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Abstract

With the increasing threat of biological warfare and the fear of an epidemic
outbreak of influenza, smallpox, and other deadly diseases, the field of epidemic
modeling is becoming increasingly important in the scientific fields. The focus of
this thesis will be to create a model to study the effects of the rates of reaction and
the rates of diffusion within a network based on the different parameters used in
the modeling of any disease. For this model, the exact parameters of a specific
disease are not as crucial as the qualitative behaviors that occur from the changing
parameters. The model is linearly stable when diffusion does not exist. As diffusion

is incorporated, Turing instabilities occur.
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Introduction

In this thesis, we derive and analyze a system of equations that model the transmis-
sion of diseases among three pools of population: the susceptible, contagious, and recov-
ered population, set in a network. We have created a model that allows us to compare the
difference between reacting the population first, and then diffusing them amongst other
populations in a network, or diffusing the population and then reacting. The network is a
cycle graph, where each town is connected to exactly two towns. We are searching for the
parameters in which the slightest change in the variable, whether it is the parameters for the
reaction, or the diffusion constants, that drastically shifts the system from being stable, to
become unstable. Instability induced by diffusion is known as a Turing instability (Turing,
1952).

Our model combines aspects of the predator-prey and the S-7-R (Susceptible, In-
fected, and Recovered) systems to create a first order system of difference equations. These
equations determine the current value of a variable using the previous iteration. The S-I-R
system, the S-C-R (Susceptible, Contagious, and Recovered), for this specific model, is a
first order nonlinear system of difference equations, in which each of the equations uses all

three values, S, C, R, from time step n — 1 to determine the value at time step n. That is

Sn - g(Snflvcnthnfl)
On = h(snflacnflaRnfl)

Rn = k(sn—la C’n—lv Rn—l)-
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The S — C' — R system

Spi1 = S, —dS,Cy+ bR,
Copr = Cp+dS,C, —eCy — fC,,

Rn+1 = Rn + ecn — bRn

will be derived in Section 1.1: The Reaction Model. This will be the reaction term for
the reaction diffusion equations. Linear stability conditions for the reaction term at an
equilibrium point will be determined. If this equilibrium point is linearly stable then the
system is said to be temporally stable. If this equilibrium point is linearly stable with
both the reaction and diffusion terms included then the equilibrium point is said to be
spatially stable. Thus a Turing instability occurs when a temporally stable equilibrium is
not spatially stable.

The population in each town is partitioned into susceptible, contagious, and recovered
subpopulations. The total population at each time step is the sum of the three subpopula-
tions at the current time step. Members of the population move from being susceptible
to contagious, contagious to recovered, and recovered to susceptible based on the rates of
infection, recovery, and complete healing.

The model is derived similarly to models such as mass-action reaction models from
chemistry and predator-prey models. The number of people that get sick in each time step
is formulated the same way the number of prey are killed in each time step. In the clas-
sic predator-prey model, this is done by taking into account the number of ways a predator

interacts with prey, multiplied by the percentage of interactions that result in killings. In
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the S-C-R model derived in this paper the increase in the number of contagious people is
proportional to the product of contagious and susceptible. For our model, the number of
people that are contagious is formed by calculating the total number of possible interac-
tions between the susceptible and the contagious, multiplied by the percentage of those

interactions that result in the transmission of the disease.



Chapter 1
The Reaction Model

1.1 Building the Model

The S-C-R model is set in a network. The network consists of ten towns equidistant
from each other, forming a single ring where each town is connected to exactly two towns.
We will first focus on the reaction portion of the model, and then incorporate the diffusion.

The reaction occurs in the system of difference equations below:
Spr1 = Sp—4dS,C, + bR,
Cp1 = Cp+dS,Cp —eCy,— fC,

R,.1 = R,+eC,—0bR,
The Variables:

S : The susceptible population (people).
C . The contagious population (people).
R : The recovered population (people).
b : The fraction of the recovered population that becomes susceptible in a time step.
d : The fraction of the susceptible population that becomes contagious in a time step.
e : The fraction of the contagious population that becomes recovered in a time step.

f : The rate at which the contagious people die.

The units for the rates of the population are in terms of the percentage of the population.
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The susceptible population (S) is formed by taking the previous time unit’s suscepti-
ble population, plus the population that become susceptible again after they have recovered
from being sick/contagious (bR), minus the population that become contagious (dSC) . To
calculate the number of people that become contagious, we multiply the susceptible and the
contagious populations together and take a fraction of the total. This is the same method
used in the predator-prey model. SC'is the number of ways two people, one from the sus-
ceptible population and one from the contagious population, can be selected. When we
multiply this by the rate at which people become infected, we get the number of people
that become contagious (dSC).

The contagious population (C) is formed by taking the previous time unit’s conta-
gious population, plus the people who became contagious (dSC'), minus the people who
recover (eC), minus the people who die (fC).

The recovered population is formed by taking the previous time unit’s recovered pop-
ulation (R), plus the population who recover from the disease (e ), minus the people who
become susceptible to the disease again (bR).

The time step is one day. Because we assume that the disease strikes too quickly for
births to occur, we do not account for births in this system of equations. Therefore the total
population never exceeds the original population. Note that our model does not account for
the death from causes other than the disease; we assume that the effect of such deaths on the
population is insignificant. The population can decrease because of the deaths that occur
from the disease, therefore we have the death rate f only in the contagious population. To

make the analysis of the model more interesting, we will make f equal to zero.
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Spi1 = S, —dS,C,, + bR,
Chy1 = Cn+dS,C, —eC, — fC,
R,.1 = R,+eC,—0bR,
Toy1 = Spp1+Chpr+ Ropa
Toiy1 = Sp+Cn+ R, —dS,C, +dS,C, + bR, — bR, — eC,, + eC,, — fC,,
Tosr = Sp+Cot Rn— fCh
T = Tn—fCy
Toi1—T, = —fC,

AT = —fC

There are two cases when looking at changes in the total population: when C' = 0
and C > 0. When C' = 0, there are no contagious people, resulting in no recovered
population either. Thus the total population consists of only the susceptible population and
the resulting point (S*,0,0) is an equilibrium. If C' > 0, as time increases, the change
in the total population is negative, that is, AT = —fC. Thus the total population will
approach zero in the limit. Since Turing instabilities cannot occur with a total population
of zero, we do not want the total population to approach zero for C' > 0. Therefore we will

assume that f = 0.
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1.2  The Equilibrium Points

Equilibrium points are the values where no further change occurs in the system from
time n to n + 1, denoted by (S*, C*, R*). To find the equilibrium points, we set all of the
Sp1and S, to S, since S,,.1 = S, = S. The same is done for all of the C’s and R’s. Thus

we solve the system below for the equilibrium points.
S = S—dSC+bR
C = C+dSC—eC— fC
R = R+eC—-0bR
This simplifies to:
0 = —dSC+bR
0 = dSC —eC — fC

0 = eC —-bR

We solve the third equation for R:

- (5)

Then substitute the R into the first equation to obtain:

o - —ascsn (<€)
0 = dSC—eC
Thus:
g ¢
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We find that S = £ for any value of C' where C' # 0. Therefore, our equilibrium points

are as follows:

for C' # 0 and
E2:(5,0,0)

for C' = 0 where S can be any positive real value. We will focus on equilibrium E2. When
the system goes to the equilibrium point E2, the disease dies out. If the system does not
go to the equilibrium, the disease exists. Therefore when Turing instabilities, instabilities

caused by diffusion, exist in the system, the disease also exists.

1.3 The Jacobian

We can write each equation as a function for clarity.

Spr1 = Sp—dS,C, + bR, = g(Sn, Cy, Ry)
Cn+1 = Cn + dSnCn - ecn - fOn = h(Sn7 Cny Rn)

Rn+1 = Rn + eCn - bRn = k(Sm Cn7 Rn)

The Jacobian matrix is defined by the partial derivatives of the system of equations as

follows:

b9 99 99
95n aCn, ORy,

0Sn oCr OR,

Ok Ok ok
OSn oCn ORy,
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For our system, if we take the partial derivatives to get the Jacobian, we get the following:

1—dC —dS b
J = dC  1+dS—e—f O
0 e 1-b
Jacobian at the equilibrium points of the form E2:
1 —dS b
Jo—o=|0 14+dS—e—-f 0
0 e 1-b

The Trace of Jo—g

3+dS—e—f—b

The Determinant of J-—

(1+dS—e—f)(1—b)

Eigenvalues of Jo—o:
Moo= 1
A = 1-0
Ag = 1+dS—e—f

The trace, determinant, and eigenvalues are common concepts used in linear algebra;

the definitions are as follows:

Definitionl An eigenvalue of an n x n matrix A is a constant A such at Av = Av where
v IS a vector.

Ty Ty
In the discrete system, when the absolute value of the eigenvalues are real and greater than

1, the equilibrium points of the system are unstable. If the absolute value of the eigenvalues
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are real and less than 1, then the equilibrium point of the system are stable. The stability of
the equilibrium point of the system is cannot be determined using the linearization methods

to follow when the eigenvalues are real and equal to 1 or -1.

Definition2 The trace of an n x n matrix A is the sum of the diagonal elements, which

is also the sum of the eigenvalues.

Definition3 The determinant of an n x n matrix A is scalar product of the eigenvalues.
det(A) = II' )\,

If a determinant is equal to zero, then the matrix does not have an inverse.

1.4 The Sum of Principal Minors:

The sum of principal minors, along with the trace and determinant of a matrix, can be
used to determine the stability of an equilibrium of a system when finding the eigenvalues

becomes too difficult.

Definition4 The sum of the principal minors is the determinants along the diagonal. In

a3 x 3 matrix A

aix Qa2 Qi3
A= A21 Q22 Q23
az1 dasz Gs3
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the sum of principal minors is

Q22 Q23
az2 ass

a11 a3
a31 ass

11 A2
Q21 A2

+ det + det

> M(A) = det

The sum of principal minors can also be written in terms of the trace and the determinant.

The trace

3+dS—e—f—b

The determinant

(1+dS—e—f)(1—b)

The sum of principal minors when one of the eigenvalues is 1:

Z M + 1 = determinant -+ trace
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The Sum of Principal Minors for Jo—g
SM = (A x Ag) 4+ (A2 x As) + (A X Ay)
M = 1x(1-b+(1-b(1+dS—e—f)
+1x(14+dS—e—f)
M = (1-b)+(1-b(1+dS—e—f)
+(1+dS—e—f)
M = 1+(1-b(1+dS—e—f)
+14+dS—e—f—b
M = (1-b)(1+dS—e—f)
+(24+dS—e—f—b)
dM+1 = (1-b)(1+dS—e—f)
+(24+dS—e—f—b)+1
d M+1 = (1-b)(1+dS—e—f)
+(34+dS—e—f—0b)
Therefore we see that the sum of principal minors for Jo—, is equal to

> M + 1 =determinant--trace, since A\; = 1.

1.4.1  Deriving the Sum of Principal Minors

We will derive the sum of principal minors to show that in a 3 x 3 matrix A, the sum of
principal minors is

Z M + 1 = determinant + trace
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Ina 3 x 3 matrix A, the characteristic polynomial is

P(A\) = N —tr(A)N* + M(A)X\ — det(A)

By the Fundamental Theorem of Algebra, the characteristic polynomial can be factored

into

P(/\) = ()\ - >\1)()\ - /\2)0\ —A3)
= (A2 =X = A+ A0) (A — As)
= A= A% = A2 A — As(A = Mg — A+ M)
= A = A = A2A A — A3 4+ AMads + A — Ao
= A = A2+ A+ A3) A+ XAz + Ads) — A dods

= X = Xtr(A)+ A M(A) — det(A)

Since one of the eigenvalues is equal to one (A3 = 1), when we set A = 1, and solve the

characteristic polynomial, we see that

P(1) = (1=X2)(1—=X)(1—N)
P(l) = (1 - >\1>(1 - )\2)(1 - 1)
P(1) = (1=X)(1—X2)(0)

P1) = 0
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Therefore,

> M(A)+1 = tr(A) + det(A)

Determining Stability using the Trace, Determinant, and the Sum of Principal
Minors

)\1 + )\2 + )\3 = t?“(A)
Mz XAds + Ads = Y M(A)
)\1)\2)\3 = det(A)
For the discrete system, we must use the following set of conditions from the paper

”Linear Stability Conditions for a First Order 3-Dimensional Discrete Dynamic” by Dr.

B.P. Brooks to determine the stability of the system at an equilibrium:
|det(A)] < 1
1> [0 M) - ()] [det(A)] + [det(A)]?
. (Z M(A) + 1) < tr(A) + det(A) < (Z M(A) + 1)
(Brooks,2004)

This method can be used easily to determine the stability of the system at an equilib-

rium when finding the eigenvalues become too difficult.



Chapter 2
The Diffusion Models

2.1 The Network

To apply our model, we focus on the Yucatan peninsula where the Mayan people
resided during the 1500s. This was about the time when the Spanish arrived, bringing
diseases such as smallpox, influenza, and measles. There were approximately 7 million
Mayan people when the Spanish arrived during the 1500s, and of that, nearly 90 percent
died from the European diseases.

We first consider the network of the 10 largest towns located in the Yucatan Peninsula.
Once the towns are selected, we connect each town to two towns, creating a ring with ten
nodes. Even though the towns are actually different distances apart from each other, for

the model we ignore these differences.

15



2 The Diffusion Models

Fig. 2.1. 10 Towns In a Network

16



Chapter 3
Reaction-Diffusion versus Diffusion-Reaction

We will look at two methods of incorporating diffusion into this model. The first
method is to have the diffusion and then a reaction at each time step, and the second method
is to have reaction and then diffuse the population in a time step. The diffusion-reaction
models a situation in which the communication between towns is very poor (there is a de-
lay in the data), causing the population to move based on the previous data. The reaction-
diffusion models a situation in which communication is good. The population will know
right away, before the end of each time step, how many people got sick that day and move
the another town. Our simulation uses the concentration gradients as the decision making
process. The concentration gradient is the difference in the number of people in the sub-
populations. If one town has a higher population concentration, the people will move to

the less populated town.

3.1 Deriving the Equation for Diffusion

To incorporate diffusion into the model, we want to calculate the number of people
in each town based on the number of people that move from the two neighboring towns.
We will discuss two different methods to derive the equation for diffusion, known as the
discrete analog of the Laplacian. The first method is using the concentration gradients, and

the second method uses the Taylor series.

17



3 Reaction-Diffusion versus Diffusion-Reaction 18

Method 1: Using the Concentration Gradient

To calculate the diffusion, we must create a discrete analog of the Laplacian. We
take the concentration gradient (difference) from the left of the current town, and add it to

the concentration gradient from the right of the town.

(ijl . Sj) 4 (SjH . Sj)

Sj—l . 253‘ + Sj+1

This is referred to as the Bernian ([1?) .

2 = Sj—l _ QSj + Sj+1

(Brooks, 2000)

We can also derive this from the Taylor series (see method 2 below).

Method 2: Using the Taylor Series

The number of people moving from high concentration to low concentration can also

be represented by the estimation of the second derivative used in the Taylor series.

F"(z0)
2!

f@) = f(zo) + f'(wo)(z — x0) + (x —20)* + ...

The values of x represents the town, while f(z) represents the population in the town z.

Therefore, we will let = — xq = Ax, which represents the distance between the two towns.
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We can estimate the value of a function one step of Az away, both in the positive and

negative direction as well:

Fe) = flao) = Flande+ L8 agp -
flar) = f<xo)+f'<xo>Ax+$<Ax>2+.”

When we add these functions together, we get the following:

o)+ flan) ~ 2 (a) +2 | L0 sy

Which simplifies to:
flz—) + f(z1) = 2f(w0) + f"(w0)(Az)?
We solve for f”(zo).

flaoa) + flz) =~ 2f(zo) + f"(z0)(Az)®

—f"(wo)(Az)? =~ 2f(w) — flz-1) — f(1)
—f”(il?g) o~ Qf(x()) - (fA(‘Z;;) - f(ml)
— " ~ — f(l'fl) B 2f<x0) + f(xl)
I
" o fla1) = 2f(wo) + f(z1)
.f (ZL‘()) ~ (Al‘)Q

The second derivative of the function, f”(z,), multiplied by a diffusion coefficient, is the
diffusion term for the function f(z). For our model, it is the closest discrete approximation

we can get for the second derivative.

" ~ f<x71) — Qf(%) + f(xl)
f (ili'()) (A:L,)Q
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If the second derivative is negative,

flz_1) = 2f(zo) + f(z1) < O
2f(wo) > f(z_1) + f(21)

we know that the function is concave down, and the function diffuses to become more

evenly spread amongst the towns, as seen below.

poplation

e

towns

— lagher concentraion

— lower concentrion

Fig. 3.2. High Concentration to Lower Concentration of Populations in the Network

The diffusion term for the susceptible population in town j at time step n + 1 is the

following:
SI — 287 4 Sit
(Az)?
The diffusion term for the contagious population in town j at time step n + 1 is the follow-

ing:
i — 209 + Citt
(Az)?
The diffusion term for the recovered population in town 5 at time step n+1 is the following:

Ri™ — 2RI + Rit
(Az)?
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We will assume that (Axz)? = 1 for our model. We allow the populations to diffuse
at different rates by multiplying each diffusion term by a constant Dg, D¢, and Dg:
Ds (857" - 285+ S+
De (cgjl — 209 + c,,{“)
Dp (B = 2R, + R
Each town has two neighboring towns. We assume that each day, a fraction Dg of
the susceptible population in each town migrates to each neighboring town. \We assume
that fractions of D and Dy of the contagious and recovered populations, respectively, do

the same. The fractions must be less than or equal to % If half the population moves to

one neighbor and the other half moves to the other, this equals the whole population.

3.2 Creating the Diffusion-Reaction Model

The diffusion-reaction system of equations is the following:
S = Si—dSICL+ bR} + D, ()7 — 28]+ S5)
G = Ch+dSiCh - eCy = fCh+ D, (CF =20 + €3

Rﬁlﬂ = R +eC! — bR + Dy (R{I_QR%_i_R%H)



3.2 Creating the Diffusion-Reaction Model 22

We can linearize the system by taking the Jacobian of the reaction system and sub-
stituting the nonlinear components with the linearized components of the Jacobians as fol-

lows:

Jll J12 J13 1-dC —dSs b
J = J21 JQQ J23 = dC 1 + dS —e— f 0
31 Jz Js3 0 e 1-b

When the Fourier transform is applied to this system, the C' and .S will be replaced with the

values from the equilibrium point E2.

Shar = JuSi+ DaCl+ JisRl+ D, (517 = 28]+ S7+)
Cii = S+ JnCl+ IR+ D, (G =205 + Ci)

Rhw = JnS)+ JuCl+ Jil, + D (R, = 2R} + Ry

The system of equations consists of a reaction term and the diffusion term from time step
n. The reaction term occurs using time n data. When we take the diffusion term, we
also take time n data. Therefore the diffusion is occurring with old data, hence the term
diffusion-reaction. A problem with this model occurs in the diffusion. If diffusion occurs
using time n data, when the reaction occurs for the n + 1 time step, the population from
time n may not actually be in the population pool to be moved, which could result in a
negative population. Therefore even though we are able to create this model, we will focus

on the reaction-diffusion model.
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3.3 Creating the Reaction-Diffusion Model

To determine the reaction diffusion equation, we break down the equation into two
parts, one to represent the reaction, and the second to represent the diffusion. We will
use two time steps to represent the reaction and diffusion happening. We will react the
equation using time n data, resulting in the population at time step n + .5. This data will
then be diffused, resulting in the population after the reaction and diffusion at time n + 1.
We are splitting the time interval into two moments of time, n + .5 and n + 1, to represent

the difference of using the data that has already been reacted.

f/,(52+.5) = (513;15 - 25£+.5 + Sajmils)

SI s = SI—dSiCI+ bR

Svjz+1 = Si+.5+DSf”(Si+.5)

At S ., time step n+ .5, the reaction occurs. At the second time step n+1, Siﬂ, the dif-
fusion used the reacted data found in time step n+.5. Note, unlike in the diffusion-reaction
equation, for the reaction-diffusion equation, we add the reaction term to the diffusion equa-
tion, where the diffusion term uses the reacted values instead of the unreacted values for

the population. We define the diffusion that occurs at 53&.5 as the Bernian:

i i—1 i i+1
D231]1+.5 = Svjl+.5 - QSZL+.5 + Sajw.s

Siﬂ = S% - deLC% + bR‘ZL + Dsg (577;15 - 255&.5 + Svjzil5)

Sy = S, —dSiCl+bR], + Ds (0?5, 5)
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Since S/, . = SJ —dSiCi +bRjJ is nonlinear, in terms of S, C, and R, we need to linearize
SJ . 5 along with the reaction portion of S, as follows:
Sl = S, —dSiCI +bR. + D (S] — dSICI + bRY)
S, = S —dSICI+ bR + D[P (J11 S — J1oCl + Ji3RY)
We can apply the same method to both the contagious and the recovered population to get
the complete system for the Reaction-Diffusion system.
Si.1 = JuSi+ JioCl + Ji3R, + Dg (Ju3*SE + J1o0°CY + J1302RY)
Cl.y = JnS)+ JpnCl+ Jos R + Do (JuPSE + J1[2CY + Ji30°RY)
R, = JuSi+ J3Cl+ JssRI + Dg (JuO2S9 + J1,0°C3 + Ji30°RY)
This system is linearized, but due to the diffusion term (the discrete Laplacian), the system
is still not decoupled, where each town relies only on its current town to determine the data.
The Bernian (the discrete Laplacian) requires the use of data from town j — 1, j, and 7 + 1.

We will use the discrete Fourier transforms to make the population pool in town j to only

use town j data.



Chapter 4
Fourier Transform of the System

The discrete Fourier transform will be applied to decouple the system, where the cells

no longer use other cells to determine the value of the population at time n.

4.1 The Discrete Fourier Transform

The Fourier transform for the discrete case is

where we are taking the transform of a sequence of values of the susceptible population,

[SP, S}, 52, ..., SN 1], The inverse Fourier transform for the discrete case is

25
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4.1.1  Showing the Fourier Transforms are Inverses

N—1 2miak Sa

To show that these transforms are inverses of each other, if we plugin sf = Y. Fe™~ St

into S¢, we should get S in return.

1 o —om
Sta _ N Z 6*2]71'\]27‘](} Sf

k=1
1 N N—-1
—2mirk 2miak
- e (T
k=1 a=0
1 N (N_l 2nwik(a—r
-y (T
]V>k:1 a=0
1 T2 [N 2riban)
_ s Ze T JV(Z*’I1 S;L)
N a=0 (k:l
1= AP
_ s nge T ]V(YZ*’I‘ )
N a=0 ( k=1
1 a
= N(St N)
= g¢

We can find the conditions for the summation used above.

N
Z 27rik](\;z—r) N a=rTr
(A =
0 a#r

k=1
Whena =r
N N
2mik(a—r 2mik(r—r

k=1 k=1

N
-2

k=1
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We can prove that the sum is zero at every value except for when a = r (as shown above)
by using properties of geometric series.

The sum can be written out as the following:

2mwik(a—r) 2ni(a—r) 2mi2(a—r) 2ni(a—r)N
EeN =e N +4+e N +.e N

N
k=1

We can factor out a e =% =# 1 (a — ris an integer less than V)..

2wik(a—r) 2wi(a—r) 2wi(a—r) 2mi(a—r)(N—1)
Ee N =e N (1—|—e N4 e N )

N
k=1

2wi(a—r) .
Ifwesety =e~ ~ , we obtain:

2mwik(a—r)

e N :y(1—|—y—|—...yN*1)

WE

e
Il

1

2mwi(a—r)

If we substitute y = e~ ~

. . . N—1 __ N_1
By properties of geometric series, 1 +y + ..yV 1 = yy_l .

once again:
N 2wi(a—r) N
2mik(a—r) 2ri(a—r) [ € N —1
é N = é N _—
Zk_ 1

2mwi(a—r)
1 e N =

2mwi(a—r)

S <627m'(a7“) _ 1)
= é N -
N —1

Ata # r, ¥ ") = cos(27 (a — 1)) + isin(27 (a — r)) = 1. Substitute e>*(+=7) = 1:

2rik(a—r1) 2ri(a—r) 1 — 1
: : e N = € N 2wi(a—r)
e -1

N
k=1 N

0

Therefore for any value when a # r, the sum is zero.
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4.1.2  Applying the Discrete Fourier Transform to the
Reaction-Diffusion Model

By taking the Fourier transform of the system, we are decoupling the system to make each
the equations for each town and population depend only on itself. To take the Fourier

transform of our equations:

SI = JnSi+ JinCi+ T3 RS

+Dg (Ju[2S) + J1o[2CE + Jys2RY)
Cly = JnS)+ JpnCl+ Jos R

+D¢ (J215253; + Jp?CY + J23D2R¥z)
Rl = JuS)+ JsoCl + JssRY,

+Dpg (J3 OS] + J3O°CY + J330°RY)
we use the discrete version of the inverse Fourier transform:

n

1 o _arin;
~,r___ — 27T ,7
S —N;e )

Note that the J elements are from the Jacobian from the reaction system of equations. We

will use S, C, and R to represent the transformed population pools.
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Fourier Transform of .J;, (1257

To investigate the behavior of the whole system when the Fourier transform is ap-
plied, we will first focus on the Fourier transform of:

J11|:|257J,'L — Jll(Siil - 257]1 + Sg[H)

—2mirk

We will first multiply the function by e=~

27r7/r 27r17‘ 27'rm‘

JnD Sj = Jn < Sj T S] +e 2mr S]+1>

When we sum this throughout N towns, we get the transform in terms of summations.

N 727717‘
7—1
l =2l J []253 — J N Z] 1 S
N 11 - 11 _Ql N M Z 727r7,7‘ S]+1
— N 2.j=1€ TN 21 @
=Zmir ] N Z2mirGel) oo
= Jn cry =1 ‘ 2 (‘S:rl)
=~ 2mir —2mir(j
257+ F LN e Si+1

ir

= J11 (67213" g; — 25:; + 6271:’ g;;)

== JH (6_21\1;” -2 + 62?\’”) 5;
We will now use this method and apply it to the full reaction-diffusion equation.
SI = JnSi+ JinCl+ JisRY
+Dg (Ju3*S] + J1o[PCY + Jis[PR))

—2mirg ] —=2mirgy —=2mirg

e N Sn+1 = J116 N SJ+J12€ N CJ—|—J13€ N RJ

+DS <J116_217‘r’irj D2Sfl + J126_211\r’iTj DZC% + J13€_2N =

1 N 2mirj 1 N 2mirj 1 N 2
—27irj . —2mirg . —Zmir)
NZQ N Si_,'_l = JllNZe N Sﬁl‘l’JmNZe
J —2mir . 2 ’/'
+DS —27ir 11(6%1‘]: * 6 2) zrn 2mir \
J]_g(e N —24enw )CT+J13( N —24enN )R;;

STy = JuSh+ JioCl + JisRY

RI )

1L L,
. — 71'17’]
J 4 Jlgﬁ Z

N————

2mir 2mir

J11(€7N —24enN )§,§+ )

+D LT Tir —2mir TIr \ 7%
S( Jin(e N =24 e N)C + Jig(e N —2+ €N )RY,
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Therefore the whole system for the reaction-diffusion, when the same method is ap-

plied will be:

St = JuSt 4 JiuCr 4 TR
Jll(eizlz’m.r -2 + 6271r\;T)§77;+
+DS —2mir 2mwir \ o~ —2mir 2mwir \ 7~
Jig(e™ ™ —24e7 )Cr 4+ Jig(eT ™ —24€e7 )R
Cr.y = JuS,+ JpCr + Jps R,
ng (6 721:;” -2 + 62WT)§;+
+DC —2mir 2mir \ % —2mir 2mir \ <,
JQQ(@ N —2+€N)CIL+J23(€ N —2+€N)Rr

Rr, = JuSh+ JCl + Js R

—2mir 2mir

ng(e N —2+4enN >§IL+
VB,

—2mir 2mir

+D —am o —27ir Tir \ 7
R<J32(€ N —2+4e N )Cr + Jss(e N 24N

The Jacobian applied to the transformed system for the reaction-diffusion will be

represented by I',_4:

I',_4 Column 1

Ju 1+ Dgle ™~ _ 24

—2mir 2mir
Jou 1+ Do e v —24ew
—2mir 2mir

J31 1—|—DR € N —2—}-6&
I',_q Column 2

—2mir 2mir
Joll+Dgle ™ —24¢ew
—2mir 2mir
J22 1+DC e N —24enN
—2mir 2mir

Jyo (14 Dpg eT—Z—I—e&
I',_4 Column 3

Jis 14+ Dg eT—2—|—eT

Jog(1+Dele v —2+ew

Jss {1+ Drple ™™ —2+4+e N
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—27 2mir

We can simplify e N 24N using the definitions:

¢ = cos(f) +isind
1 —cos26
gin2f — 05V
2
6721\7;” — 2+ 621;\;” = ei(_?\;”) -2+ 61(2%)

Therefore we can rewrite the I matrix as follows:

Jiu (1 —4Dgsin* %) Jip (1 —4Dgsin® &) Jy3 (1 — 4Dgsin® ZF)

N N

Tyoq= | Ju (1—4Dcsin® %) Jop (1 —4Dcsin® Z)  Jp3 (1 — 4D sin’ )

J31 (1 —4Dgsin® %) Jso (1 —4Dgsin® ) Jsz (1 — 4Dpsin® &)

We can substitute the components of the original Jacobian into the gamma matrix:

JH J12 J13 1-dC —dS b
J = J21 J22 J23 = dC 1 —+ dS — € — f 0
Ja Jzo Js3 0 e 1-0
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1—dC o o
* (1 _( 4DS Sil)lz %) —dS (1 - 4DS Sln2 W) b (1 — 4DS SlI]2 W)
_ a2 7r (l—i-dS—e—f)
I_gs=1| dC (1 — 4D¢ sin W) . (1 D sin? %) 0
g (1-b)
_ 0 6(1—4DRSIH W) *(1—4DRsin2 %) |

We will investigate the stability of the system at £2, where we set C' = 0.

[ (1-4Dgsin*Z)  —dS(1—4Dgsin?Z) b (1 —4Dgsin®Z)
0 (1+dS—e—f) 0
y—qg0=0 = % (1 —4Dc¢sin® %F)
in2 T (1 - b)
i 0 6(1—4DR8111 W) *(1—4DRsin2%) _

Eigenvalues of I',_4 j c—o

)\1 = 1- 4DS SiIl2 %,r

Lo 7T Lo 7T
Xy = 1—4Dgsin® N b+ 4bDp, sin® N
A3 = 1—4D¢ sin? % +dS — 4dSD¢ sin® % —e

. o T . o AT
+4eD¢ sin® N f 4 4f D¢ sin? N

We will evaluate these eigenvalues to determine the stability of the system
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4.2 Stability Conditions for I, _; ; o—¢

Eigenvalues of I',_4 s c—o
Eigenvalue \;
. r
-1 < 1 —4D551n2ﬁ <1

9 < —4Dssin2%<0

Tr
> Dgsin®?— >0
SPEUN

1
- 2 @
2 sin N

o N —

< Dg<

By maximizing sin® Z- to be 1, we will find the most stringent condition on Dy
for spatial stability. Therefore we know if the previous condition is met at sin? 7 =1
then the system will be stable for any value of sin? 5 As sin? % decreases from 1, @
will become greater than 3. Therefore, if Dg < 3, we know that for any value of sin® 2,
the stability condition is met. Since the condition on the diffusion coefficient is already Dg
must be less than or equal to % the diffusion of the susceptible population does not cause a

Turing instability.
Eigenvalue ),
1< 1 —4DRsin2% —b+4bDRsin2% <1
. o T Lo AT
—2+4b < —4Dgsin? N + 4bDp, sin? N <b
mr

—24b < DRsin2W(—4+4b) <b

Since (—4 + 4b) = 4(—1 + b) and b is always less than 1, (—1 + b) < 0, therefore

(—4+4b) <0.
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—2+b s b b
(—4 + 4b) sin® &£ B (4 +4b)sin®
b—2 b
> Dp>
(4b — 4) sin® 2~ B (4b— 4)sin®

Similar to the maximization of sin? % infinding the constraints for D, we can do the same
for the sin? %7 in the conditions above. We set the sin? % = 1to get the most stringent
conditions, which follows:

b-2 o b
(4b—4) " 77 (4b—4)

If we graph b versus ﬁ we see the following graph.

bvs Dp

/

/ —— (b-24b-4
.
0.6

Dros

0.4

0.3

U

0.1

Fig. 4.3. The graph shows where the stability of the recovered popultion occurs when dif-
fusion is incorporated.
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For the system to be stable, the diffusion constant must lie in the shaded region above,
which is below the graph 2=2and Dy must be less than 1. Since Dy cannot be greater
than 3, the system is always stable with diffusion of the recovered population. Therefore a

Turing instability does not occur with the diffusion of the recovered population

Eigenvalue A3

. (1—4Dcsin2%+dS—4dSDcsin2%—e)<1

+4eDesin? & — f 4+ 4f D¢ sin? I-

N N

Similar to the first two stability condition analysis, we will maximize the sin? % to give us
the most stringent conditions for D¢.
—1 < 1—-4D¢+dS —4dSD¢ —e+4eDe — f+4fDec < 1
—2 < —4Dg+dS —4dSD¢g —e+4eDe — f+4fDc <0
—2—dS+e+f < —4Dc—4dSDc + 4eDo +4fDe < —dS +e+ f

—2—dS+e+f < Do(—4—4dS +4e+4f) < —dS+e+ f

If we assume that (—4 — 4dS + 4e + 4f) is a positive value,

—2—dS+e+ f < D < —dS+e+f
—4—4dS+4de+4f 79T T4—4dS + de + Af

For notational convenience, we will set Q = —dS + e + f,

Since one of the eigenvalues for the original reaction system is 1 + dS — e — f, which is

1 — @, when we find the stability conditions, we notice that

0 < 1-@Q<1

0 < Q<2
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Therefore, for the temporal stability to occur, where the reaction system has no diffusion,

(2 must be less than 2. Since —4 — 4dS + 4e + 4f > 0, we know that

4 4dS +de+4Af > 0
—dS+e+f > 1

QR > 1

Therefore, as long as 1 < @ < 2, the system is stable at the equilibrium point £2.

If —4 — 4dS + 4e + 4f < 0,

—2—dS+e+f - Do —dS +e+ f
—4 —4dS + de + 4f 7 T4 4dS + de + 4Af
—2+Q Q
—— > De>
—4+4Q “T4yQ
-2+Q
—4+4Q

Do <

This is similar to the analysis of the Dg. We can conclude that the constraints for D are

always met since the graph of :42:4% is always above the D¢ = 1 line for 0 < Q < 1.

We will focus on the upper bound of the constraints for Do for —4 + 4¢Q) > 0, and

the graph must be below the following condition for the system to be stable.

Q

D v
S 8]

For the system to be stable, the value Dc must lie in the shaded area in Figure 4.5.
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Qv D

Fig. 4.4. The graph shows where the stability of the contagious popultion occurs when
diffusion is incorporated.

Since we showed that ¢ cannot be greater than 2 for stability in the temporal state
of the system, the shaded area in Figure 4.5 where ) > 2 represents the cases when the
system is unstable at the equilibrium when there is no diffusion, and then becomes stable
when diffusion is applied. Figure 4.6 represents the values of the diffusion coefficients
which are less than % but do not meet the conditions of Q < 2 and D¢s < f’w, therefore

we do not need to take into account the shaded region.
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Qws D
0.4 \\
0n.s

0.3

L3

Fig. 4.5. The graph shows where the instability of the contagious popultion occurs when
diffusion is incorporated.

Therefore we see that we do not get Turing instabilities when diffusion is included

since all of the conditions on the diffusion coefficients are always met.

4.3  Fourier Transformed Diffusion-Reaction Model

The following system represents the diffusion-reaction system before the Fourier transform.
The reaction occurs, and at the same time, the diffusion uses the terms before the reaction
occurs to calculate the diffusion.

S = JuSh+ JinCl + JisR + Ds (S371 — 287 + §371)

Ciy = JuS)+ JnCi+ JuR + Do (C371 — 2C% + Ci+1)

Ry = JuS)+ J5Ch + JusR) + Dr Ry — 2R} + Ry
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Using the methods from section 4.1.2, we can create the decoupled system for the

diffusion-reaction model:

!

ST = JuS+ il + iR+ Dy (—4sin2 ) Sr

6'77;+1 = J21§;L + J225:; + stfé; + D¢ (—4 sin?

e R
SRIERE

N —

N———

O

33

=
N—
33

R, = JuS + JuCh + Jss R+ Dy (—4sin2 (— ) R

The I';_, matrix is the Jacobian of the diffusion-reaction system above after it has

gone through a coordinate shift and a Fourier transformation:

JH — 4D1 SiIl2 (%) Jlg J13
Ly = Ja1 Jag — 4D, sin? (%) Ja3
J31 J32 J33 — 4D3 sin2 (%)

By substituting the Jacobian values from our model, we get the new I, _; matrix:

[ 1—dC — 4D, sin® (%) —dS 0 ]
B 14+dS—e—f
Far = dc —4Dysin® () 0
i 0 e 1 —b—4D5sin? (%) |

Since the maximum the sin® (3F) is one, we will replace all of the sin® (3F) since
the maximizing of the sin? (%’") will result in creating the most stringent constraints for the
diffusion constants, as seen in section 4.2.

1—dC —4D, —dS 0

Ty, = dac 1+dS—e— f—4D, 0
0 e 1—b— 4D,
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Determinant of I';_,

- 1 —dC — 4Dy + 4D, f + 16D,Dy — f + dC'f
—€ — 4D1 —+ dS + dCe + 4D1€ — 4D1dS + 4dCD2

% (=14 b+4Ds)

Trace of I'y_,
3—dC —4Dy +dS —e— f —4Dy —b— 4D;

The eigenvalues for the I',_,. are very difficult to work with, so we will use the Gerschgorin

disks to evaluate where the eigenvalues lie. Gerschgorin’s Theorem:

Let A = [a;;] be a (real or complex) n x n matrix, and let r; denote the sum of the
absolute values of the off-diagonal entries in the ith row of A: r; = 3", |a;;| . The ith

Gerschgorin disk is the disk D; in the complex plane with center a;; and radius r;. That is,
D;={zinC :|z—ay| <r}
Using this theorem, we know that the centers for the eigenvalues are as follows:

Centerl : 1—dC — 4D,
Center2 : 1+dS—e— f—4D,

Center3 : 1—b—4Ds
The corresponding radii are as follows:

Radiusl : —dS
Radius2 : dC

Radius3 : e
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Therefore, we know the eigenvalues lie in the disks with centers listed above and the radii

of the disks are also listed above.

4.3.1 Using the Gerschgorin Theorem to Determine Stability

To evaluate the stability of the equilibrium points using the Gerschgorin theorem, we must
look at where the union of the three disks are located to determine whether or not they are

stable.

(0,1}

i-1,0) (0,00 (1,0

{0,-1)

Fig. 4.6. The Unit Circle in Complex Coordinates
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If the union of all three disks where the eigenvalues lie inside the unit circle of the

complex plane, then we have stability.

{-1,00

Fig. 4.7. Stable Eigenvalues
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If the union of the three disks lie outside of the unit circle of the complex plane, then

we have instability.

(0,1}

i-1,00 (0,00 1,0

{0,-1)

Fig. 4.8. Unstable Eigenvalues
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If only a portion of the union is inside the unit circle and the rest of the union is

outside of the unit circle, we cannot determine the stability of the system.

(0.1

i-1,m (0,00 (1,0

Fig. 4.9. Undefined Stability of Eigenvalues

(Gerschgorin, 1931)
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Looking at the previous example, where the centers and the radii are the following:

Centerl : 1—dC — 4D,
Center2 : 1+dS—e— f—4D,

Center3 : 1—b—4D5

Radiusl : —dS
Radius2 : dC

Radius3 : e

Since all of the centers are real, they lie on the Real-axis, we can use the three differ-
ent cases to determine the stability conditions.

Casel: center < 0

center — radius > —1

Case2: center > 0

center + radius < 1

Case3: center =0

radius < 1



4.3 Fourier Transformed Diffusion-Reaction Model 46

Casel: If the center is less than zero, then the difference between the center and the radius

must be greater than -1 for the disk to lie in the unit circle.

center — radius > —1
(1—-dC —4D;) — (=dS) > -1
1—dC —4D;+dS > -1

1

Case 2: If the center is greater than zero, then the sum of the center and the radius must

be less than 1 for the disk to lie in the unit circle.

center +radius < 1
(1-dC —4D;)+ (=dS) < 1
1—-dC —-4D;—-dS < 1

D, dC +dS

Case 3: If the center is equal to zero, then the radius must be less than 1 for the disk to lie

in the unit circle.

radius < 1

1—-dC—-4Dy —dS < 1

—dC —4D, —dS < 0
—4D, < d(C+ D)

D, < —%(C + D)
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We must take into account all three cases for all three eigenvalues/disks where the eigen-
values lie. That results in nine different scenarios that must be studied to come up with a
conclusion of the stability. The down fall of this method in studying the stability of the
system at an equilibrium by looking at the eigenvalue is that even with the analysis of all
three cases, if the union of the disks does not lie completely inside or outside of the unit cir-
cle, then the stability cannot be determined. Therefore using the sum of principal minors,
the trace, and the determinant to determine stability is much simpler to use for the analysis

of the stability of eigenvalues.
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4.4 Eigenvalues of Diffusion-Reaction System I';_, o—

When we substitute the equilibrium value of C' = 0, we get the following matrix:

1—-4D, —dsS 0
Fd—r,C:O = 0 1+ dS —e— f — 4D2 0
0 e 1—-b—4D;3

Determinant of I';_,. c—o

Trace of ['y_, c—o

3—4D1+d8—6—f—4D2—b—4D3

Eigenvalues of I'y_, c—o
)\1 = 1-— 4D1
Ao = 1+dS—e— f—4D,

)\3 - 1—b—4D3
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4.5 Stability Conditions of the Diffusion-Reaction System
Ly c—o:
Since we know that instability occurs when —1 < A < 1, we can place conditions on
our eigenvalues to determine the constraints on the other variables. The following finds

the conditions on the diffusion constants for stability to occur.

Eigenvalue \;
—1 < 1-4D; <1
-2 < —4D; <0
> Dy >0
1

< D1<§

o N =

If there is diffusion for the susceptible population, the system will always be stable as long

as Dy < 3.

Eigenvalue X,
-1 < 1+dS—e—f—4Dy < 1
-2 < dS—e—f—4Dy, <0

—2—dS+e+f < —4Dy< —dS+e+ f

24+dS—e— ds —e—
s —e—f 24+dS—e—f

< Dy <
4 2 4
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For this condition to be true, D, must be less than 2-°—¢=L which is equal to 1 + ==L,

Since D, cannot be greater than 1, therefore 2=~/ must be less than or equal to zero,

which is the same as dS — e — f must be less than zero.

Eigenvalue A3

-1 < 1-b—-4D3< 1

The maximum value for b = 1, therefore if b is maximized, the largest value for Ds is 1.
If b is minimized to zero, then the maximum value for D5 is % Therefore for all values of

b, where 0 < b < 1, the maximum value possible for D3 will be [, 1].



Chapter 5
Simulations

The following simulations will demonstrate 4 basic behavior.

Case 1. Stability without Diffusion
Case 2. Instability without Diffusion
Case 3. Stability with Diffusion

Case 4. Instability with Diffusion

5.1 Case 1: Stability Without Diffusion

With the variable set the following, we notice that the system is stable. See Figure 5.10.

The Reaction Variables Values

d: 0.004

b: 0.08

e 0.00189
f: 0

The Diffusion Coefficients Values
DS : 0

DC : 0

DR : 0

o1
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Susceptible Population
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20 Y
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i
o :
0 20 40 60 80 100 120 140 160
Time(days)

Figure 5.11 appears to converge. We can zoom in closer, Figure 5.12, to see that

the variable actually converges to .4725, which is g, the equilibrium for the susceptible

population, found in section 1.2, when there is no diffusion.
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Susceptible Population

0.7
X
m e
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= X T
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e . ® Town6
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o
3 Town9
a Town10
0 20 40 60 80 100 120 140 160
Time(days)

53

Since the equilibrium point of the contagious population is C, each town has a dif-

ferent equilibrium point. Even though they are different, since there is no diffusion, the

equilibrium of the system is stable.
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Similar to the contagious population, the equilibrium value for the recovered is de-
pendent upon the contagious population, $C, resulting in different values for each town.
Therefore the recovered population for each town is converging to the corresponding equi-

librium point, which means the equilibrium points are all stable.
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Fig. 5.13.

We can look at Town 1 to show that the system reaches equilibrium, therefore the
system is stable at the equilibrium ($, C, £C). This is true for all 10 towns in the case

where there is no diffusion.

Example of Townl: Starting Value Ending Value Equilibrium

Susceptible 89 0.4725 <
Contagious 1 87.46125 C
Recovered 0 2.066272 :C

Therefore for each town, all of the towns approach the equilibrium.

5.2 Case 2: Instability without Diffusion

The following case simply demonstrates that instability can exist in the system even though

there is no diffusion.



5.2 Case 2: Instability without Diffusion

The Reaction Variables Values

d: 0.03302
b: 0.08

e: 0.00189
f: 0

The Diffusion Coefficients Values
DS : 0

DC . 0

DR . 0
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If we look at the behavior in town 1, we notice that susceptible population is chaotic and

the terms after the 16th iteration, becomes undefined. Resulting the equilibrium of the

system to be unstable.
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Fig. 5.14.
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Fig. 5.15.

The contagious population does not go to an equilibrium point.
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Recovered Population
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Even though the recovered population appears that it could be converging to an equi-

librium past the 16th iteration based on this graph, in the spread sheet, the values after the

16th iterations are undefined as well. Therefore we can conclude that the equilibriums for

the system are unstable, even though there is no diffusion.
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5.3 Case 3: Stability with Diffusion:

The Reaction Variables Values

d: 0.004

b: 0.08

e: 0.00189
f: 0

The Diffusion Coefficients Values
Dg : 0.04
DC . 0.4
DR : 0.2
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When the system is stable at the equilibrium and there is diffusion, the network of

towns all go to the same equilibrium point <..
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Fig. 5.18.

When there is stability in a system at the equilibrium when there is diffusion, all of
the towns will go to the same equilibrium point even for the contagious population. All of

the contagious population becomes evenly distributed amongst the 10 towns.
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Fig. 5.19.

Since all of the contagious population is the same, the equilibrium for the recovered
population will also be equal, $C.

Example of Town1 with Diffusion:

Starting Value Ending Value Equilibrium

Susceptible 89 0.4725 s
Contagious 1 98.9889 C
Recovered 0 2.338613 :C

The limiting values found for Town 1 are the same values found for all of the towns
in the system. This is due to the diffusion of the population from high concentration to low

concentration, evenly distributing the population amongst all ten towns. .
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5.4 Case 4: Instability with Diffusion:

The Reaction Variables Values

d: 0.004

b: 0.08

e: 0.00189
f: 0

The Diffusion Coefficients Values
DS : 0.04
D¢ : 0.4999
Dpg : 0.2
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Fig. 5.20.

Even though this system may appear stable, the values for each town oscillates be-

tween two bounds. We can see an example of this when we graph only town 1.
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Fig. 5.21.

Therefore we see that the system is unstable at the equilibrium for the susceptible
population. When we use the extreme condition for Do, where Do ~ % we notice

behavior that is similar to Turing instabilities.
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Fig. 5.22.
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Fig. 5.23.

In all three of the population pools, we notice that the system does not converge to a
single value. We can conclude the system at the equilibrium is unstable due to diffusion; a

Turing instability.



Chapter 6
Conclusions

After creating both the diffusion-reaction and the reaction-diffusion models for the
S-C-R system in a network, we can conclude that reaction-diffusion model is better for
modeling diffusion in a S-C-R system. The diffusion-reaction model allows for the pop-
ulation to move without determining whether or not the population will be in the town
and in the population pool is moving to, which could possibly result in negative popula-
tions. If we apply this method into a real life scenario, the diffusion-reaction would occur
in locations where communication between each town is slow, resulting in people moving
without knowing whether or not moving will cause a higher concentration of sick people
in the town they are going to. In the reaction-diffusion model, the people moving always
know the concentration of the sick people in the town next door.

We have also shown that using the determinant, trace and the sum of principal minors
is a much easier method in determining the stability of the systems of questions compared
to trying to use the Gerschgorin method. Even though we did not have to use either method
for our cases since we were able to easily calculate the eigenvalues, we know we can always
find the stability using the three conditions for discrete stability using the determinant, trace
and sum of principal minors.

We were able to create a stable system with and without diffusion. The instabili-
ties with diffusion only occurred when the values of the diffusion coefficients were at the

upper possible limit. This resulted in a Turing instability. Even though mathematically
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we showed that at value less than the upper bound for the diffusion coefficients, Turing
instabilities should not occur, but numerically, in our simulations, Turing instabilities did
occur due to numerical effects. In an actual biological system, due to the inherent fluctua-
tion of the variables, the round off errors would be much greater, which could result in an

increased probability of Turing instabilities to occur.
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