)
1

1
bi=5dii | T—F— —ai
2 <1—§3 a)
™ i
fi:gzpkdkk
K

b Qi
Y12(1 - &)
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(2.4.12)
(2.4.13)

(2.4.14)

(2.4.15)

(2.4.16)

(2.4.17)

(2.4.18)



Substituting these quantities into Eq. (2.4.11) and integrating we obtain

di;
Qs = 0 — 2 (pip) 2 [ |2air? — @) + bi(r — dij) + ti; | dr (2.4.19)
ij ij PiPj o i ij i ij ij
mi]‘
2
b am(pp) [ %2 1, L
= 0ij PiP;) e 4 bir 4 | tij — bidyj 5 dr (2.4.20)
r l(du‘i'd]])
i b; ’
= ;5 — 21 (pipj)'/? %r?’ + §r - ( — bid;j — ) r] (2.4.21)
- % du'_dJ])
a; "ai
= bij — 2m(pipy)"? | o (Bdisdyy + dj;) + dmdﬂ + - ) djj] (2.4.22)

1/2 2 3 d3;dj; 1
= 0;; — 2m(pip;) [ (3d3;dj5 + dj;) + -1 g~ a;

d;id;j 1 da;
+ (tz‘j - = <1 - al-> — ) 5| (2.4.23)
Bdpdjs +d;  ddy;  dididy;  ddss
= &;j — 2m(pip;)"/? [ z( T ot

dydj;  diidijdj;

Tii-g) 21 &)

+ djjtij} (2.4.24)

[ d3 dz-d-' doidiids Niidiid2.
— 6 — 2m(pips 1/2 3J 4 Gty GGy 0T 2.4.95
1) Ty T i) T 2(1-€) T 21— &) (2:429)
[ a3, 1 diidis dy;d?.
s a2 | JJ ujgy o Ty
dij — 2m(pip;) ai~o + T ( D Aij 1 (2.4.26)
= i + 27 (pipj) '/ - —dgf P (3d;id2; — disd?;Mij) (2.4.27)
%) 1) 12 12(1 _€3) ¥ Ll MV} -E.
di;d?.
Pi 3 Wy
= 04 + ads + 33—\ 2.4.28
J 6 pj IOJ 7] (1 . 63) ( ])] ( )

T ppds . .
Observe that if we define zj, = 45 £ Yij = q and [;; = 3 — A;; then a; can be rewritten
77
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as

(1- 53)2

<
o

1—53

which upon substitution in Eq. (2.4.28) yeilds
3
Pi d

=9 ;

Qij = dij + 6,/pj Pj [
(1 + Z T Yik(3 — Aik)) +
k

x; (1 + Z TrYik(3 — Air)

= 0;5 + pi
Py

= 5@']‘ + pi
Pj

= 0;5 + Pi
Pj

—

|

TN

w

Y o
/—\AA

1

+
w

s
1—53+36§kjpkd

T
6;1

™
— &3 + 3&adii — gdii > Pkdik)\ik>
k
1—&+35 > pedids — ~di > prdih
3 6kkkkll 622kkkk1k
Aik)
Kk

d.. T d
3 1 3 1

7_f§ : d3. =%
kkdkk 6 k Pk kk g

3 3
4 Py,
L= E o\
— gg%k 6 - 1 537119 zk>

1+3 Z TrYik — Z xk%k)\zk>

1—-¢&3

[ Fpids;

| 1-&

k

(1 + Z -’L‘k”%k 3 Azk))

) + 257 (3 = Az’j)]

Tj (1 + Zfﬂk%klik> + xj%’jlij]
k
(1 + vijlij + Z xk%’khk)] :

We see that the diagonal elements, ();;, have the form

and the off diagonal elements are

Di
Qii=x
ij J\/p

Qi = 142 + ailii + 20 Y wevindin

k

1+ ’ng ij + Z TrYiklik

k

diid}; )
(-t @ A”)]
5ot .
(1 o 63) (3 )"L])]

(2.4.29)

(2.4.30)

(2.4.31)

(2.4.32)

(2.4.33)

(2.4.34)

(2.4.35)

(2.4.36)

(2.4.37)

(2.4.38)

(2.4.39)

(2.4.40)

(2.4.41)



which is consistent with the factorization given in Eq. (2.4.8). Using the matrix entry

formulation for the Q;; together with Eq. (2.4.7) gives the factorization

0%g 9%g

G _ | 903 Opip2| _ 1 —-1AT -1
H, [V:| T 82 g | B\Fp Q QVp . (2'4'42)
dpip2  Op2

The expression for AR given in Eq. (2.3.1) involves the inverse of H, [G/V] which we see
is simply

1
|| =sveet@ e (2.4.43)

Substituting Eq. (2.4.43) into Eq. (2.3.1) yields

2

AR(0) = (;) Vel /pQ QN /b Ve (2.4.44)

While Eq. (2.4.44) gives an expression for AR in terms of the model parameters, it is will
be more convenient to express Ve in terms of changes in the index of refraction, n, with
respect to protein mass per unit volume concentrations. The concentration of species 7 is

related to the number density, p;, by
C; = Py (2.4.45)

where m; is the mass per particle of species 7. Using the relation ¢ = n? we find that

Oe on?
=m;— 2.4.4
Opi " Je; ( 6)
- (2.4.47)
- 'Lacz B
which gives
on on
T
=2 —_— — . 2.4.4
V€ n (ml aq,mg 302) ( 8)

This is desirable as experimental measurements for % are available for o and yg-crystallin.
Using Eq. (2.4.48), the final form for the light scattering intensity for a two-solute ternary

mixture is
4n’n? on on 1 I\T on an\"
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We are now in a position to compare light scattering intensities as predicted by the Baxter-

Barboy model with those obtained via experiment.

2.5 Reconstructed Light Scattering for a — v mixtures

We use the above development to construct light scattering intensity vs. concentration plots
for mixtures of bovine a and yp-crystallin in water using A = 514 nm light. We choose
particle diameters d., = 1.8 nm and dn, = 7.55 nm. Based on previous work mentioned
earlier, the oo — «v interactions as hard spheres, 7, = 00. Fine [6] derived the following

temperature dependence for the v — ~ attraction:
Ty(T) = 0.012T 4 0.55 (2.5.1)

For molecular weights, we take M, = 20,981 g/mol and M, = 750,000 g/mol. We model

the index of refraction as a function of mass/volume concentrations ¢, and ¢, using

on on
n =ny + 870767 + aca (252)

where we take ng = 1.33 and % =0.21, 8‘97’; = 0.17. Using these parameters in computa-
tional software such as MATLAB or Mathematica, we run over the o — yp concentration
grid and solve Egs. (2.1.2) for {\;;}. We can then compute AR(0) via Eq. (2.4.49).

We present some preliminary results, using the parameters listed above, which demon-
strate the ability for the sticky-sphere model to reproduce many of the key features seen in
light scattering experiments. Figures (2-1), (2-2) and (2-3) show light scattering intensity
vs concentration plots for aqueous o —yp crystallin, reconstructed using the Baxter-Barboy
sticky-sphere model at 37° C, 25° C and 15° C, respectively. Here, we have taken 7., = 7.
The filled circles are experimental data as measured by Thurston [1] and are organized by
total protein concentration. From Fig. (2-1), we see that the sticky-sphere model is able to
reproduce the change in concavity in the light scattering intensity observed when moving
from low concentration (blue points) to high concentration (red points). The model also
accurately reproduces the variation in light scattering intensity at 300 mg/ml, as a function

of temperature as seen across Figs (2-1)-(2-3).
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Light Scattering vs Concentration:at 37° C
® 300 mgiml

. o s 150 mgfml

¥x10

400

Y [Mg/mi]

® 300 mgiml
o 150 mgfml
o 75 mgiml

105_..--"".
8
6
4,_..--"" )
2,_

A R[1/cm]

-2'%::::23::'.
400

0 400 a [mg/ml]

Y [Mg/mi]

Figure 2-1: Reconstructed Light Scattering Intensity vs Concentration plots for a —vyp mixtures at
37° C, using model parameters described in the text and 7, = 7. The filled circles are experimental
data measurements corresponding to 300 mg/ml (red), 150 mg/ml (green) and 75 mg/ml (blue)
total protein concentration.
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Light Scattering vs Concentration at 25° C
& 300 mg!ml

1B
=
L
“|

400

a [mg/ml] Vg [mg/ml]

¢ 300 mgiml

400

400 g

g [Mgfmi] a [mg/ml]

Figure 2-2: Reconstructed Light Scattering Intensity vs Concentration plots for a« —yp mixtures at

25° C, using model parameters described in the text and 7,4 = 7. The filled circles are experimental
data measurements corresponding to 300 mg/ml (orange) total protein concentration.
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Light Scattering vs Concentration at 15° C i
: : [ S SRS * 300 mgiml

0.035.
0.03
0.025
0.02+]
0.015.
0.01
0.005

AR[1/cm]

0.8
-0.005

300

350

[m ‘fml] 0 0 ] 50 100 150
o
? g [Mg/ml]

¢ 300 mgiml
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300
250 200 250
300 150

100
350 g 50

Vg [Mg/ml] o [mg/ml]

Figure 2-3: Reconstructed Light Scattering Intensity vs Concentration plots for a —yp mixtures at
15° C, using model parameters described in the text and 7,, = 7. The filled circles are experimental
data measurements corresponding to 300 mg/ml (purple) total protein concentration.
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Chapter 3

Virial Coeflicients

We now shift our attention to calculating the virial coefficients for the Baxter-Barboy po-
tential. We are able to derive closed-form expressions for both the second and third virial
coefficients for this model, using some clever techniques of integration. These expressions
can offer theoretical insight into the light scattering behavior seen in the previous section.
Additionally, virial coefficients may be measured experimentally and can be useful in de-

termining the nature of crystallin interactions.

3.1 Introduction

The pressure of a single component system can be expressed as an infinite power series in
the number density p

T =p+ Bao(T)p* + B3(T)p® + ... (3.1.1)

Eq. (3.1.1) is known as the virial equation of state and is a modification of the ideal gas law
which corrects for the interaction of particles in real systems. The coefficients B, (T'), known
as the n'" virial coefficient, arises directly from the interaction forces between n particles.
This clear interpretation, together with the fact that they can be measured experimentally,
make virial coefficients an extremely important tool in understanding the behavior of gases
and liquids.

The expansion given in Eq. (3.1.1) can be generalized for a system with M components

p M M M M
BT Z +z;z:1szpzpj z;z;; ijkPiPi P + - (312)
= ? J =1 )= =
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where p; is the number density of species 7 and B;j, Cjjx,... are the second, third, etc.
mixture virial coefficients and depend on temperature. The second virial coefficient, B;;,
depends on two particle interactions between species ¢ and 7, the third virial coefficient
,Cijk, depends on three particle interactions between species 7,7 and k, and so on. Note
that the virial coefficients are invariant under permutation of the indices, so B;; = Bj;,
Cijr = Cjri = Cigj, ete.

In addition to the pressure, other thermodynamic quantities can be expressed as a virial
expansion in the number densities. In particular, the excess Gibbs free energy per unit

volume per kT for a two component system may be written [20]

G
VEgT

= p11n p1+p2 In ps + Bi1p} + 2Biap1p2 + Bazps

n Ch1103 + 3C1120%p2 + 3C122p1 93 + C20203
2

T (3.1.3)

Knowledge of the virial coefficients makes it possible to calculate light scattering intensities
using Eq. (3.1.3). This may lead to additional insight into lens transparency, as the virial
coefficients depend only on the form of the intermolecular potential and not on the Percus-
Yevick closed used in solving the Baxter-Barboy model.

The second virial coefficients B;;(T") are the easiest to compute and depend only on
the pairwise potential u;;(r) between a particle of type ¢ and j. In order to calculate the
third virial coefficient Cj;i(T") one generally requires knowledge of the total three body
interaction potential. However, if one assumes pairwise additivity of intermolecular forces,
the task of computing higher order virial coefficients is greatly simplified. Pairwise additivity
assumes multibody effects are negligible and the total intermolecular potential of a group
of molecules can be written as the sum of their pairwise potentials. For example, assuming
pairwise additivity, the total intermolecular interaction, U;j; between particles 7,7 and k

can be written

Uiji (T3, Ty, ) = wii (|75 — 75]) + win (|75 — 7l) + wir (|75 — 7%]) (3.1.4)

where 7, 7; and 7}, are the positions of particles ¢,j and k, respectively [21, 22]. Under
this assumption, we are able to derive analytic expressions for B;; and Cjj;, for the Baxter-

Barboy potential.
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3.2 Second Virial Coefficient for the Baxter-Barboy Poten-
tial

The second virial coefficients B;;(T") are given by
oo
Bi;(T) = —2r / fij(r)r2dr (3.2.1)
0
where u;;(r) is the pairwise intermolecular potential between species ¢ and j and
fij(r) = e7wua/ksT _q (3.2.2)

is called the Mayer f-function [21].

In the Baxter-Barboy sticky-hard sphere model, the Mayer f-function for interactions

between species ¢ and j is given by

2735

Fio(r) = (22 ) -(dsy =)+ H- i) (323

Here, d;; = %(dZZ + dj;) is the smallest center-to-center distance between species i and j,
7ij is a temperature dependent measure of the strength of intermolecular attraction and
d_(x) and H_(x) are the asymmetric Dirac delta function and asymmetric Heaviside step

function, respectively.

By Eq. (3.2.1) and Eq. (3.2.3) we obtain

Bi(T) = —2n /0 [< QdTJ> §_(dij — 1)+ H_(r — dij) — 1] r2dr (3.2.4)
ij
dij 2
= 27r/ ’ [(dl]r ) d_(dij —r) — T2:| r2dr (3.2.5)
0 273
27 3
= d.(1- 2.
3 Y ( 27—@']’) (3 6)

where the temperature dependence arises through the parameter 7;;.
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3.3 Third Virial Coefficient for the Baxter-Barboy Potential

Under the assumption of pairwise additivity of intermolecular forces, the third virial coef-

ficient is given by

Ciji(T) = _zl))//fijﬂrijbfjk’(rjk|)fik(|rik|)drijd7"ik (3.3.1)

where 14, = 71, — 74, and f;; is the Mayer f-function defined in Eq. (3.2.2). Using the
properties of Fourier transforms, it can be shown that the integral in Eq. (3.3.1) can be
written

4 (27)3/

CuT) = == [T mntern(or (332

where 74+ (t) is the Fourier transform of fq(|r]) [21, 22] . Taking the Fourier transform of

the mayer f-function given in Eq. (3.2.3) we obtain

1 _7/ .
Yary (t) = W/fcw(’ﬂ)e b dr (3.3.3)
2\ /2 oo in ¢
_ <> / Fary (1) 2y (3.3.4)
Y 0 t
2 /2 pday doy rsintr
=(= ) 6_(do~y — H_ (r—dy,)—1 d 3.35
2) [ (5 )t =) 1| PR (535)
_ 2 1/2 dgw sin da~t N dary €OS daqyt _ sin danyt (3.3.6)
T 2Tt 12 t3
2\ /2 sin dg~t coSdat  sindy~t
= - d3 a v Sl 3.3.7
<w> & [wwmt "l t)? <dmt>3} (331

Eq. (3.3.2) becomes

Ciji(T)
_ —32—7Td34d?-’ B /°° [sin dijt _ cosd;it  sin dijt} [sin djxt  cosdjxt  sin djkt]
3 TIkTk 2dijmiit - (dijt)?  (dijt)® | |2djemint  (djpt)? (djxt)3
[sin digt | cosdyt sin dikt} 20
2dipTirt  (digt)?>  (digt)?

(3.3.8)

The integral appearing in Eq. (3.3.8) is of the form

[ sin At sin Bt sin Ct
I1=I(AB = A B 2
( , ,C,TA,TB,TC) /0 [2ATAt+g( t)] [QBTBt+g( t)] [QCTCt—i—g(Ct)]t dt
(3.3.9)
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where A = %(du +d;;), B = %(djj +dgi), C = %(du + dik), TA,TB, TC are positive, real

parameters and

cosx sinx
2 - ?. (3.3-10)

g(x) = .

We note that each bracketed expression in the integrand of Eq. (3.3.9) is an even function

of ¢, and therefore

1 [ [sin At sin Bt sin Ct
I'=3 A B 24t 311
/ |:2A7‘At +9( t)} [2BTBt+g( t)} [2CTCt+g(Ct)} t=dt (3.3.11)

Expanding the integrand of Eq. (3.3.11) yields

I=

/°° [sinAtsinBtsinC’t sin At sin Bt sin At sin Ct (Bt)

t -
8TaTBTCABCH + 4raTBAB 9(Ct) + 4o AC g

sin Bt sin Ct sin At sin Bt
— (At Bt)g(Ct)t
+ drgTc BC g(At) + QTAAg( Jg(C)t + 27 Bt

S 9 Ag(Bo)t + g(AD)g(Be)g(Ct)e e (3:3.12)

1
2

—00

g(At)g(Ct)t

_l’_

Splitting up the integral in Eq. (3.3.12) results in integrals of four distinct types, namely

TWA.B.C) = /OO sin At sintBt sinCt (3.3.13)
Ty(A, B,C) = / " sin At sin Bt (Ct)dt (3.3.14)
T3(A,B,C) = / " sin At g(Bt) g(Ct)tdt (3.3.15)
Ty(A,B,C) = / - g(At) g(Bt) g(Ct)t*dt (3.3.16)

each of which can be evaluated in closed form.

The following two lemmas will be useful:

Lemma 3.3.1 (Riemann-Lebesgue Lemma) Let f be a L' integrable function. Then

lim /OO f(z)sin(Az)dx =0

A—00
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and

lim /OO f(z)cos(Ax)dx =0

A—00

Lemma 3.3.2 Let f be a continuous, L' integrable function. Then

i sin(Az)

A—oo J T

f(z)dx = liE% f(z)m.

Proofs of Lemmas (3.3.1)-(3.3.2) can be found in [23] and [24], respectively. Additionally,

we define
Y. (A, B,C) = %[(/H B+CO)" YA+B+C|+(A-B—C)"A—B-C|+
(~1)"(~A+B-C)" N~ A+B-C|+(-1)"(-A-B+C)" |~ A- B+
(3.3.17)

for nonnegative integers, n, and note that

oY, (A, B,C)
S = Yau1(4,B,0). (3.3.18)
3.3.1 Type I Integral

To evaluate integrals of the first type, we note that by expressing sin x in terms of complex

exponentials, we can derive the identity

sin At sin Bt sin Ct = —i [sin(A + B+ C)t+sin(A—- B - C)t+ (3.3.19)

sin(-A+ B - C)t+sin(-A—-B+C)t

Thus, Eq. (3.3.13) becomes

. 1 /oo sin(A+ B+ C)t+sin(A —B-— C)t+sin(—A + B — C)t+sin(—A B+ C)tdt.
1) o t t t t
(3.3.20)
Using the well known result
o : t
/ Smta dt =sgn(o) - (3.3.21)
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a proof of which can be found in [25], we find

Ti(A, B,C) = 7% sgn(A+ B + C) +sgn(A — B — C)+

sgn(—A+B—-C) +sgn(-A—-B+C) (3.3.22)

x
In light of the fact that we can write sgn(x) = —, for non-zero x, we obtain

||
T1(A,B,C) = -Yy(A, B,C). (3.3.23)
We shall demonstrate that in the physical context of the problem, the quantities A — B —
C,—A— B+ (C and —A 4+ B — C are never zero, and are in fact strictly negative. We will

therefore assume that the family of functions Y,, (A, B, C) are continuous for all physically

admissable values of A, B and C.

3.3.2 Type II Integrals

We begin by observing that

T Brog \ Bt
Thus, the integral of the second type, given by Eq. (3.3.14), can be written

9(Bt) L <Sinﬁt>. (3.3.24)

Ty(A, B,C) = 1 90 1 [* sinAtsinBtsinCt i

= 5360 3 (3.3.25)

where we have interchanged the order of integration and differentiation. If we now define

> sin At sin Bt sin Ct
I3(A, B,C) = /_Oo 3 dt (3.3.26)
differentiating Eq. (3.3.26) twice with respect to the parameter A yields
0I3(A, B, C) *° cos At sin Bt sin C't
i S R B A 3.2
=k /_ ) = dt (3.3.27)
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and

0°I3(A, B,C) °° sin At sin Bt sin C't
— = dt 3.2
= /_ ) : (3.3.28)
= —Ty(A, B,C) (3.3.29)
From Eq. (3.3.23) we obtain
0?I3(A, B,C)
oz = Yo(A, B,C) (3.3.30)
Integrating both sides of Eq. (3.3.30) with respect to A yields
oI
T4 Y1(4, B,C)+m(B,C) (3.3.31)

where 7, is arbitrary function of B and C. Equating the right sides of Eq. (3.3.30) and Eq.
(3.3.31), we obtain

dt =Y1(A,B,C) +m(B,C) (3.3.32)

/OO cos At sin Btsin Ct
t2

—0o0

By Lemma 3.3.1 the left hand side of Eq. (3.3.32) must vanish as A — oco. Taking the same
limit of the right hand side of Eq. (3.3.32), we find

lim —Z[\A+B+C|+|A—B—C|—\—A+B—C’|—\—A—B+C’H+771(B,C)
= n(B,C) (3.3.33)

since Y1(A, B, C) vanishes for A > B + C. Since these limits must be equal, we must have
m(B,C) =0, which gives
Ol

94" Yi(A, B,C) (3.3.34)

and thus
I3(A,B,C) =Y2(A,B,C) +n2(B,C). (3.3.35)
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If we take the limit as A — oo of Eq. (3.3.26) and apply Lemma 3.3.2 we obtain

> sin At sin Btsin Ct
lim I3(A, B,C) = lim / St SMDEIRTE g
A—o00 Ao oo t t2
[sinBtsinCt]
=7lim | —————
t—0 t2
=rBC

Taking the same limit of Eq. (3.3.35) we find

lim I3(A, B,C) = lim f[(A+B+c>2+(A—B—C)2—
A—o0 8

A—o00

(—A+B-0C)? - (—A—B+C)2] +m2(B, C)
_ /‘121(1}0% [2(B+C)? —2(B — C)*] +n2(B, C)

=nBC + UQ(B,C)
which, by Eq. (3.3.36) gives 172 = 0 and so
I35(A,B,C) =Y3(A,B,C)

and
1 9 Y5(4,B,0)
TQ(A’B’C)*éaC C
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3.3.3 Type III Integrals

Using Eq. (3.3.24) one can write

1 0 0
T5(4,B,C) = BcacaB/

—00

° sin At sin Bt sin Ct
BCt?

(3.3.40)

We observe that the integral in Eq. (3.3.40) does not converge. However, we may add
a regularization term inside the integrand which does not depend on B, as the derivative

with respect to B will cause these terms to vanish. Specifically, we have

Ty(A B,C) = Bic%a% /_‘: sin At s];nCB;; sinCt  sin At sg:;f sin Ctdt (3.3.41)
_ Blca%aaB/_oo smtAt [sggt B s;r;t] sngtC’tdt (3.3.42)

If we let
5(4.8,0) = [ Z o 4t [Si;t]jt - Si;t] Lt (3.3.43)

then,

Ols o sin Bt sint] sin Ct
=2 = A — 3.44
9A /_OOCO t[ B8 13 ] cr & (3:344)
0% o0 in Bt sint] sinCt
o= [ swar |t (3.3.45)

Expanding the integrand in Eq. (3.3.45) we find

2 00 o . . . o
E;f.lf; _ _/OO smAtsgnCB;;fsmC’t B SIDAt%2§SIDCtdt (3.3.46)
= T34, B,C) + SI5(A,1,0) (3.3.47)
= Va4, B,O) + SH(4,1,0) (3.3.48)
where we have used the result obtained in Eq. (3.3.38). Integrating, we find
% - _BLCY?,(A, B,C) + %Ya(A, 1,C)+m(B,C) (3.3.49)
I — —BLCY4(A, B,C) + %n(A, 1,C) + A (B, C) + (B, C) (3.3.50)

where 11 and 7o are arbitrary functions of integration, which we will again determine by
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comparing the limits of Eqgs. (3.3.43 - 3.3.44) to Egs. (3.3.49 - 3.3.50) as A — oc.

We begin by noting that the function h(t) = [Siggt - %}t} % is bounded, smooth and

integrable (prove this?) and hence by Lemma 3.3.1

0I5

lim — = 3.51
aon =" (3331
and by Lemma 3.3.2
. . sin Bt sint] sinCt
1=ty | T - S (8.852)
, Bt (Bt)?> (Bt)® t )3 ()P sin Ct
=7l - R I N T
™% [(Bt?; 3B 5IBEH 3318 T EE t
(3.3.53)
=T(1-B? (3.3.54)

(=}

Furthermore, taking the limit as A — oo of Eq. (3.3.49) yields

lim 22° — lim ———
Aloo DA ASee 24BC

b [(A+14+CP+(A—1-CP 4 (~A+1-CP +(~A—1+C)?

(A+B+0CP+(A-B-C)*+(-A+B—-C)*+(-A—B+C)’]

24C
+m(B,C) (3.3.55)

= ~5;50 0A(B + C)? = 6A(B — C)*] + 5106401+ C)? = 6A(1 — C)?] +m(B,C)
(3.3.56)
= —%[430] + %[40] +m(B,C) (3.3.57)
=m(B,C) (3.3.58)

implying n;(B,C) = 0.
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As A — oo, Eq. (3.3.50) becomes

_ _ 4 p A A (A 4
1}1_1}1;015 Algréo 9630[(A+B+C) +(A-B-C)'—(-A+B-0)*—(-A-B+ ()Y

+@[(A+1+C)4+(A—l—C)4—(—A+1—C)4—(—A—1+C)4] +m2(B, C)

(3.3.59)

2 _ 2/p M2 4 _ —_ N4
= lim — 96BC [12A%(B+ C)* —124*(B - C)* + 2(B + O)* — 2(B — O)*]

+ —— [124%(1 + 0)? — 124*(1 - C)* + 2(1 + C)* = 2(1 — O)*] + n2(B, O)

960
(3.3.60)
. 2 3
= lim — BC [484°BC + 16BC + 16 BC®| + BC [48A4°C +16C + 16C°] + m2(B, C)
(3.3.61)
- %(1 — B2) + ny(B, C) (3.3.62)
Comparing with Eq. (3.3.54), we deduce n2(B, C) = 0 which gives
I5(A, B,C) = ———Y4(A, B,C) + L¥4(4,1,C) (3.3.63)
5 y Dy - BCO 4 y Dy C 4\, 1, . +J.
Hence,
1 09 9 1 1
— = —Y4(A, 1 .3.64
1 0% [Y4(A B,C)
~ BC8BIC [ BC } (3.3.65)
3.3.4 Type IV Integrals
The fourth type of integral can be expressed,
1 0 0 0 1 [ sinAtsinBtsinCt
A B0 = ypaaranaca | L Bon (3.3.66)

Using the same reasoning as for the third type of integral, while the integral above does not

converge, we are able to introduce regularization terms into the integrand of Eq. (3.3.66)
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as long as they are not functions of A, B and C' simultaneously. Thus we can write

Ty(A, B,C) = 1 0 0 91 [*sinAtsinBtsinCt sin Atsin Btsint

- ABCOAOBOC A |_ BCt7 Bt7
sin Atsintsin Ct  sin Atsin®t
- dt .3.
Cr + r (3.3.67)
1 0 0 91 [*®sinAt|[sinBt sint] [sinCt sint
== — — dt (3.3.68
ABC@A@B@CA/_OO t [ Bt3 3 } [ ct3 3 ] ( )
Let
® sin At [sin Bt sint] [sinCt sint]
I;(A,B = — — .3.
7( ) 70) /_OO t I Bt3 3 |1 O3 3 ] dt (3369)
which gives
ol o0 [sin Bt sint] [sinCt sint]
A —/_oocosAt 5 || o B dt (3.3.70)
and
0% > sin Bt sint]| [sinCt sint
— = — A — — 3.71
B2 /_Oocos t[Bt3 t3][0t2 tQ]dt (3.3.71)
* sin At [sin Bt sint] sinCt sin At [sin Bt sint] sint
= — — — — dt  (3.3.72
/_OO t [Bt?’ t3} Ct t [Bt3 t3} t ( )
=—I5(A,B,C)+ I5(A, B, 1) (3.3.73)
1 1 1
Integrating, we find
OF _ Ly (A B,C)— 1vi(A,1,0) — L¥5(4, B 1) + Ya(A,1,1) + (B, C)
oA - BC 5 y Dy C 5 y Ly B 5 y 2y 5 s Ly T )
(3.3.75)

1 1 1
17(A>B>C) = 3701/6(‘4’370) - 5%("43 170) - EY'G(A7B7 1) + Y'G(A7 17 1)

+ Am(B,C) +n2(B,C) (3.3.76)

As usual, to determine 7; and 72, we take limg_,o, of Egs. (3.3.69 - 3.3.77). Since

[Siggt — %%t] [Siggt — %%t] is Riemann integrable, we can apply Lemmas 3.3.1 and 3.3.2

to obtain

(e}

.0 .
i 5 = i [ o

sin Bt sint| [sinCt sint
Bt3 t3 Ct3 3

] dt =0 (3.3.77)
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and

_A—>oo _

Alim (A, B,C) lim  sin At [sinBt B sint] [sinC’t B sint} @t
—00

ot Bt3 £3 Ct3 £3
B sin Bt sint] [sinCt sint
— TN | e 3 13 3
= %(1 — B%)(1-C?) (3.3.78)

From Eq. (3.3.77), we also have

ol . 1 1 1
im 27 = lim —— _ = = 1)+ Y5(4,1,1) +
Ahm 3 Ahm CY5(A,B,C) CY5(A,1,C’) Y5(A,B,1) +Y5(A,1,1) + m (B, C)

= lim 4807390 [10A((B+C)* — (B —C)*) +204%((B+ C)? — (B — C)?)]

~ 2moc [0A(1L+C)' = (1= O)") +204%(1+ C)? = (1= €)?)]
— 5o [W0A(B+1)! = (B = 1)) +204%(B+1)* = (B~ 1)?)]
_ & [160A + 80A%] + n1(B, C)
= AT 4807;30 [10A(BB*C + 8BC?) 4+ 804*BC] — 487(30 [10A(8C +8C7) + 804°C]
~ 805 [10AB® 1 8B) + 204°(804°B)] — 12 [1604 + 804°) + 1 (B.0)
B (3.3.79)

implying 7; = 0. Similarly, in the limit of large A Eq. (3.3.76) becomes

1 1 1
1411_{%0[7(A>B>C) = ?C%(AaBac) - EY%\(Av 170) - EYvG(AaBa 1) + 1/6("47 17 1) + 772(370)

= lim_ m [2((B+C)S — (B—C)%) + 304%((B+ C)* — (B — C)*) + 30A%((B + C)*> — (B - C)?)]

™

~ Seaoc 20140 = (1= 0)) +304%(1+0)' = (1= O)") + 304" (14 C)* = (1 - C)?)]
~ saop 2B+ 10— (B=1)%) +304%(B + 1) = (B~ 1)) +304%(B+1)” - (B~ 1)*)]
— 5asp (128448047 +-1204%)] + 12(B, O)

= = [B2C? = C* = B + 1] +1(B,C)

= (1= BY)(1 - C%) 4+ m(B,C)
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which, upon comparison with Eq. (3.3.78) we find 72 = 0. Therefore,

1 1 1
I:(A, B,C) = 5Y5(4,B.0) ~ 5Y5(4,1,0) = 2Y5(4,B.1) + ¥5(4,1.1)  (3.3.80)

and

1 o 0 0 1 1 1 1
Ty(A,B,C) = ABC 9A DB IC mYﬁ(A,BaC) - TC%(A’ 1,C) - EYG(AaBa 1)+ Z}%(Aa 1,1)

1 8 & 9 Ys(A,B,C)

= ABCOADBIC ABC (3.381)
3.3.5 Evaluation of the coefficient
In summary, we have found
0 gin Af sin Bl si
/ sin tsmt tsmCtdt — _Yo(A B,C) (3.3.82)
o . 1 0 Y5(A,B,0)
/_OO sin At sin Bt g(Ct)dt = coc o (3.3.83)
o 1 9% Y4(A4,B,0C)
/_ sin At g(BOg(COMt = — e (3.3.84)
*° sin At sin Btsin Ct 1 03
/_Oo t It = s Yo(A, B, O)ABC (3.3.85)

where
Yu(A, B,C) = %[(A+B+C)"*1|A+B+C\ +(A-B-C)"YA-B-C|+
(~D)"(~A+B-O)" = A+ B~ Cl+ (-1)"(-A-B+0C)"| - A~ B+
(3.3.86)
and
g(x) = cosxr  sinw (3.3.87)

22 x3
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Collecting these results, we can write Eq. (3.3.8) as

A [;;i+gMﬂ]B§ii+ﬂBﬂ]B$Ct ]#ﬁ
1 [_}aAJ10)+ 2 0 %(ABC) 2 9 Yi(ACB)
16ABC TATBTC TATB OC c TATC OB B
2 9 Va(B.CA) 4 & YiABC) 4 9 Yi(BAC)
Y dA A 1.0BOC  BC 75 0A0C  AC
4 0% Y4(C,A,B) i3 2 Ys(A B,0) (3.3.88)
70 0AOB  AB BAOBOC  ABC

Hence, for A = d;j, B = dj;, and C = d;, the third virial coefficient, Cj;;, can be expressed

as

2 Yoldijdjede) 2 0 Ya(dsj, dje, diy)
Ciin(T) = —===d?.d* d? g0 gr Gk Qi
Jk( ) 3 U ik zk[ i Tik ik + TijTik Ad;p, dik
2 0 Ya(dij,dig,djr) 2 0 Yo(djk, dik, dij)
TijTik O djk TikTik Odij dyj
4 0% Ya(dij, djg, dir,) 4 0% Ya(djk,dij, dir)
Tij Od;,0d;y, djrd;g Tjk 0d;;Od;y, dijd;p
4 82 die, di, i 3 dij, dypo, di
_ 4O Vil didp) o O Yo(dyy ) (3.3.89)
Tik adz‘jadjk dzgdﬂc 8dij8djk8dlk dzjd]kdlk

We can simplify this further if we notice that all instances of Y;, appearing in Eq. (3.3.89)

contain even values of n. If n is even then,

™

YA, B,C) =

(A+B+C)"+(A-B—-C)"'|A-B~-CJ+

(~-A+B-0)"'-A+B-C|+(-A-B+C)" |- A-B+ ]
(3.3.90)

which is now a symmetric function of A, B and C. Additionally, when closest center-to-
center distances d;; = %(dZZ +djj;), djr, = %(djj +dgx) and dy, = %(dzz + dgy) are substituted
for A, B and C we see that

e A—B—-—C=—dy, <0
e _A+B-C=-d; <0
o ~A-B+C=—d;j; <0
Thus the quantities appearing in the absolute value signs in Eq. (3.3.90) are always strictly
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negative for physical values of A, B, C. By the symmetry of Y for n even, we find
even ™ n n n n
Yo (dig, dje, din) = 3 [(dai + dij + di)™ = (dia)" — (dg)" — (diw)"] (3.3.91)

which is now simply a polynomial in the particle diameters. Substituting Eq. (3.3.91) into

Eq. (3.3.89) and simplifying we arrive at the closed form expression:

Cijn(T) = 5471;;% [dgj(ﬂ'j — 3)TjuTik — 935 (1ij — 2)(d (Tik — DTjk + dgTin (T — 1))
+ 4d% (2755 — 3)(djy (27 — 3)Tjk + dop Tk (2758 — 3))
— 93, (7ij — V)(dig,(mir, — 2)mjk — 233,05, (Tar, — 1) (i — 1) + djpmin (i — 2))
+ 7o (die — i) (dig (Tie — 3)Tjk + 2dy.djn (i — 3)7jn + 35 (Tik (3 — 2753.)

+ 3(7jk — 2)) + 2T (7 — 3) + dipmin(7in — 3))] (3.3.92)

We know that in the absence of adhesion, the Barboy-Baxter model should reduce to a
hard sphere mixture. Therefore, we can compare our expression for Cj;, as {7;;} — oo,
to expressions for the pure and mixed hard-sphere third virial coefficients which are well

documented. In the limit {7;;} — oo, we find

2
T
clld = = d% + dSy, + dSy, + 18d5;d3d3, + 16(dd, + diddy, + diy.doy)

— 9d§j(d§k +d3) — 9d§k(d§j + d) — 9dgy (d3; + d3y) (3.3.93)

which agrees with the hard sphere expressions found in [26] and [27].

Now that we have expressions for B;; and Cjji, we may use a truncated form of the
virial expansion of the Gibbs free energy given in Eq. (3.1.3) directly in the light scattering
equation (Eq. (2.3.1)). This will provide additional insight into the molecular basis of lens
transparency, by allowing us to view light scattering intensity as an explicit function of

concentration.
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Chapter 4

Conclusion and Future Work

We have shown that the Baxter-Barboy sticky sphere model can semi-quantitatively re-
produce light scattering intensities for aqueous a/yp mixtures at concentrations found in
the living lens. This serves as an important step forward in understanding the molecular
mechanism of lens transparency and cataract. Future work includes extending the Baxter-
Barboy model to quaternary mixtures of «, 8 and ~y-crystallins in buffer for comparison to
upcoming light scattering experiments. Using the general root finding method described
in Section 2.2.2, this extension should be straightforward. With additional data, one can
use the model, and virial coefficients, to estimate crystallin interaction strengths and their
dependence on temperature. Furthermore, one can compute light scattering intensities
through the virial expansion of the Gibbs free energy (Eq. (3.1.3)) using the analytic ex-
pressions for B;; and Cjj;, derived in this thesis. Since the virial expansion only depends
on the form of the intermolecular potential and not on the closure used to solve for the

correlation functions, this can provide added insight to the mechanism of lens transparency.
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