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Proximal Point Methods for Inverse Problems
by

Marc Paulhamus

Abstract

Numerous mathematical models in applied mathematics can be expressed as a partial differ-
ential equation involving certain coefficients. These coefficients are known and they describe
some physical properties of the model. The direct problem in this context is to solve the partial
differential equation. By contrast, an inverse problem asks for the identification of the vari-
able coefficients when a certain measurement of a solution of the partial differential equation is
available. One of the most commonly used approaches for solving this inverse problem is by
posing a constrained minimization problem which can be written as a variational inequality.

This paper investigates the inverse problem of identifying certain material parameters in the
fourth-order partial differential equations representing the beam and plate models. This inverse
problem has attracted a great deal of attention in recent years and has found numerous appli-
cations. Since the numerical treatment of the fourth-order problems is rather challenging, the
first part of the paper describes in detail the finite element approach for solving the direct prob-
lem. The inverse problem is solved by posing an optimization problem whose solution is an
approximation of the parameters sought. The optimization problem is solved by gradient based
approaches, and in this setting, the most challenging aspect is the computations of the gradient
of the objective function. We present a detailed treatment of three approaches to compute the
gradient, namely, the so-called adjoint method, adjoint stiffness based approach, and the classi-
cal gradient computation. We also present a comparison among these different ways of gradient
computation. We use different proximal point methods to solve the inverse problem. It is know
that proximal point method is a regularization method which has a significantly different be-
havior than the well-know Tikhonov regularization method. We present a detailed comparative

analysis of the numerical efficiency of several proximal point methods.
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Chapter 1
Introduction to Inverse Problems

This chapter gives a general description of inverse problems and introduces the specific inverse
problem that is the subject of this thesis. We conclude this chapter by giving a detailed outline

and organization of this thesis.

1.1 Inverse Problems

The field of inverse problems has grown tremendous interest in the realm of researchers. This
is justified by the importance of the applications they lead to. With the advancement of fast
computers and stable numerical methods, inverse problems are leading the way in medical
imaging, computer vision, physics, and many other fields.

In this work, we deal with an inverse problem of coefficient identification in boundary value
problems. In direct problems, we are given physical quantities (or the model parameters), and
need to find the solution. On the other hand, in inverse problems, we have a measurement of
the solution, the data, and the objective is to find the model parameters.

Our primary objective is to study the inverse problem of the identification of a variable co-
efficient in the beam equation. To be specific, we focus on the following static fourth-order

boundary value problem in Q = (0,1) :

(a()u”)" = fx),0<x<1, (1.1a)
u(0) = u'(0)=0, (1.1b)
u(l) = u'(1)=0, (1.1c)

where a(x) is a variable coefficient and f is a suitable function.
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The boundary conditions (1.1b)-(1.1c) are the so-called clamped boundary conditions. How-
ever, our approach can easily be carried over to other types of boundary conditions as well.
This inverse problem has attracted a great deal of attention in recent years and has found nu-
merous applications. Some details can be found in [7], [10], [11], [21], [27], [28], [35], [38],
[39], [40], [41], [42], [43], [44], [45], [46], [48] and the cited references therein.

Referring to (3.1), the goal of the direct problem for this BVP is to find u(x), given that a(x)
and (f) are known. In the inverse problem, the goal is to find the coefficient a(x) when a
measurement z of the solution u(x) is known.

Inverse problems are challenging primarily due to the fact that they are ill-posed. To explain

this concept, we recall that a problem is well-prosed if it satisfies the following three conditions:
1. A solution exist.
2. The solution is unique.
3. The solution depends continuously on the data.

If one of the conditions is not met, then the problem is considered to be ill-posed. It can be
shown that direct problems are well-posed, but inverse problems are ill posed.

If in (1.1a), we integrate both sides twice and solve for a(x), we obtain

) == [ 1.

Clearly, the coefficient is not defined in the regions where u” = 0.

1.2 Optimization Formulation

The coefficient a(x) in (3.1) can be obtained by solving the BVP for the coefficient. However,
it has been shown by explicit examples for the simpler BVPs that this approach is not very
fruitful.

Therefore, instead of solving for a(x) directly, a commonly adopted approach for solving inverse
problems is to pose an equivalent optimization problem whose solution is an approximation of
the coefficient to be identified. The idea is to minimize the norm of the difference between the

computed solution and the measured solution. Several variants of this idea are available.
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In the context of our problem, one possibility is that given a measurement z, the coefficient a(x)

should be chosen to minimize the output least-squares (OLS) functional
1 2
J(a) = 5 llu(a) ~2I1%, (12)

where || - || is a suitable norm and u(x) is the solution obtained by solving the direct problem for
the coefficient a(x).
A common remedy to the ill-posedness is by using regularization. That is, instead of the OLS,
we indeed solve the minimization problem
min{J(a)+€R(a)}, (1.3)
acA
where R(a) is called a regularization term, € > 0 is the regularization parameter, and A is the
set of all feasible coefficients.

The variational inequality of finding a* € A
(J/(@*)+R(a),a—a") >0 Va€A, (1.4)

then turns out to be the necessary optimality condition for the OLS optimization problem.

Other optimization formulations will be discussed in the following chapters.

1.3 Organization

The contents of this thesis are organized into seven chapters. In Chapter 2 we discuss the fourth-
order boundary value problem into significant details. We describe the suitable function spaces
in which the functions and the solution should reside. We derive the weak form associated to the
boundary value problem. We develop a complete finite element based framework for obtaining
a numerical solution. Implementation issues are also discussed in detail. Numerical examples
are given to show the efficiency of the developed numerical approach. In Chapter 3 we pose the
inverse problems as a minimization problem. Several results concerning the differentiability of
the coefficient-to-solution map and the objective functional are given. In Chapter 4 we solve the
inverse problem by using the Nelder-Mead method, an iterative derivative-free method. In order
to use derivative based methods, the adjoint stiffness matrix based approach is developed in
Chapter 5 for the numerical computation of the gradient of the objective functional. Chapter 6
employs several proximal point methods for the inverse problem. Each method is tested by
means of several examples. A comparative study of the proximal point methods in terms of the

over all computational cost involved and their numerical efficiency is given in Chapter 7.



Chapter 2

Fourth-Order Boundary Value Problems

In this chapter we describe the details of the fourth-order boundary value problem that is the
theme of this thesis. We obtain the weak form of the BVP. The finite element method is used to

discretize the weak form. Implementation issues are discussed. Several examples are given to

show the performance of the finite element method.

2.1 The Weak Form

As already mentioned, our primary objective is to study the inverse problem of the identification

of variable coefficients in the beam equation. To be specific, we focus on the following static

fourth-order boundary value problem in Q = (0,1) :

(a(x)u")” = f(x),0<x<1,
u(0) = u'(0)=0,
u(l) = u'(1)=0,

where a(x) is a variable coefficient and f is a suitable function.

The function space convenient for our setting is then defined by:
V={uecH* Q)| u0)=u(0)=ul)=u(1)=0}.
To obtain the weak form of (2.1), we multiply (2.1a) by a test functionv € V,

(a(x)u")”v = fv

(2.1a)
(2.1b)
(2.1¢)
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Integrating over the interval (0, 1) yields
1 " 1
/ (a(x)u”)" vdx = / fvdx.
0 0
By performing integration by parts twice and using the boundary conditions, we obtain
1 1
/ a(x)u"V'dx = / fvdx.
0 0
Since v is arbitrary, we have obtained
(a(x)u" V'Y= (f,v), forallveV, (2.2)

where

1
(f.8) :/o fgdx.

Equation (2.2) is often referred to as the weak form or the variational form of (2.1).

2.2 The Finite Element Method

To define the finite element space, we start with a partition of Q :
O=xp<x1 <"+~ <X < <Xy <XN41 = 1.

We then define
Ij=]xj_1,x;[, forj=1,....N+1

and the corresponding step-length

hj :xj—xj,l.

The finite element space V}, consists of elements v that satisfy the following three conditions:

e vand V' are continuous.
e vis a polynomial of degree 3 on each subinterval /;.

e The boundary conditions (2.1b) and (2.1b) hold for v.

Since Vj, C V, we can consider the following finite-dimensional weak form: Find u; € V}, such

that
<a(x)u;l',v"> =(f,v), forall veV,.

(2.3)
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Since a three degree polynomial has four degrees of freedom, an element v € V;, on any inter-

val /; can be uniquely determined by four values, namely, v(x;_1), v(x;), v/(xj—1) and V'(x;).

Therefore, at every point of the mesh, any v € V), has two degrees of freedom, namely, the

function value v and its derivative value V. To define a bases for V}, we will define two basis

functions for every node.

Let ¢;_1 be the basic function that corresponds to v(x;_1) satisfying:

vixj—1) = 1,
v(xj) = 0,
Vixjo1) = 0,
Viix;) = 0

Since ¢;_1 € Vj, it is a third degree polynomial, and hence its general form is,
¢;1(x) = ax’ +bx* +cx+d, where 0+ a,b,c,d €R.

Using the constraints (2.4), we obtain the following system of equations:

¢j-1(xj-1) ax) | +bx; | +exjg+d 1
¢j—1(x;) _ ax?%—bx?—kcxj—i-d _ 0
(D}_l (xj-1) 3ax%71 +bxj_1+c 0
‘P]/'fl(xj) 3ax§+bxj—|—c 0

The above system can be written as

xi_l x?fl xj—p 1 a 1
3 2 ,
X3 x5 xj 1 b _ 0
35, xi 1 0] fe 0
2
35 X 1 0 d 0
By solving this system, we get
a 2

o
=
w
o
=
T
=
~

where hj =Xj—Xj-1-

(2.4)
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Consequently,
1,3 2 2
Oj—1(x) = W (207 = 3(xj1 4x))x" +6xj_1xx+ (x; = 3xj_1)x7]  x€1;.

To get a general idea about the shape of the basis function, see Figure 2.1.

1.2 T T T T T T

-l:lz | 1 | 1 | 1
2-1 L] ¥+l

Figure 2.1: Basis Function ¢;.

(2.5)

Indeed this equation will represent the part of the basic function from x; to x;;1 due to the

conditions in (2.4). To get the part of the function from x;_; to x;, we will use the conditions:

v(xj—1) = 0,
v(xj)) = 1,
Vixjo1) = 0,
Vix;)) = 0.

We obtain the following resulting system of equations

1
oj—1(x) = P [—Zx3 +3(xj-1 ~|—xj)x2—6xj,1xjx+(3xj—xj,1)x§_1] forx € I;.

J

Using both the ¢;_; and ¢;, a description for ¢; can be given for all x € [0,1] and j =1, ...

h% [—2)63—{—3()6];1 +xj)x2—6xj,1xjx+(3xj—xj,l)xﬁl} X € Ij

¢j(x) = h}ﬁ [2x3 —3(Xj—|—Xj+1)x2—|—6Xij+1x+(Xj_H —3XJ')X3_H} xe€ Iy

0 otherwise.

(2.6)

(2.7)

N
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For the later use, we also compute the second derivative of ¢; for j=1,...,N
h% [—12x4+6(x;_1 +x;)] x€ I
07 (x) = h+1 [12x—6(xj+xj41)] x€ Ij1 (2.8)
Jj+
0 otherwise.

Let the basis function that corresponds to Vv/(x;_1) be ;. Using the conditions from (2.9) and

(2.11), we can expect to get a picture like shown in Figure 2.2.

Figure 2.2: Basis Function y;

We will need to use the conditions from (2.9):

<
—~
=
. ~.
~— N~ ~—
I
o =~ o o

(2.9)

The resulting system of equations reads:

Wi-1(xj-1) ax?_l—kbx?_l—kcxj_]—f—d 0
vici(x;) | ax;—kbx?—kcxj—l—d 10
W}q(xjfl) N 3(1X§_1—|-bxj'_1+c B 1
Vi (x)) 3ax§ +bxj+c 0
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Therefore,
x?_l x%fl xj-1 1 a 0
3 2 .
Xx; X; xj 1 b _ 0
v, xi 10 fe 1
v x; 1 0) \d 0
Solving the above system, we get
a 1
b 1 [ =(j-1+x))
C h? XJ'(ZXj_l—i-Xj)
d —xj,1x§
where hj =x; —x;_1.
Consequently
1
Vioi1(x) = e [x3 — (xj1 + 2x)x 4+ x; (2% —|—xj)x—xj_1xﬂ forxel;. (2.10)

J
This equation will represent the part of the basic function in Figure 2.2, from x; to x;;1 due to
the conditions in (2.9). To get the part of the function from x;_; to x; in Figure 2.2, we will use

the conditions:

v(xj—1) = 0,
v(xj)) = 0,
Vxj—1) = 0,
Vi) = L 2.11)
This leads to
1
vi(x) = e [x3 — (2xj-1 )X+ xjo1 (x +2xj)x—x§,1xj} for x € I (2.12)

J

Using both the y;_; and v}, a description for y; can be given forallx € [0,1] and j =1,...,N

h% [x3 _ (ij_1 —|—Xj)x2 —l—Xj_l(Xj_l +2xj)x—x§_1xj} X € Ij

Wj(X)z hzl_] [x3_(xj+2xj+1)x2—|—xj+1(2xj—|—x_,~+1)x—xjx§+l} x€lj+1
Jt+
0 otherwise.
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The second derivative will be of importance to me later, so we have derive the second derivative

of yjfor j=1,....N

iz [6x—2(2xj_1+x)] x€ [

Vi (x) = [6x 2(xj+2xj11)] x€ Ly (2.13)
0 otherwise.
We have now constructed a set of basis functions {¢y,..., ¢y, ¥1,..., ¥y} or {9}, wj}l}/ for Vj,.

By the definition of V}, any element v € V}, can be uniquely written as:
Z vig;+0yj, (2.14)

where v; = v(x;) and 9; =/ (x;).

Let u;, € Vj, be the solution of the finite-dimensional weak form. Using (2.14), we obtain

N
Z w9 +a;y;], j=1,...,N. (2.15)

To obtain a matrix form for the weak form we proceed as follows: By setting v = ¢; in (2.2),

we get
<a(x)MZ7¢J/'/> = <f= ¢j>7

which further implies that

< i‘, [uj¢] +a;v}], > = (f,9;).
By using the linearity of the inner product, we obtain
Z uj(a(x)9].¢/") + Z aj ()7, 0") = (£, 90). (2.16)
Analogously, by taking v = y/;, we obtain
Zu]<a¢]7l//z >+Zu; ayi, ') = (f, v). 2.17)

Equations (2.16) and (2.17) now give me a system of 2N equations in 2N unknowns, namely

{ul,...,uN,ﬁl,...,ﬁN}.
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We will now write this system in terms of a matrix equation. For i,j =1,
N x N matrices A, B, and C by

Aij=(a(x)9],¢"),
Bij = (a(x)y},9/),
Cij = (a(x)yi,y').

Furthermore, defining the vectors Fy, Fy € RN by

F(P = (<f:¢1>7"'7<f7¢N>)T
Fllf = (<f:ll/l>7"'7<f7lllN>)T‘

Then U € R?" is given by

U= (ul,...,uN,ﬁl,...,ﬁN)T.

From equations (2.16) and (2.17), we obtain the system,
KU=F

where the stiffness matrix K has the form

()
()

Notice that when |i — j| > 1 then from the definition of ¢ and v,

and the load vector F is given by

¢_§'¢_;’ = ly}'l//}’ = (])]'/l//_;-’ =0 when |i=j| > 1.
Therefore this leads to,
(a9} 0)) = (aw w}) = (a0}, y) =0 when li = j| > 1.

From this, it can be shown that the A, B, and C are tridiagonal.

...,N, we define



2.3. Implementation Issues 12

2.3 Implementation Issues

Knowing how to write the fourth order boundary value problem as system of equations, we now
switch to the implementation aspects. First task is to numerically approximate the integrals.
We will do this by using Simpson’s rule. When integrating over the interval I; = [x;_1,x;],

Simpson’s rule states,

X j h .
| pedx =i +4f10) + £) 2.18)
xj,l
where x;_1 5 is the midpoint of the interval /;. Similarly, on /4,
Xj+1 hj
|7 F@dx = ) +4f )+ £ )] 219)

J

where x| 5 is the midpoint of the interval /j ;.

2.3.1 Load Vector

We now construct the load vector, F = (F¢,FII,)T where Fy = (f,9;)j—1,..n. The jth element

of Fy can be expressed as,

[ o= [ rosas= [ posins [ s

This is justified since anything outside of the range of /; and ;1 will be zero.

Using the Simpson’s rule from (2.18)

Xj h
/x-1 fojdx = gj[f(xjfl)ﬁbj(xjfl) +4f(xj_1/2)9i(xj—1/2) + f(x;)0;(x;)]-

We know that ¢;(x;—1) = 0and ¢;(x;) = 1. It can be shown that ¢;(x;_; 2) = ¢;(xj;12) = 1/2.

Therefore, the above reduces to
Xj h j
/x fojdx = g[zf(xj—l/z) + f(xj)].
-1

Similarly, the integral on(x;,x;41) simplifies to

Xj+1 hi
[ F9idx = = () + 21 (xj12)]
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Therefore the integral for the load vector can be given by

1 h . h
| roudx = LRSS+ L) + 21 e )
1 1
= 3 {hjf(xj1/2)+E(hj‘l’hﬂ—l)f(xj)+hj+1f(xj+1/2) :
If N is large, than we can approximate f(x;_2) and f(x;;1/2) by f(x;). In this case, we will
get,

hj+h;j )
(f.95) = =), J=1,...N. (2.20)
For Fy,, we follow the same procedure to find (f, y;),
X h:
/ Fdx = ZLf O W5 (1) 47 (o1 2) W (1 2) + () W) (2.21)
xj—l

We know that y;(x;—1) = 0 and y;(x;) = 0. It can be shown that ¢;(x;_; /) = —h;/8, and
9i(xj11/2) = hj/8.

1 -
l,l/j(xj_%) = .X:;_%—(ZXJ'—]+Xj)x57%+xj'—](xj'—]+2Xj)xj_%—X§71Xj:|
it
1/ m° hi\2 h.
= ()g—é) —(ij_1+xj)(xj—zj> +xj_1(xj_1+2xj)<xj—?j)—x%_lxj]
il
1/ m h\2 b
= ﬁ ()g—é) —(ij—Zhj)(xj—3J> —|—(xj—hj)(3xj—hj)(xj—31>—(xj—hj)2xj]
il
1 1
= |-
hil 8 J}
__h
8
1 -
Vil = s x;_%_<xj+2xj+1)x§+%+xj+1(2xj+xj+1)xj+%_xjx?Jrl}
it

r PNE hi\2 hj
(xﬁ?f) —(xj+2x,-+1)(x,-+3’) +x]'+1(2x/'+x1'+1)<xj'+§j) — X

hi\> hi\? hj
(Xj—f—?j) —(3Xj+2hj) (Xj—f-?]) +(xj—|—hj)(3xj+hj) (xj'—l—?]) —xj(Xj+hj)2

OOl\}‘ \}[‘\)l - \b[‘\)l - \}[‘\)l -
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This integral from (2.21) gets reduced to

Xj hi Th: —h?
/x‘1 fyjdx = g] {E]f(xj—l/Z)} = sz[f(xj—l/z)]-

Similarly, the integral on (x;,x;1) simplifies to

Xt h; h; hji1h;j
fyjdx = %‘ |:§Jf(xj_]/2):| = ler; f ()]
X

Therefore the integral for the load vector can be given by
1 i hj+1h;
A fyjdx = E[f(qu/z)]Jr B [f(xjg1/2)]

h .
= 1y [ThifCejmap2) F i F(xge )]

2.3.2 Stiffness Matrix

For the computation of the stiffness matrix, we will set the interval size [, to be the same length.
Thatis, hj = hforall j=1,--- ,N+1. This causes the (2.8) and (2.13) to become

|—

[—12x+ 12x_,-—6h} xe I

h3
i) =9 & [12x—12xj—6h]  x€ Ijy (2.22)
0 otherwise.
and
5 [3x—3xj+2h] x€ I
v (x) 2 [3x—3x;—2h] xe€ Iy (2.23)
0 otherwise.
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We will be using Simpson’s method to approximate the integrals, and therefore it is necessary

to compute the values of ¢ and 7} at the points x; 1,X;_1/2,%,X}41/2,%11-

We have

6 6
F(xj1) = P J/'/(xj+1):ﬁ
07 (x;_12) = 0, 07 (xj41/2) =0
6 2
0/ () = =33 W) =—1, (2.24)
2 1
‘l’;’(xjﬂ) = w ‘If}/(xjfl/z)z}—l,
1
W}/(Xjﬂ/z) = Ty
4
lim W]('x]) = Za
x—>x
lim v/ (x;) = 4 (2.25)
x—>x?' 7 h
Ajj = (adj.0])
_ /XJH ¢//
- J
— / 2 det /
Xj—
h 7 2 " 2
~ g[ajfl(q)j (1)) a1 (07 (ejo172)) a5 (6] (7))

Q

?MO\O\IN QST o

36 36
Cljflm +4Clj_1/2(0) +ajh—4:|

1

laj-1+aj]

7 (0]/(x7))” a2 (9] (ej172)) + g (6] (x74))]

36 36
h4 +4a]+1/2( )+aj+1h_4

l—|

laj+ajii]
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we obtain

Ajj = <“?§'7¢J/">
= ["a(e))’ ax

x_]‘_l

6 6
= laj1taj]+ 5 laj+aj]

K3 h3
6
= 3laj1+2a4a].

Now for the second diagonal, we have

Aj-1j = (a9j, 6] 1)
N
_ / " aglol | dx
X

-1
h
3 [ajlfl)]"/(le)(f’;/—ﬂle) a1 207 (x;_12)97 1 (xj_12) +

Q

aj¢;'<xj>¢;’1<xj>}

h -36 -36
— 6 |:aj_1 F +4aj_1/2(0) +aj7‘|
-6
= 73 laj+a].
We know that the matrix A is symmetric,
—6
Ajjr = o3 lajitag].

Now using (2.24), we can come up with the entries of matrix C :
Cij = (avj,vj)
Xj+1
= [Ta(w) ax

Xj_]
X X ;
= [t axs [T atu) ax
J

j—1
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Since

we deduce

Q
NI
B

I
AN =
—

Q
ol ol =

—

(W) (-0)) +4a; 172 (W] (5-172)) 5 (W] ()]

4 1 16
_1h—2+4aj,1/2ﬁ +ajﬁ

[Clj_l +aj,1/2 +4a]]

SN

a; (W) ()" +4aj10 (W] (cj112))" +ap (‘I’}'(xjﬂ))z}

16 1 4
4j1z +4“1+1/2hz Tajtirg

| o

= [4aj+aj+1/z+aj+1]

(98]
=

(v )
[ty

2
3 laj- 1+aj71/2+4‘1j] + 3 [4aj+aj+1/2+aj+1]
2
3h

o8

laj_1+a;_1p+8aj+ajp+aj].

|98

Notice that the values of a; 1/, and a;/, are not known to me due to the fact that I'm doing

this by computational methods. We shall approximate these values,

1

aj-12 = 5(a-1+a)),
1

Ajy12 = E(aj+aj+)-

With these approximations, we shall get

Cjj

Q

Q

Q

(awy,vj)
2

1
3h —(aj+aj+1)+aj+1

1
[a] 1+ 2(aj,1 +aj)+8aj+ >

2 (3 3
% Eaj_l +9aj+§aj+1

/Tl [aj_l +6aj—|—aj+1] .
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Now to obtain the second diagonal

Ci-1; = (avj,viy)

:/ al,l/}' J_ldx
Xi1

i
h
_[aj—llll}/<xj—l>w;‘l—l(xj—l)+4aj71/2‘//}/<xj71/2)11/}/—1(xjfl/Z)+
a,l//” (x) ‘I/, 1 ()]

Q

h 8 -1 8
T 6|t T g

h 8 1 —4 8
= — aj,l—-l——(aj,rl—a,) —|—a]h2

62" 2 2
1
= 5 lai1+a].

We know that the C matrix is symmetric,

Cij ~ o laj1+aj].

Al
Now using the information from (2.24) and (2.25), we can compute the entries of matrix B :
Bjj = (avyj,})
X1
_ / " ay!) dx

.Xj,1
. i " d 1"
= al//] ; x—i— al//j ; dx
Xj-1

and we know,

N =

/xxj ayi¢) dx ~ —[aj 1y (j-1)07 (xj1)+4a;_1 oW (X1 2) 8] (xj—12) +a; ¥ (x)) 9] (x))]

j—1

—12 —24
{%‘-1? +4a; 1/,(0) Jrajh—3}

|[\) N =

= h2 [—aj_l —261]'] .

Xj+1
"o ~
/XA al//j j dx =~

J

AN S

lajw ()07 (x;) +4aji1 oW (X1 2)0F (Xj512) + @] (1) 87 (xj11)]
24 12]

l—|

aj73 +4a;,12(0 )+aj+1ﬁ

T o=

5 [2aj+aj1].
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Therefore,

Bj; = (ayj.¢])
pay "
/ alyjd) dx

xj—l
2
= hz[ aj-1—2a;] + 2 [201+a1+1]

Q

= hz[ aj-1+ajii]
Bji_1; = (ayj, i )
= /] Cllllj¢ ldx

j7
h

Q

[aj 1‘4/(?6] 1)¢J 1(xj- 1)+4a] 1/2‘1/( j— 1/2)¢J 1 (x Xj— 1/2)+aj‘V}/(xj)¢J{L1(xj)]

12 24
{ aj-175 +4aj1(0) +aj75

laj1+2a,]
Bjj1 = (ayj,9})
= [ aw i) ax
Xi

J

6
h
6
2
h2

Q

h
6[61] Wi (o) 7 (1) +4aj_1 pWi (X1 2) 97 (X1 2) +ajwy (x;) 67 (x;)

h —24 —12
= 6{ —1 75 +4a;_ 1/2( )—|-aj7
- h&[ 2a;- 1_‘1]}
Fyj=~ hf(x;), j=1,...,N
Fyj~ If_;[_f(xj—l/z)Jrf(xjH/z)] Jj=1...,N
Ajj~  Slaji+2a;+aj]  j=1,...,N
Ajjr=Aj i~ Rlaj+aj] j=2,....N
Bj ;= %[_aj—l“‘aj-i—l] j=1,....N
Biij~  Zlaj_1+2a;] j=2,...,N
Bjj i~  Faj1+aj j=2,....N
Cij~ Laj_1+6aj+aj] j=1,....N
Cij-1=Cimj~  jlaj-1+a(x))] j=2,...,N.
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2.4 Numerical Experiments

To demonstrate that the above method works properly, we test it for some examples. There
are four examples, in each example we provide the function f, the coefficient a(x), and the
compute for the solution u. We also included images comparing the exact solution and the

computed solution.

Data, Direct Method

_:25 1 | | | | | | 1 |
a 0.1 0.2 03 04 os 0B 07 s 0% 1

Figure 2.3: Example 1

Example 1:
We have the following data:
fi = 8*((2m?(x*+1) — 1) cos(2mx) + 4mxsin(27x))

ax); = x*+1

up = cos(2mx)—1.

Example 2:
We have the following data:
fr = 4(90x* —60x> 4 42x* — 18x+13)

a(x); = x*+x*42

w = x*(x—1)>%
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Data, Direct Method
I:II:IB T T T T T T T T T

0.06

0.04

0.02

I:I 1 | | | | | | 1 |
a 0.1 0.2 03 04 o5 0B 07 s 0% 1

Figure 2.4: Example 2

Example 3:
We have the following data:
f3 = 327%(—631.655(x+0.400059) (x> —1.15006x40.6095)cos (47x) —301.593 (x—0.25)?sin(47x))

a(x)s = (2x—.5)3+2
uz = sin(4mx—0.57)+ 1.

Data, Direct Method
25 T T T T T T T T T

15F .

0.5

I:I 1 | | | | | 1 |
a 0.1 0.2 03 04 os 0B 07 s 0% 1

Figure 2.5: Example 3
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Example 4:

We have the following data:

fi = 1764(x—0.773513)(x — 0.5)(x — 0.226487) (x* — x +0.687621)
a(x)s = (x—0.5)2+1
ug = x>(x—1>%x-0.5)>

¥ 1|:|'3 Data, Direct Method

0 0.1 n2 03 04 05 OB 0Y 08 08 1

Figure 2.6: Example 4



Chapter 3

Optimization Formulation of Inverse

Problems

This chapter investigates the inverse problem as an optimization problem and studies the basic
features of the objective functionals. Computable forms of the objective functions are studied

in detail.

3.1 Problem Formulation

Recall that we have been dealing with the following static fourth-order boundary value problem
inQ=(0,1):

(a()u”)" = fx),0<x<1, (3.1a)
u(0) = u'(0)=0, (3.1b)
u(l) = u'(1)=0, (3.1c)

where a(x) is a variable coefficient and f is a suitable function.
The weak form for the above boundary problem reads: Find u(x) € V := H3(0, 1) such that

a(u,v) = (f,v) forall vevV, (3.2)
where

1
a(u,v) = /Oa(x)u”v”dx,
() = [ ) de

0
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We assume that the coefficient a(x), in equation (3.2) is strictly positive and constrained between

two constants kg, k. That is the set of all admissible coefficients is defined as
A:={a(x)|0<ap<a(x) <ai}. (3.3)

Since in the analysis the exact role of the coefficient is of vital importance, it is convenient to
define a triliear form 7 : A XV xV — R by

1
T(a,u,v)= / a(x)u™V" dx.
0
The inner product in V is given by:
1
uvy = [ (w+uv +u"V")dx.
(u,v) (
0
The corresponding norm is then defined by
1
ul|Z = u,v) = w4+ () + ("2 dx.
v 0

The trilinear form T satisfies the following conditions for all u,v € V,and a € A

=
2
=
=
AN

[[alleo[uellv [ V]V (3.4a)
T(a,u,u) > allul|} where ot >0 (3.4b)

Therefore, we have the variational form: Find u € V such that
T(a,u,v) =m(v) forallveV, (3.5)

where |
m(v) = /0 F(x)v(x) dx.

The Lax-Milgram lemma, in view of the above mentioned properties of the trilinear form, en-
sures that for every a € A, the variation problem (3.5) is uniquely solvable. We can therefore
define the coefficient-to-solution map F : A — V by the condition that u = F(a) is the unique
solution of the variational problem.

We recall the following results for the better understanding of the variational form. More details
on the following theoretical results can be found in [14] ( see also [12], [13], [15], [16], [17]

and the cited references therein).

Lemma 3.1.1. For each a € A, u = F(a) satisfies ||ully < a~!|m||y.
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Theorem 3.1.1. The operator F is continuous an
|
|F(a)—F(b)|v < amln{HF(a)HVHF(b)HV}Hb —d||w forall a,b€A. (3.6)

Proof. Letu = F(a) and w = F(b), then
T(a,u,v) =m(v) =T (b,w,v), YveV.
Substituting v = u — w and manipulating yields
T(a,u—wyu—w)=—-T(a—b,wu—w).
Then applying conditions (3.4a) and (3.4b), we obtain
orllu—wlly < lla—bl|e|wliv]|e—wlv

and hence | .
— < — —bllee = —||F (b —b||oo.
le=wliv < —lwllvlla=blle = —|[F(b)llvlla— bl

We can change the roles of a and b, and by bounding ||F(b)||y to receive the other minimum

bound.

The following important result discusses the differentiability of F(a).

]

Theorem 3.1.2. For each a € A F is differentiable at a, then du = DF (a)da is an unique

solution to the variational equation

T(a,0u,v) = —T(da,u,v) forallveV,
where u = F(a).
Proof. We know that u = F(a) is the solution of

T(a,u,v) =m(v) forallveV.

Because of the linearity We can say

T(a+d6a,u+dow,v) =m(v) forallveV
Now using equations (3.8) and (3.9),

T(a,u,v) = T(a+d6a,u+dow,v)
T(a,u,v) = T(a+d6a,u,v)+T(a+ da,ow,v)
T(a,u,v) = T(a,u,v)+T(0a,u,v)+T(a+ da,éw,v).

(3.7)

(3.8)

(3.9
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Therefore,

0 = —T(a,0u,v)+T(a+ da,éw,v)
0 = —T(a,0u,v)+T(a,éw,v)+T(6a,ow,v)
0 = T(a,ow—ou,v)+T(da,éw,v).

This is true for all v € V, therefore We can choose v = éw — du and obtain
0="T(a,éw— 6u,0w—du)+T(8a,ow,v).
From (3.4), this implies that

o||Sw — Sull3

IN

T(a,éw— Su, 0w — du)

T(a,éw—6u,6w—ou) < |[|8all=|[dwv][6w—dulv
aldw—8ully < |8allw||dw]vdw — Sully
a[dw—dully < [|dall-|[dw]v
|6w—=dullv < é|l5anH5WHv- (3.10)

This is where We can use the definition of dw and equation (3.6)

|F(a+6a) = F(a)lly

[8wllv

IN

1
S alvl(a+da) —all

1
- F 6 0.
_|IF(allv]|6al

We can now use this result with equation (3.10),

1
16w = dully < @HF(a)Ilvll(Salli

Bt < i@l
[1£( |)|5a”() v < Lir@iisal.

= 0(||da]).

Therefore, F is differentiable at a and DF (a)da = du O
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3.2 Optimization Formulation: Finite Dimensional Case

We have already discussed the discretized space Vj, of the space V. Let A, be the finite dimen-

sional subspace of B. We consider
acd ={A;: 0<a <a<a},

which is set of admissible coefficients.
The finite dimensional optimization formulation for the inverse problem of identifying a(x) then
takes the form:

gIéiﬁI;J(a)—f—ER(a) (3.11)

where J : A, — R and R : A;, — R are suitable functionals and € > 0 a positive parameter.
The functional R is the so-called regularization functional and the parameter € is the so-called
regularization parameter.

In the next section, we study the case when the map J is the output least squares functional.

3.3 Output Least-Squares (OLS)

We will now consider the variational problem of (3.7). We first want to choose a to minimize
the least output-squares
1 2
in — — 3.12
min - lu(a) —z|%, (3.12)

where z is the data and u(a) solves the variational problem

1 1
/ a(x) (") V' dx = / fvdx Yvev. (3.13)
0 0
For the finite dimensional analogue of the above functional, we have
1
Ji(A) = 3 (u—z,u—z)

= 2lu(@) ~z u(a) ]

-1 J ' (u(@) —2)(u(a) — 2)dx

where A is the vector of the nodal values for a.
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WehavezeV,andu eV, :

= [;ZZ(PH;ZIIVI

u =

T

T

n n
Y Uioi, Y Uivi
i=1 izl

By letting, v =u —z or V; = U; — Z;, we have

lu(a) —z]1°

(v,v)
<ZVi¢i72Vj¢j>

i J
<v1¢i+...+vn¢n,v1¢j+...+vn¢n>
vTav
<ZW%ZW%>

i J
MY+ AV, W+ VW)
vicv

i J
<v1¢i—}—...+vn¢n,v1wj+...+vnl]/n>
vIBv
<ZViWiaZVj¢j>

i J
<V1‘Vi+---+vnl//n7vl¢j+---+Vn¢n>
vIBTy

We can put these four submatrices into one cummulative matrix by letting

This is the so-called mass matrix.

To summarize: .
Entries of A : A, = / 0i0; dx
0

g (A B
~\BT C)’
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1
Entries of C: Cy = / Vi dx
0

1
Entries of B: By, = / Oy dx.
0

To find the mass matrix,

X Xl 13n7 1347 26
A = f"”/x, Ojdx = 35 Tasm T o3t

X 9 h7 9
Ai1i=aji—1 = ¢j—19;dx = 2578 — %h

Xj,,'

X it 1A 11K
i = [, onwer [ owds = giis—aigs = 0

J—t J

% —13 47 —~13
Bia, = | owias = Dor = "

Xj—i

*i 13 h’ 13 ,
Bii1 = Oj_ 1y dx = 0 — mh

X]‘fl‘

X, Xl I LA N 1 2 4
i B Xj_i"’f"x+/xj Vit = oski Tiosie ~ ios”
c *i 4 —1n’ —1 3
i=ci = wedx — T -
i—1, i,i—1 i II/] llllj 140]’14 140

We now want to take the gradient of the objective function. We first need to compute
0V = DF (A)JA.

From K(A)V = F where K(A) is the stiffness matrix and F is the load vector, we take the

derivative with respect to A:

DK(A)SAV +K(A)SV = 0

K(A)8V = —DK(SA)SAV
K(A)SV = —K(8A)V
8V = —K(A)'DK(8A)V

We next define the adjoint stiffness matrix L(V') by the condition
L(VA=K(A)V forall A e R"2V ¢ R" (3.14)

We can now say
SV =—K(A)"'L(V)SA. (3.15)
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We will compute the gradient of J;

1

5
1 1

DJi(a)(8a) = 5(5u—0) ~M(u—z)+§(u—z) -M(6u—0)

Ji(a) = S(u—z)-M(u—7z)

= (B M) + 5 ((u ), M)
= (Su,M(u—z)) wheredu=—K(A)"'K(SA)V
= —K(A)'K(A)V - M(u—7z)
= —K(A)'L(V)8A - M(u—z) where L(V)SA = K(SA)V
= —8A - (KAL) Mu—2)
= —8A - LWV)TKQA) 'M(u—2)
vlo = —L(V)TK(A) "M(u—z).

The adjoint stiffness matrix will be explained more in chapter 4.

3.4 Modified Output Least-Squares (MOLS)

The modified OLS is caused by replacing the L? norm by the coefficient-dependent energy

norm, and is how we define the objective function, J>
h(4) = 3T(au(a)~zula)~2)
= %(U—Z)K(A)(U—Z).
Now to show the gradient of J;,

Ba) = 3T(@u(@) (@ —2)

DJy(a)(6a) = %T(Sa,u(a) —zu(a)—z)+ %T(a,DU(a)(Sa,u(a) —-2)+ %T(a,DU(a)(&z,u(a) —2)

= 2T(8a.u(a) ~z,u(a) ~2) + (@, DU(a)(8a,u(a) ~2)
= %T(Sa,u(a) —z,u(a) —z) +T(a,0u,u(a) —z)

= %T(Sa,u(a) —z,u(a) —z) —T(da,u,u(a) —z)

= %T(Sa,u(a) +z,u(a) —z).



3.4. Modified Output Least-Squares (MOLS) 31

For the discrete form:

1

5
1

DJ,(A)(6A) = 55 -K(A) +

h(A) = ~(U—-2)KA)U —2)

1
5
— U -K(A)U-2) +%(U—Z) K(8AY(U —2)

U—2)-K(A)(8U) + %(U —27)-DK(A)(8A)(U - Z)

= —(K(A)"'L(A)A)-K(A) (U -2Z)+ %(U ~27)-K(8A)(U -2)
= —5A-L(U)T(U—Z)+%(U—Z)-K(SA)(U—Z)

= —5A-L(U)T(U—Z)+%(U—Z)~L(U—Z)5A

= —5A-L(U)T(U—Z)+%5A-L(U—Z)T(U—Z)

= —%6A-L(U+Z)T(U—Z)

= —%6A-L(U)TU+%5A-L(Z)TZ.

Later on in chapter five, We will need the second derivative or the Hessian matrix of the objec-

tive functional.
h(A) = %(U—Z)K(A)(U—Z)
DJy(A)(8A) = —%5A-L(U+Z)T(U—Z)
= —%SA-L(U—FZ)T(U—Z)
D?J5(A)(8A,84) = —%SA-L(SU)TU—%BA-L(U)TSU.

Take notice that T;j; = Tji so therefore we can say

L)'y = LWw)Tsu
SU = K(A)'L(U)SA.

Therefore,
D*J5(A)(8A,84) = —%SA.L((SU)TU—%SA.L(U)TSU

= —SA-L(U)T U
= —8A-LWU)"K(A)"'L(U)SA.
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and hence,

D’h(A) = LU)TKA)LW).
Summarizing

h(4) = S(U-ZKAU -2);

Dh(A) — —%L(UJrZ)T(U—Z);

D’ (A) = LWU)TKA)'LW).

3.5 Regularization

From (3.11), we need to minimize a regularization function. The regularization norm can be

one of three norms. Each norm represents the Euclidean norm, || - ||».
Ly-norm(square) : Rj(a) = |||
1
= / a(x)dx
0
2
da
Hj-norm : Ry(a) HaH2+' T
1 da\*
2
= — | d
/0 a(x) —|—< dx) x
dal?
H - i- N R — J—
|-semi-norm 3(a) ' p
' (da\?
= — | d
1)
The discretized regularized norms read:
lall> = (XA, X0 A8) = ATMA
dal?

where M is a (N+2) X (N+2) matrix and K is a (N+2) x (N+2) matrix due to not knowing the

_ +1 4 d9; +1 4 d9; _ Tp
dx = <Z?:0Aid_x]’z?:0’4jd_xj> = A'KA
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boundary values of the coefficient. The regularization term R(a) will be one of three matrices

Ly-norm(square) : Ry(a) = ATMA
Hj-norm = Ry(a) : ATMA+ATKRA
Hi-simi-norm  : Ri3(a) = ATKA.

Throughout this paper we shall use the H;-norm as the regularization term.



Chapter 4
Identification by Derivative Free Methods

In this chapter we use a derivative free Nelder-Mead method to solve the inverse problem of
identifying variable parameters in fourth-order boundary value problem. Derivative free meth-
ods are very easy to use as they by pass the stringent requirement of computing the derivatives.

However their accuracy is rather limited to small dimension problem.

4.1 Nelder-Mead Method

We have shown that the direct method works, and now we want to show that an iterative deriva-
tive free method will work. We chose to use the Nelder-Mead method. This method works
by stating with an initial guess of n variables and a radius. Then from the initial guess, n+ 1
vectors are form to creat an n-dimensional simplex. The n+-1 vertices of this simplex are tested
and are arranged in ascending order. The goal is to replace the last value, yy, this corresponds
to the vector a, = a,+1. Then the center of the face of the simplex that omits the a;, vertex is
computed, a.. Then the reflection point is computed, a, = a. — ay. If y, lies in the range of
y1 and y,, then we replace the worst point, a; with a,, and sort the vertices by their functional
values and repeat the step.

If y, is less than y;, then we expand by setting a, = 3a. — 2ay, replace with the better of y,, or
yr. If y, is greater than y,, then we make an outside contraction by setting a,. = 1.5a. —0.5ay,
or an inside contraction by setting ;. = 0.5a. + 0.5ay, if the contraction is less then y;, then
replace a;, with that value.

If y;, is better than both a;. and a,., then shrink the simplex by a factor of two in the direction

of the minimum a1, then repeat the steps.
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4.2 Nelder-Mead Algorithm

Initialization Step: Choose some radius, and an n-dimensional a initial column vector. Let e
be a n-vector size of ones, and ¢; be a vector of zeros with a one in the ith position. Let y; = J(q;)
Step 1: Create vertices

Y [(ap +radius * ¢;) * ¢

Step 2: Order

Vi<y2 < <ypt1=yh

Step 3: Reflection

ar=ac—ay

If (y1 <y <yn), then let a, = a, go to Step 2.
else if (y, < y1), then go to Step 4

else (v, < y,), then go to Step 5

Step 4: Expansion

Xe = 3x. —2xp,

If (ye < yn), then let x;, = x, go to step 2.

else (y, < y.), then let x;, = x, go to step 2.
Step 5: Contraction

If (y, < y;), then go to Sa.

else (y, <), then go to 5b.

5a. Outside Contraction

aoe = 1.5a,—0.5qy,

If (yoc < yn), then let a, = a, go to Step 2.
else (v, < yoc), then go to Step 6.

5b. Inside Contraction

Xoe = 0.5a,. 4+ 0.5q,,

If (yic < yp), then let aj, = x;. go to Step 2.
else (y, < yic), then go to Step 6.

Step 6: Reduction

Shrink
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4.3 Numerical Results

In the following results, OLS and MOLS was used along with a regularization norm of H;-
norm. We have used the same four examples that we used for the direct method in Chapter 2.
To obtain the optimal regularization parameter € in the following results, we tested a ranged
of values for each example and then picked the one most reliable. The results will show two
methods for each result, (a) using OLS, and (b) using MOLS. The top figures in each method
will display two lines, the experimented or computed coefficient and the real coefficient. Then
the bottom figure is putting the computed coefficient line into (3.2) directly and seeing how
closely it matches up to the real data and we’ll see it’s very close most of the time. In all
the cases, the MOLS performs better and converges quickly. Using the iterative Nelder-Mead
algorithm for the OLS method took roughly 15 to 30 minutes to run completely, while for the
MOLS method for the algorithm took about 2 minutes to complete.
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Figure 4.1: Example 1 using Nelder-Mead Simplex Method
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Chapter 5
Computation of the Derivatives

In this chapter we describe the details of the computation of the adjoint stiffness matrix which

plays the most fundamental role in the calculation of the derivatives of the objective functionals.

5.1 Adjoint Stiffness Matrix Based Approach

We recall that the adjoint stiffness matrix is defined by the condition

LWV A=KV, YAcRVN?2 vV eR?Y, (5.1)

where V = (V,V)T.

Since |
K@) = [ a()§]§/ax
0

where

n+1

a(x) = Z Agay,

k=0

and
¢=(9,v)"
Therefore, with
K(A)ij =Y TjAy
k=0

where
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we obtain the formula

(K@) = Y TV,
j=1
Now using (5.1), we obtain
LW = Y TV,
j=1
2n 1 o B (p
=) ( / a7 q)l-"dx) V; where ¢ = and
j=1\/0 y
B n 1 _ n B R
LWNa =Y, ( /0 ak¢J/'/¢i//dx) Vi+ ) ( / ak'lf}/%"dx) Vi
j=1 j=1

wherei=1,...,.2nand k =0,....,n+ 1.

Notice that the L(V) matrix has a size of 2n x (n+2), We break the adjoint stiffness matrix L

into two blocks of size n x (n+2) matrices. We will use the notation

A+B
L= *
D+C

where

n 1
Cy = Z(/O aklll}'l//,('dx) V]

The basis functions for ¢ and y are as defined in Chapter 2.
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Also from Chapter 2, we need the second derivatives at different x-values which are:

6
T(xjo1) = 07 (xje1) = 2
Y(xj12) = 07 (xjh102) =0
6
9 (x;) = )
" 2 / . 1
Vi (xj—1) 7 ‘l’; (qu/z) =7
1 2
Wi (xje12) = =3 v (xjen) = 7
4 4
XEI)}J{ Vi (x) = A xggja vy (x) = 7

We will denote ; to be the i-th subinterval [x;_,x;]. It is important to note that support of both
¢; and y; is U q.

12 T T T T T T

-l:l: | 1 | 1 | 1
#j-1 L] ¥+l

Figure 5.1: Basis function ¢;

We first construct the matrix A.

n

Ap = Z (/akqb}’(])i”dx) Vifori=1,.,nandk=0,..n+1.
=1

We start with the first row (i = 1) and the index k varies from O to n+ 1. When k£ = 0, notice

that the basis function for wgy has non-zero values only on /;.
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Figure 5.2: Basis function y;
I I I | I I
| | | | | |
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Figure 5.3: Basis function a
1 I I T I | I
a4 -
0.5
0 | ] 1 ] 1 ]
Xo Iy X1 1, X2 X3 X4 Xna Xn Xna

Figure 5.4: Basis function a;
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We have
_ C ! 1"l .
A = Y | [ ao¢f¢idx)|V;
j=1 \/0
1 2
= V1/0 ao (97)" dx
2
== Vl/lao ((Z)ll) dx
1

h 6\> 1 6>
= — 1. = 4.-. =
() oy (-5)]

where we used Simpson’s Rule for the integration. For k = 1 we notice that the basis function
a1 has non-zero values only on /; and /,. We are collecting all nonzero terms involving basis

functions ¢; and ¢». Then

A = jé(/olal ;’¢1”dx) 7
= Vl/olal (¢{’)2dx+vz/a1¢§’¢{’dx
— Vl/Ilal (o7) dx+V, /Iza1(¢{’)2dx+v2/lza1¢§' ! dx
= Vil [arCo0) (97/50)) -4 (31 2) (6 (3172)” + an 3) (6 (1))’
+Vlg [al (1) (01 (1)) +4ar (3 2) (81 (x3/2)) a1 (x2) (fPf'(xz))z]
+Vzg a1 (x1) 93 (x1) 91 (x1) +4a1(x3/2) 95 (x32) 91 (x3/2) + @1 (x2) 93 (x2) 91 (x2)]

(N (6N h(6N (6
- e\ 2 e\ 12 26 \ n2 2

6

When k = 2, we notice that the basis function a, has non-zero values only on /; and /3. Similarly,
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=
h
|

A

X1 1> X9 I3 X3 X4 Xn-1 Xn Xna

Figure 5.5: Basis function a;

n 1
) ( /O a2¢;’¢{'dx> v

=1

1
Vl/o a» (¢{/)2dx+V2/a2¢é’ {'dx
V1/Ia2 (‘P]”)de—sz/Iaz(pé’ "dx
h
Vlg [az(xl) (4’{/(361))2 +4a2(x3/2) (l,l/{/(x3/2))2 +az(x2) (¢{/<x2))2]

+V2§ [a2(x1) 93 (x1) 91 (x1) +4az(x3/2) 97 (x3/2) 91 (x3/2) +a2(x2) 97 (x2) 91 (x2)]

(6N i 6) (6
Y6 \ n2 26\ n2) \n2

6
ﬁ(vl —Va).

When k& = 3, we notice that the basis function a3 has non-zero values only on /3 and /4, and

these subintervals have no overlapping with the support of ¢ if kK > 3. Therefore Ay, = 0 for
k> 3.
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1 I | | I I
a4 ]
0.5-
0 ] | | ] 1
Xo X1 Xy 13 X3 1, X4 Xpa1 Xp Xna

Figure 5.6: Basis function a3

For the second row of matrix A we have

Ay =

Ay =

1 1
vl/ a1¢{'¢§/dx+v2/ ar ()% dx
0 0
Vi / ar ) 9y dx+V, / a (‘Pﬁl)zdx
b b

Vlg a2 (1) @7 (x1) 95 (x1) +4az(x32) 01 (x3/2) 93 (x3/2) + a2 (x2) 91 (x2) 3 (x2)]

+V22 a2 (x1) (95 (x1)) +4ax(x32) (95 (x3/2))* + a2 (x2) (95 (x2))?]

s h(6 6 +Vh 62
e \ n2 2 26\ n2

6
h—3(—V1 +V2)
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Ay =

Az =

Notice that

n 1
y ( /0 a2¢j’.’<p5’dx) v,

j=1

1 1

Vi /0 a9y ) dx+V, /0 az (‘Pﬁ/)zdx +V3 / a3 95 dx

Vi /1 a9 ol dx+ V5 /1 a (05) dx+Va /1 a (¢5) dx+V3 /I ar¢!' ol dx
2 2 3 3

Vlg laz (1)1 (1) @5 (x1) +4a1 (x3/2) 7 (x3/2) 93 (x3/2) + a2 (x2) 91 (x2) 95 (x2)]

+Vlg [az(xl) (d)é’(xl))z +4ai(x3)2) (‘Pﬁ,()%/z))z +ax(x2) (‘Pﬁ/()@))z]

Vg [aa(2) (04(22))” +4an (e52) (0 (x512)) +an () (04 ))°

h
+Vaz [a(x2) 93 (x2) 93 (x2) +4a2(xs/2) 93 (x5 2) 82 (¥52) + a2 (x3) 95 (x3) 82 (x3)

yh(6 6 +Vh 6 2+Vh 6 2+Vh 6 6
e \ n2 2 e\ 12 26\ 12 36 \ 12 2

6
3 (-Vi+2V = Va).

n 1
L ([ orssas)y

1 1
2
Vs /0 a3 (0)) dx+ V3 /0 a0l 9 dx

2
v /I a3 (04)° dx+ Vs /1 a3 0% 94 dx
3 3

V2g [03(352) (¢£/(x2))2 +4a; (x5/2) (¢é’(x5/2))2 +a3(x3) (¢£/(x3))2}

h
+Vsg a3 (x2) 93 (x2) 93 (x2) +4a3(xs/2) 03 (x5/2) 93 (x5/2) + a3(x3) 93 (x3) 95 (x3)]

(6N i 6) (6
26 \ 12 o\ n2 ) \ 2
6

E(VZ—%).

Azk:Ofork24.
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This pattern will continue up to the row N — 1,

An—],k = 0f01‘k§l’l—3

6
Anfl,an = ﬁ(_anZ'i‘anl)

6
Anfl,nfl - ﬁ (_Vn72 + 2Vn71 - Vn)
6
Anfl,n == ﬁ (anl - Vn)
Anfl,nJrl = 0.

For the last row, the n-th,
Apr=0fork <n-2.

When k = n — 1 the basis function a,_ will have non-zero values only on of 1,,_{ and I,,, so

1 I | | | |
dp-]
0.5-
0 | ] | ] |
Xo X1 X2 X3 X4 T Xpa, Xn Xpa
In1 In

Figure 5.7: Basis function a,,_
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n
Art = Z(/ an 1079 ”dx> v,
2

h ’ 1 /A " "
= Vi-1g [an—1(xn—1) 1 (¥n—1) 9y (¥n—1) +4an—1(X0—12)On 1 (Xn—1/2) O (X1 /2)
h
+an—1(xn)q)r/le(xn)‘Prlz/(xn)] +Vn6 |:an—l(xn—1) (‘Pr/l/(xn—l))z

a1 (on12) (07 (a12)) a1 (50) (97 (0))

EOOI6) R O)

6
When k = n, notice that the basis function a,, has non-zero values only on 7, and I, ;.

= ﬁ<_vn71 +Vn)~

1 I I I I | I
a, |
0.5~ |
0 ] | ] ] ] |
Xo X1 X2 X3 X4 Xp1, Xp Xna
I[I Inf
Figure 5.8: Basis function a,
Then

Ann = Z:(/ anq) "dx)VJ

J

= Vo /1 andll_ 1 8lldx+V, /1 an(9)))dx +V, /1 an(9)))dx
n n n+1

R (O1 i) (€] (80

V.1 4+ 2Vn).

+Vh
6

ol



5.1. Adjoint Stiffness Matrix Based Approach 49

For k = n+1 the basis function a, 1 has non-zero values only on 7, .

1 I [ | [ | I
0.5~
0 ] ] ] ] ] ]
X X1 X» X3 X4 Xpa
n+1
Figure 5.9: Basis functions a,, |
Therefore
n 1 5
Apps1 = Y, ( / an+1¢}'¢,’,’dx> V=V, / ant1 (¢y) " dx
j=1 \/0 Inyi
_ h " 2 " 2 1 2
= Vng ani1(Xn) (00 ()" +4ans1(Xr12) (90 (ns1/2)) "+ np1 (ng1) (90 (xar1))

Putting together the entries of we get the following matrix:

Vi 2Vi—V, Vi—Vs 0 0 0

0 —Vi+Va —Vi+2Vo—V4 Vo—Vs 0 0

610 “Vo4+Vs Va4 2Vi—V, Vs—Vy 0
A=3 _

0 0 —Vor+Vai Va2 +2Va1—V, Va1—V, 0O

0 0 0 Vo1 + Vi Vo1 +2V, V,

We evaluate the entires of matrix B in a similar manner. Recall that the entries of matrix B are
defined by

Byx=Y (/akw;’(pi”dx) Vifori=1,.,nand k=0,..n+1.
=1
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We start with the first row.

Bio

B

n 1
Z ( / aolll}ld){'dx) Vj
j=1 \J0

1
Vi /0 aoy; ¢ dx

4 h3£ [a0(x0) w1 (x0) 91 (x0) +4ao(x1/2) Wi (x1/2) 91 (x12) + a0 (x1)wy (x1) 97 (x1)]

A3

1 1
V]/O alv/1/¢{’dx+ Vz/o all/lé'(p{/dx

0 [ aryioiax+ Vi [ ay{ofds+ Vs [ ayofds
1 2 2

>
iy

— o

<

AT AT

a1 (xo) Wy (x0) 91 (xo) +4ai (x1 2) Wi (x12) 81 (x12) + a1 (x1) vy (x1) 97 (x1)] +
ar(x1)wy (x1) 97 (x1) +4ar (x32) Wi (x3/2) 81 (x3/2) + a1 (x2) wi (x2) 97 (x2)] +

ar (x1)yy (x1) 01 (x1) +4a1 (x32) W5 (x32) 01 (x32) + a1 (x2) W5 (x2) 7 (x2)]

() ()96 () () -2 () ()

S)

§>

>

S~

>

Tl
[\S)

50



5.1. Adjoint Stiffness Matrix Based Approach

51

By

B

y ( | 1 azl,//y/{dx) 7,

j=1

1 1
" /0 w0 dx+ Vs /0 Wl ol dx

2 [ () w (x1) 67 (1)
(%) (f—z) (i) ()

for k > 3.

Now let’s look at the 2nd row. We have

By

By =0.

jf] < / Ve dx)

1 1
‘A/] / ai V/{/¢é/dx+‘72/ aj l[/él¢é/dx
zm%%w+w/m%Ww

Vlg a1 (o) wy (093 (1) +4a1 (x32) W1 (x3/2) 9 (x32) + a1 (x2) W (x2) 95 (x2) ]

+‘72§ [al(xl)l//g(

¢ (x
) ) 6 /)
s (‘z) (m) BT

2 N A
ﬁ(—zvl — Vz).

() ()

+4ay (x32) W5 (x32) 01 (x32) + a2 (x2) W5 (x2) 7 (x2) ]

1) +4ai(x32) W5 (x32) 93 (x3/2) + a1 (x2) 3 (x2) 95 (x2)]



5.1. Adjoint Stiffness Matrix Based Approach 52

n 1
By = Z ( /0 az‘I/}/‘I/ng> 4
=1

1 1 1
:x@A@www+%/@%%wﬁw/awwwx

= \71/1azl//i/q){/dx—i—f/g/[a2%¢2dx+V3/agl[/2¢2dx+V3/azl//gq)zdx

)

= Vlg[ ()Wt (x1) 93 (x1) +4az(x3) W1 (x32) 93 (x3/2) + a2 (x2) i (x2) 95 (x2)] +
o e W4 (1) 04 () -+ ey ) V4 (53/2)0 (3 2) a2 (e2) ¥4 (2) 04 (12)] +
Azg a2 (x2) ¥y (x2) 97 (x2) +4az (x5 2) W3 (x5/2) 95 (x52) + a2 (x3) ¥ (x3) 95 (x3) ] +
U5 ) W4 (1) 04 () -+ s e ) V4 (x5/2) 0 (x52) a2 e3) W4 (5) 04 (1)

O (2D ()

= (Tt 0y)

n 1
By; = Z </0 ayy}’wé/dx) Vi
j=1

1 1
= W /0 a3y 9y dx+ V3 /0 azys ¢y dx

==%z@%%w+%zwﬁﬁw
3 3

h

= \728 a3 (x2) w5 (x2) 95 (x2) +4a3(xs2) Wy (x5/2) 85 (X5 2) + a3 (x3) w5 (x3) 95 (x3)] +

[03 x2) V3 (x2

2 6 n
h) \ h?
= > (‘72—|—2‘73).
sz = for k > 4.

+4az(xs2) W3 (xs5/2) 7 (Xs5/2) + a3 (x3) w3 (x3) 93 (x3)]

()

>
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Furthermore, it can be shown that this pattern goes on until the row n — 1:

Bn—l,k = 0f0rk§n—3

2 . .
Bn—l,n—Z - ﬁ(_zvn—Z_Vn—l)

A

2( V24V,
Bn—l,n—l = h_z —Vn-2 n

2 .
anl,n == ﬁ(vnfl +2Vn)
anl.,nqtl = 0.

For the last row, the nth row,

B,y = Ofork<n-2

Byn-1 = Z(/ an— 1‘/’1 ¢//dx)
=1

= Vit / n—1 Y 1¢ndx+v/ an—1 Y @ dx

=V, /an w0 dx+V/an W o) dx

A

= ang [an—1(n-1) W (Xn—1) B (Kn—1) 4+ 4aan—1 (X1 2) W1 (K1 /2) O (X1 2)
Fan—1 () Y1 (%) 9 ()] +

VZ[an 1o )W (1) By (K1) + 41 (X1 2) Wy (X1/2) 0y (X1 /2)
a1 (xn) 'lf' (%) 9 (xn)]

o () ()06 (5) (2 )

S (=201 = V)

Fl[\) <)
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Bn.,n+1

; ( A anw;'n,/n'dx) %

1 1
Vi1 /0 anWy, 1§y dx+V, /0 anW, §, dx

O [ i oldx+, [ anyiloldx+, [ ayiodx
n n n+1

A

h
Vie1g [an (1)W1 (Xn—1) By (xn—1) +4an (X1 2) Wy 1 (Xum1/2) 0 (X1 /2)

+an(xn) W;lql—l (Xn) r/z/ (x")]
—|—Vng [an(xn—l)l//r/z/(xn—l)q)}i/(xn—l) +4an(xn71/2)ll/r/t/(xn*I/Z)(P’/’/(x”*l/Z)
+an (xn) Wy (n) 9 (xn)]

~ h
+Vn6 [an(xn)l//,;'(xn) ’;/(xn) +4an(xn+l/2)l//r/z/(xn+1/2)¢rlz/(xn+1/2)

+aan (X 1) Wy, (Xng1) Oy (Xnt1)]

L A LI WY (4 WL ALY A W)
"to\n)\ m) " e \n)\ 1) "6\ n)\ 12
2 .

A

J
1

Ap+1 l/jr,;/ (P,/l/dx

J
/I an+1 Wr/z, ¢Ifl/dx

+1

n 1
= Z ([) an+1\l/;~/w}{l/d)€) V]/
=1
Vn
Vi
. h

= Vng [an—i-l () Wy () 0 (xn) + 41 (X1 /2)‘V;/1/(xn+1 /2)¢1;/(xn+1 /2)

i1 (X 1) Wy (g 1) 0y (X1 )}

_th 6
"6 \n) \ K2
2 .
= =V

=
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This will produce the following matrix:

—Vl ‘72 V] + 2‘72 0 0 el 0
0 —2‘71 — Vz —V1 + V3 Vz + 2‘73 0 ... 0
0 0 —2V2—V3 —‘72—1—‘74 ‘73—1—2‘74 0
0 0 ~2Woo=Vir Vo4V Veq42V, 0
0 0 0 2o =Vy Vg W,

Now for the entries of the matrix D

D

D

n

1
Y (/ ak(j)}’l//{’dx) Vifori=1,.,nand k=0,..n+1
0

j=1

n 1
Z (/0 (lod)} llll/dx)

Vi / ap@y vy dx

v, / 0y Vs / oy dx

/al(]){/l[/{/dx-l—Vl/al(p l//’dx—l—Vz/al(pzl//’dx
Vlg a1 (x0) @1’ (x0) W' (x0) +4a1 (x2) 87 (x1/2) Wi (x12) + a1 (x1) 97 (x1)wy (x1)] +
Vlg [a1(x1) @1 (x1) i (x1) +4a1 (x32) 91 (x32) W1 (x32) + a1 (x2) 91 (x2) Wi (x2) ] +

Vzg a1 (x1) 93 (x1) i (x1) +4ai (x32) 93 (x32) W (x3/2) + a1 (x2) [ (x2) W (x2)]]

08 E) )6 ()
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Dy,

Dy

n 1
Z (/0 az(])}lll/{,dx) Vj

=i
1 1

v, / wr oyl dx+ Vs / W)yl dx
0 0

Vi /1 @] ydx+V, /1 ar )y dx
2 2

Vlg laa(x1) @1 (1) Wy (x1) +4az (x32) 97 (x32) Wi (x32) + a2 (x2) 1 (x2) Wi (x2)] +

h

Vo [aa ()92 (xo) i (1) +4aa (x32) 93 (x3/2) W (x32) + a2 (x2) 93 (x2) ¥ (x2)]
h(6 2 h 6 2

v () () v () (7)

%(Vl —V2)

0 for k > 3.

Now let’s look at the 2nd row

Dy

Dy

0.

n 1
Z’ (/0 al(p]{'l;/z/dx) Vi

j=1
1 1

v, / a1 dx+ Vs / a1 94y dx
0 0

v, / a0/l dx+ Vs / a1 4 ydx
L

14)

Vlg a1 (x1) @7 (x0) w5 (x1) +4ar1(x32) 01 (x32) W7 (x3/2) + a1 (x2) 91 (x2) ¥ (x2)] +

Vzg a1 (x1) @) (x1) w5 (x1) +4a1(x3/2) 07 (x32) W7 (x32) + a1 (x2) 93 (x2) ¥ (x2)]

e () (3)) el (o) (55).

2 V=),
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Dy

Dy3

Dy

h
Vi—
h
Vo—
h
Vo—

h
Vi—

n 1
5 ([losiss)
J=

1 1 1
mAamﬁ@u+wAamﬁ&u+%Aaw

Vi /I ag(]){/ l[/éldx + W /I a (I)é/ l[/éldx +V,
) 2

6

6

6

6

g (i) Ge) = () ()

1 1
VZ/O a3¢é/l[/£/dx+V3/O a3¢élllléldx

w[@%WM+wA@MWM
3 3

3

h
+V26

(

", 1

3 Ypdx

6
n?

/] azd)é/l,lfé/dx—i—%/

)

L

4
n

03 Y dx

"5,/

h
V3 6

(

6
h?

a2 (x2) 93 (x2) W5 (x2) +4az (x52) 93 (x52) W5 (x5 2) + a2 (x3) 93 (x3) W3 (x3))]

)+

)(

Va— [a3(x2) 93 (x2) Wy (x2) + 4az (x5 2) 93 (x52) W (X5 2) + a3 (x3) 93 (x3) 3 (x3))]

6
h
6
W (SY(2) vl (6 (2
26\ n2 ) \n AU IAVY
2
(V2= V3)
0 for k > 4.

aa (x1) @7 (1) Wy (1) +4az (x32) 87 (x32) W5 (x32) + a2 (x2) 91 (x2) ¥5 (x2)] +
laz(x1) 93 (x1) w3 (x1) +4aa(x32) 93 (x3/2) W3 (X3/2) + a2 (x2) 93 (x2) w3 (x2) ] +

[a2(x2) 93 (x2) w5 (x2) +4an(xs2) 93 (x52) W3 (X5 2) + a2 (x3) 93 (x3) w3 (x3)] +

4

hz

Vzﬁ a3 (x2) 93 (x2) w3 (x2) +4a3(xs2) 93 (x5/2) W3 (Xs5/2) +a3(x3) 93 (x3) w3 (x3)] +

)
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It can be shown that this pattern goes on until the N — 1-st row,

Dn—l,k = OfOI‘kSI’l—:;

2
Dn—l,n—Z - ﬁ(vn—2 - Vn—l)
2
Dn—l,n—l = ﬁ(zvn—Z - 2Vn)
2
anl,n = ﬁ(vnfl - Vn)
anl,n+l = 0.

For the last row, the n-th row,

D,y = O0fork<n-2

I

Dn,n—l = i(/ an— I(PN‘I/n/dX) V]

— v, 1/ 19 11;/”dx+V/ 10!y dx
= Vn_l/an 1¢n ll,l/ndx—I—V /an_1¢nl//,'l/dx

= [ 1 (1) Gt () Wy (K1) + 41 (01 72) B 1 (K1 2) W/ (X1 2)
+an 1 () @1 () Wiy (2]
[ 1 (1) B (Xn—1) Wy (Xn—1)
+4%—1 (X3/2)¢n (xnfl/Z)llln (xnfl/Z) +an—1 xn)‘Pr/,/(Xn)%,(xn)}

Al

2
— ﬁ(Vn,l - Vn)
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Dn7n

Dn,n—i—l

;( / a0V, ”dx>v

v, 1/ ! 11//”dx—|—V/ 0!y dx

Vn_l/an(pn W dx+V, /a,,q),/l'l//'dx—i—V/ an®, v, dx +
Vet g [anCn 101 (o)W 1)

+4ay (xnfl/Z)‘Pr/zl—l (xn—l/z) l//r/z/<xn71/2) + (%) 91 (xn) ‘//r,tl(xnﬂ
h " !

ne [an(xnfl) (xnfl)‘// (Xn—1)

+4an (X1 72) B (Kn12) W (n—172) + @n(x) 9, (x0) W) (3) ]

—I—Vng [an(xn) () Wy (%) +4an(xn+1/2)¢n (x"+1/2)w” (Xuy1/2)
+ay (xn—H ) (Prlll (xn-i-l ) W1/1/ ('xn-i-l )]

h(6 4 h 6 4 h 6 4
Votg\i2 ) \i2) TV \ "2 )\ ) T Ve i ) e
2
ﬁ '2Vn_].

B ([ o)y

V/ an 19, W dx
V/ any 10, W) dx

+Va

Vo e [an+1 (%) O () W (%) + 41 (X1 /2) B (K1 /2) W (X1 2)
+an+1 (xn—H )¢n (xn+1 ) ‘Vr/z/ (er-l )}

i (i) (3)

ﬁ-Vn.
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Putting the entries together we get

Vi =2V Vi—V, 0
0 Vi—Vy 2Vi—=2V5 V,—V4
2 0 Vo, —V3 —V2—2V4
D==
h? :
0 e 0 Vn-2 - Vn—l
0 . 0 0

Now for the entries of the C matrix we have the formula

Cik =

-

1

1 ( | laO%’w{'dx> 0,

/11 ao (w!') 2 dx

h/2

J

(g E

Therefore,Cig =

Il
~.
= T

1
</ akl//;’l//,-”dx) Vjfori=1,.
0

0 0
0 0
Vis—Vy 0

2Vn—2 - 2Vn Vn—l - Vn
Va1 =V 2Vn-l Va

)

snand k=0,..n+1.

= 1747 [an(xo) (w7 (30))” +dao (1 /2) (v (x1/2))” o) (] ()

() GG
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Ci

Ci2

]:21 ( [ lalvf}’\//{’dx) v
0 /Olal(up{’)zdeer/olalq/z’w’{dx

7, / a1 (W) 2dx+ TV, /Izalwffdxwz /Izalwgw;'dx

a1 (x0) (W] (30))* + 4ar (x12) (w1 (x1/2)) - (o) (w7 ()| +
D (W1 () + dar (v372) (W (x3,2)) 1 (2) (W] (2)) ] +

[_al (1) (x0) w1 (x1) +4ar (x32) W7 (x32) W (x32) + a1 (x2) ¥ (x2) Wi (x2) ]
GG @] G =G )
() (5)=G)G) ()

2 16 16 2] ,h[8 -2
2T e T

367 . h[6

h2}+V26 Lﬂ}
1

/ azl//}/lllildx) Vi
0

>

—_

>

—

>

[\S)

>

_|_

>

[\S) —
O\IS‘ Al NS N O\IE‘O’\IS‘O\IE‘N

>

—_

>

—

Sl
2
+
S

™=
AN

.
Il
—_

5 az(%/)zdeer/olaz%/%/dx
a (w{')zdx+\72/[2a2y/2’l//{dx
:az()ﬂ) (W] (1)) +4aa(x3 ) (W] (3372)) + aa(2) (¥ ()] +

[ vy (x1) W1 (x1) +4az (x32) W3 (x32) W (33 2) + a2 (x2) ¥ (x2) W (x2) ]
2
%( D) () e G) () () Gl
i)+t

>—a>
S—_
2

>

—

1

5) S)
> NS oISl

>

—_

S)
(o]

1
}—l(Vl-i-Vz).
0 for k > 3.
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Now we look at the second row:

Coo
C

Cxn

0.

n 1

Y ([ anvvsar),
j=1\0

1 I
V1/0 alllfil‘l/z/dx+V2/0 a1 (yy)*dx

V1/Ialy/{/wgdx—sz/al(%')zdx
2

L

‘71 g [al (xl)l//{’(xl ) l[lg()q) +4a; (x3/2)ll/{/(X3/2) l//é/(X3/2) +a (Xz) ‘I/ll(x2) Wé/(XZ)]
02 [ar (e1) (w3 (en)]? + dan (x32) [ (332)]” + a1 (x2) [¥53 (x2)]]

()OOl 0 0]

1 1 1
7, /O oy dx+ Vs /0 (W) 2dx+ Vs /0 ayyldx
‘71/1Clzllfilll/gdx‘FVz/Iaz(%/)zdx+‘72/l02(%/)2dX+V3/Ia2Wé/Wé/dX
2 2 3 3
A h
Vi—

—

az (x1) Wy (x1) Wy (x1) +4az(x32) Wy (x32) W5 (x3/2) + a2 (x2) W1 (x2) ¥ (x2) ] +

>

—

a (1) (W4 (x1))? + dan (3 2) (W5 (x32) ) + a2 (32) (W5 (x2))?] +

\S)

>

)
QS NIl

a2 (x2) (W5 (x2))> +4aa (x5 2) (W5 (x5/2))* + a2 (x3) (95 (x3))*] +

>

W3 (x2) W5 (02) + 4z (s 2) W3 (x5 2) W5 (x5 2) + a2 (x3) W3 (x3) ¥ (x3)
SIOEOIGIESIGIONDE
() o0 () () () ()]
2

16 16 2 ~h|8 2
Sttt T e e

W
—
N
[\
~—~
=
[\
~—

>

| —— |
o
| =

+
[\

>

—_

>

AN O >
r—||T| N
Tl
_|_

Iyl
[\)
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(V1 + 6‘72 +V3) .

'dx) Vj

n 1
e = Y ([ avivs

1 1
= 2/0 a3(l[/£/)2dX+V3/O a3l//3/l//§'dx
= Vz/ a3(l/1£/>2dx+‘73/ aﬂ/é’l/fé’dx

14}
h

I

= Vzg a3(x2) 3 (x2)* + 4az(xs)2) 3 (x5/2)° + a3 (x3) vy (x3)*] +

032 [a3(x2) W5 (v2) Y3 (x2) + dats (s 2) W5 (x5 2) W3 (s 2) + a3 (63) w3 (x3) W5 ()]

Rl 1/ 1N 2\’
= gz == <
melss (44)+ )

2 REEOG)

— Vzﬁ |:£_|__:| _}_f/3ﬁ |:_3+§:|
6 |h?  h? 6 h? K2

1, N

= ;1<V2+V3>

Cy = Ofork>4.

It can be shown that this pattern goes on until the n — 1 row,

Co—1x = Ofork<n-3
| BN n
Cn—l,n—Z = Z (Vn—Z + Vn—l)
1,4 N N
Cn—l,n—l = E (Vn—Z +6V,_ 1+ Vn)
1, N
Cnfl,n = ]Tl (anl + Vn)
Cnfl,n+1 = 0.

For the last row, the n'" row,

Cox = Ofork<n-—2.
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n 1
Cn,nfl = Z (/ anl‘l’j'/%,dx> Vj
j=1

= Vn_l/lan_lwnll//:l'dx—f—Vn/lan_] (w)) 2dx

A

= ot glan G )W G )W 1)
a1 (12 WA 12V G 2 e )V (o)W )

Vs g[an—l (n—1) (W) (1 )]2 +4an 1 (xn—l/z) [Wflal(xn—l/2>]2 +ap—1(xn) [V’rll/(xn)]z

(D)@ ) @) G 0 ()]

L B8 2], h[4 2
- n—1 n—16 h2 I’l2

= n* / anl//,/1’1 dx+V/ an ll/”
= Vn_1/anl[/n ll//”dx—l—V /an dx+V/ an ) dx
I

.~ h
= Vn—lg [an(xn—l)‘/’:z—l(xn—l)‘/’n (Xn—1) "‘4an(xn—1/2)‘l’n—1(xn—l/z)%/(xn—l/z)

+an(xn)l/’;z/—l<xn>‘/frlz/(xn)} +Vng [an<xn71) (‘lfr/,/(xn—l))z

(i)

(3) <%>2+<%>1

>

[l
§>
ol ool A=
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n 1
Cn,n+1 = Z (/0 an+1 %’%’dx) Vj
j=1

! 12
an+1 (llln) dx

an+1 (Vf,’,')z dx

=V,

>

|
3

—

~

n+1

a1 () () 060)) A1 (55172) (9 (o 1/2)) + s () (W (i)

() + ()

>

|
S)

AT NS N

>

|
3

>

I
3

>

S| =
S

Collecting the entries of the matrix we get

Vi 6Vi+V, ViV, 0 0 0

0 Vl—l—VZ V1+6V2+V3 Vz—l—‘% 0 0

C—l 0 Vo + V3 Vo + 605+ V4 V34V 0
A )

0 0 Vica+ Voot Vo +6V1+ Ve Vi1 4V, 0




Chapter 6

Proximal Point Method

In this chapter we discuss various proximal point methods and employ them to solve the inverse

problem of parameter identification in the fourth-order beam equation.

6.1 Optimization Formulation
We recall the optimization problem that we consider reads as:

minJ(a). (6.1)

acA

We emphasize on two cases. The first case is of the output least squares (OLS) functional given
by
J(a) = Ji(a) +R(a), (6.2)

where
1 2
Ji(a) = 5 [|u(a) —z||".

The second case is of the modified output least squares (OLS) functional given by
J(a) =Jr(a)+R(a), (6.3)

where |
J(a) = ET(a,u —Z,u—2).

Recall the in the above u(a) is a solution of the weak form, z is the data, and R is the regular-

ization functional.
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We consider the following three choices for R:

R(a) = Ri(a) (Ly-norm) (6.4a)
R(a) = Rz(a) (H;-norm) (6.4b)
R(a) = R3(a) (Hysemi-norm). (6.4¢)

We remark that the functional J; is not convex and the convexity can only be achieved by
choosing a sufficiently large regularization parameter. On the other hand, J> is always convex.
Due to the convexity, our most arguments are valid for J, only. Furthermore, all the numerical
experiments are done for J, only. We choose the constraint set A to be closed and convex.

We now describe the proximal point method:

) 1
= mm{f<a>+ Ha—ka%}

acA 20k
YL = gk
or equivalently
1
k+1 . k2
= J —|la— 6.5
a Erlelg{ (@) + S5z lla aHz} (6.5)

where A% is a sequence of positive numbers with limg_ ., A > 0. An important part of the

proximal point algorithm is solving the subproblem (6.5). The term

1
20K

is known as the regularization term and is strictly convex. This will guarantee that the subprob-

k2
la— a3

lem has a unique minimizer for each k. We set

d = min{ _#p(a) } (6.6)
acA
where :
Sr(a)=J(a)+ oplla—d'll3 (6.7)

The necessary and sufficient optimality condition for the above optimization problem is then

the following variational inequality of finding a* € A :
(V_Zp(a*),a—a") >0 Va€cA. (6.8)

In this chapter, we will look at the proximal point method described by Hager and Zhang [18].

Then using Kanzow [22]. We will incorporate different strategies to solve the subproblem and
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combine them to method proposed by Hager and Zhang [18]. We will look at two more proximal
point methods suggested by Han and Li. In each method, we will describe the algorithm, and
test the method on four examples which are given on the next section. Some details on the
proximal point methods are given in [2], [5], [19], [20], [23], [24], [32], [33], [34], [36], [50]

and the cited differences therein.

6.2 Test Examples

We will test every method on the following four examples for each method:

Example 1.
fi = 8*((2m?(¥* +1) — 1) cos(2mx) + 4mxsin(27x)
ki = x*+1
z1 = cos(2mx)— 1.
Example 2.
fr = 4(90x* —60x° +42x* — 18x+13)
ky = x*+x*+2
7 = x*(x—1)>
Example 3.

fr = 32m%(—631.65(x+0.4) (x> —1.15x+0.6) cos(4mx) —301.6(x—0.25)? sin(47x))
ks = (2x—.5)7%+2
zz = sin(4mx—0.57) + 1.

Example 4.

fi = 1764(x—0.773513)(x — 0.5)(x — 0.226487) (x> — x + 0.687621)
ky = (x—0.5)*+1
u = ¥(x—1)>x—-0.5).
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6.3 Proximal-Like Methods Using Least Squares

The first method we use to solve the inverse problem was using the strategy suggested by Hager
and Zhang. This involves the gradient of the proximal function, the gradient of the original
function, and the difference between iterates. Proximal point method generates the iterative

scheme by solving a minimization problem

dt!' =min Zp(a) (6.9)

acA

where .
Sr(a)=J(a)+ Spulla—d"|3. (6.10)

The subproblem is solved according to the following two criteria:

Fp(dthy < J(d) (6.11a)
IV _Zp(d | < w||VI(a")]. (6.11b)

IA

This results in a fast convergence without using the Hessian of J(a*). Notice that in this scheme
the least-square regularization term is used (cf. (6.10)). This strictly convex regularization term
guarantees that the subproblem has a unique minimizer for each a. Hence this proximal point

method is well-defined. The regularization parameter has the form

uh=BIvI @),

where p € [0,2) and B > 0 is a constant to obtain convergence.

Algorithm 5.1

Initialization Step: Choose an initial guess a”

Let i = B||VJ(a")||" and let y = 1
Initialize B and n
Step 1: Find an a**! satisfying

IV _Zp(a*)|| < wey|| V()| (6.12)

Step 2: If & satisfies
Ip(d) <J(d") (6.13)
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Go to Step 3.

Else,

Set y=7yx 0.1 and go to Step 1,
End

Step 3: Let

Step 4: Set k =k+ 1 and go to Step 1.

More specifically, in Step 1, the subproblem of (6.12) used a conjugate gradient method to find
k+1

a“r.

In our experiments, we set

= BlIVI(@)" = 0.5]VI ()]
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Example 1: Hager-Zhang Method using Least Squares
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Figure 6.1: Example 1: Coefficient by Hager-Zhang Method using Least Squares
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Figure 6.2: Example 1: Solution by Hager-Zhang Method using Least Squares
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Example 2: Hager-Zhang Method using Least Squares
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Figure 6.3: Example 2: Coefficient by Hager-Zhang Method using Least Squares
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Figure 6.4: Example 2: Solution by Hager-Zhang Method using Least Squares
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Example 3: Hager-Zhang Method using Least Squares

Exzct cosflicient Estimated coeflicient
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Figure 6.5: Example 3: Coefficient by Hager-Zhang Method using Least Squares
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Figure 6.6: Example 3: Solution by Hager-Zhang Method using Least Squares
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Example 4: Hager-Zhang Method using Least Squares
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Figure 6.7: Example 4: Coefficient by Hager-Zhang Method using Least Squares
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Figure 6.8: Example 4: Solution by Hager-Zhang Method using Least Squares
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6.4 Proximal-like Methods Using ¢-Divergence

This method is a variant of the classical proximal point method. Instead of using the strict
convex quadratic term in the subproblem (6.7), this method uses @-divergences functions to be

the regularization term. In order to be a ¢ functions it must hold the following properties,

1. @ is twice continuously differentiable on int(Q) = (0, +o0).

2. @ is strictly convex on its domain.

3. lim d(p_(x) = —o0
=0+ dx

5. There exists v € (ldz(p(l) dz(P(l)) such that

27 dxr 0 dx?
<1 —;) (dzdt(zl) +v(r— 1)) < d(sit) < dzdgi(zl)(t— 1) Vvt>0.

Instead of (6.6), the subproblem will be

d*' =min{_Zy(a)| ac Q} (6.14)
where

So(x) =J(a) + pdp(a,a) (6.15)
and

dp(x,y) = i)’i‘l) (;%) : (6.16)

A few examples of ¢ functions are,
o1(t) = tlogr—t+1
() = —logr+t—1

os(t) = (Vi—1)’.

In our examples, we chose to use ¢3(¢) function and therefore the definition of d, is

d(p(x,y)zgyi"’ (\/§‘1>2'
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and solving the subproblem

2
n .
a1 = min Jz(a)+‘uk2af-‘(p< /a—li—1>
i=1 4

Algorithm 5.2

acQ ;. (6.17)

Initialization Step: Choose an initial x°.
Let u, = B||VJ(a")|" and let y = 1
Initialize B and 1

Step 1: Find an a**! satisfying

IV _Zo(a )| < eyl VI ()] (6.18)

Step 2: If & satisfies
So(dh) <a(d) (6.19)

Go to Step 3.

Else,

Set y=7vx0.1 and go to step 1,
End

Step 3: Let

Step 4: Set k =k+ 1 and go to step 1.

More specifically, in Step 1, the subproblem of (6.18) used a conjugate gradient method to find

a1

In our experiments, we set t; = || VJ(a*)||" = 0.5||VJ(d)||'.
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Example 1: Hager-Zhang Method using ¢-divergence

Exact coeflicient Estimated coeflicient
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Figure 6.9: Example 1: Coefficient by Hager-Zhang Method using ¢-divergence
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Figure 6.10: Example 1: Solution by Hager-Zhang Method using ¢-divergence
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Example 2: Hager-Zhang Method using ¢-divergence
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Figure 6.11: Example 2: Coefficient by Hager-Zhang Method using ¢-divergence
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Figure 6.12: Example 2: Solution by Hager-Zhang Method using ¢-divergence
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Example 3: Hager-Zhang Method using ¢-divergence

Exact coeficient Estimated coefficient
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Figure 6.13: Example 3: Coefficient by Hager-Zhang Method using ¢-divergence
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Figure 6.14: Example 3: Solution by Hager-Zhang Method using ¢-divergence



6.4. Proximal-like Methods Using ¢@-Divergence

80

Example 4: Hager-Zhang Method using ¢-divergence
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Figure 6.15: Example 4: Coefficient by Hager-Zhang Method using ¢-divergence
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Figure 6.16: Example 4: Solution by Hager-Zhang Method using ¢-divergence
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6.5 Proximal-like Methods Using Bregman Functions

This method uses Bregman functions which are more general convex functions. It involves

replacing the least squares or @-divergence term by another strictly convex function

Dy(x,y) = y(x) = y(y) = Vy() (x—y),

where v is the so-called Bregman function.

(6.20)

Let S be an open and convex set and a mapping v : § — R. In order to be a Bregman function,

it must hold the following properties:
1. y is strictly convex and continuous on S.
2. y is continuously differentiable in S.

3. The partial level set
Lo ={y € S|Dy(x,y) < a}

is bounded for every x € §.
4. If {y*} C S converges to x, then l}im Dy (x,y*) = 0.
—>00

Instead of (6.6), the subproblem will be

At =min{_#y(a) |a€Q},

where
Fy(x) = J(a)+ wDy(a,d")

and

Dy(x,y) = y(x) —w(y) = Vy(») (x—y).

A few examples of Bregman functions are,

1
Wi = Sl?

va(x) = Y xilogxi—x
i=1

l//3(x) = —Zlogx,-,
i=1

(6.21)

(6.22)

(6.23)
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and there respective convex-like functions
1 2
Di(xy) = Sllx=yl

n
x;
Dy(x,y) = Y xlog=+y;—x
i=1 i
n
D3(X,y) = _Z__lg

——1
i—1Yi Yi

In our problem, we know the coefficient must be within a lower and upper limit otherwise
known as a box constraints, 0 < [; < a; < u; < . A Bregman function that satisfies the box

constraints and the one that we use our example is,

1) 1og(a; — ;) + (u; — a;) log(u; — a¥) (6.24)

a;—I; u; —a;
I;)log (ak = ll~) + (u; — a;)log (uf_a,;) . (6.25)
1 i i

Y-
Y-

We are solving the subproblem

Clk—H :mln{ —f-‘ukz —l IOg( _li))+(ui—ai)10g(ui_al']3)

ak—1

Algorithm 5.3

Initialization Step: Choose an initial a°. Let y; = B||VJ(aX)||" and let y = 1. Initialize B and
1. Step 1. Find an a**! satisfying

IV 2y (@) < ey Vo (a)| (6.26)

Step 2. If a¥* satisfies
Sy(d) <J(d) (6.27)
Go to Step 3.
Else,
Set y=7yx0.1 and go to Step 1,
End
Step 3. Let
k k+1
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Step 4. Set k = k+ 1 and go to Step 1.

More specifically, in Step 1, the subproblem of (6.26) used a conjugate gradient method to
find a**!

In our experiments, we set i, = B||VJ (") || = 0.5(|VJ(a")|!.
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Example 1: Hager-Zhang Method using Bregman Function
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Figure 6.17: Example 1: Coefficient by Hager-Zhang Method using Bregman function
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Figure 6.18: Example 1: Solution by Hager-Zhang Method using Bregman function
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Example 2: Hager-Zhang Method using Bregman Function
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Figure 6.19: Example 2: Coefficient by Hager-Zhang Method using Bregman function
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Figure 6.20: Example 2: Solution by Hager-Zhang Method using Bregman function
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Example 3: Hager-Zhang Method using Bregman Function
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Figure 6.21: Example 3: Coefficient by Hager-Zhang Method using Bregman function
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Figure 6.22: Example 3: Solution by Hager-Zhang Method using Bregman function
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Example 4: Hager-Zhang Method using Bregman Function
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Figure 6.23: Example 4: Coefficient by Hager-Zhang Method using Bregman function
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Figure 6.24: Example 4: Solution by Hager-Zhang Method using Bregman function
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6.6 Proximal-like Methods Using Modified ¢-Divergence

In the @-divergence method, we used a conjugate gradient method to solve the subproblem.
Now we would like to solve the subproblem by using Newton’s method. This method involves
knowing the second order derivative and the Hessian matrix of the objective functional. With
¢-divergence, we have (6.32)

dep(x,y) = g)’ifp (;%) .

1
The second derivative of this gives us

L1d (x
2 Q [ xi T
Vide(x,y) = l; yi d2 <—> ei¢;
where ¢; is the ith unit vector.
This is a problem since the factor yl goes to infinity during the iteration process for all indices
for which a constraint like x; > 0 is a solution. This will lead to an ill-condition Hessian matrix.
To avoid this, the modification comes by replacing the y; term in the ¢ function to yl-z. Then the

factor of yi will not exist in the second derivative. Now the modified ¢-divergence function can

be represented by
-_— n x.
do(x,y) =Y yi¢ (—’) : (6.28)
i=1 Yi
and the second derivative by
- ] d? ;
Vidp(x,y) =Y, f—f <£> eie] . (6.29)
=1 Yi aX° \\)i

Instead of (6.6), the subproblem will be
dt =min{_Zy(a) | ac Q} (6.30)

where |
Fo(x)=J(a)+ ﬁd?p(a,a") (6.31)

and

dp(x,y) =} yi¢p (f) : (6.32)
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In our examples, we chose to use @3(t) = (\/f — 1)2 function and therefore the definition of d,

is

and solving the subproblem

2
k+1 . 1 &2 i
a =minq L(a)+ -7 ) (4)°¢ ——1

Algorithm 5.4

Initialization: Choose an initial .
Let u; = B||VJ(a*)||" and let y = 1.
Initialize B and n

Step 1. Find an a**! satisfying

IV _Zo(d || < eyl VI(a)]. (6.33)

Step 2. If a** satisfies
Fo(dh) < J(d) (6.34)

Go to Step 3.

Else,

Set y =7y x 0.1 and go to step 1,
End

Step 3. Let

Step 4. Set k = k+ 1 and go to step 1.
More specifically, in Step 1, the subproblem of (6.33) used a conjugate gradient method to find
a**1. In our experiments, we set t;, = B||VJ(a¥)||" = 0.5||VJ(d)||!
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Example 1: Hager-Zhang Method using Quadratic function
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Figure 6.25: Example 1: Coefficient by Hager-Zhang Method using quadratic function
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Figure 6.26: Example 1: Solution by Hager-Zhang Method using quadratic function
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Example 2: Hager-Zhang Method using Quadratic function
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Figure 6.27: Example 2: Coefficient by Hager-Zhang Method using quadratic function
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Figure 6.28: Example 2: Solution by Hager-Zhang Method using quadratic function



6.6. Proximal-like Methods Using Modified ¢-Divergence 92

Example 3: Hager-Zhang Method using Quadratic function
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Figure 6.29: Example 3: Coefficient by Hager-Zhang Method using quadratic function
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Figure 6.30: Example 3: Solution by Hager-Zhang Method using quadratic function
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Example 4: Hager-Zhang Method using Quadratic function
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Figure 6.31: Example 4: Coefficient by Hager-Zhang Method using quadratic function
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Figure 6.32: Example 4: Solution by Hager-Zhang Method using quadratic function
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6.7 Han Proximal-Point Method

This method features a Bregman function-based proximal point algorithm for solving the vari-
ational inequality problem. The first method we adapted for the inverse problem was using the

stopping criteria from Hager-Zhang. Recall that the two criteria are

Ip(dhy < J(d) (6.35a)
IV _Zp(@ )| < el VI(db)]]. (6.35b)

Algorithm 5.5

Initialization Step: Choose an appropriate Bregman function.
Choose an initial a°
Initialize o € (0,1) and 0 < ¢} < oo
Step 1. Find an y¥ satisfying
1]l < ol = (6.36)

where
17 = ek (VIp(5*) + VR(*) — VA(d")) + (o — d")

Step 2. Compute a**!,
a1 = (1 —1)Proj[a* — crog VIp(Y*)] +td* (6.37)

where
<V‘]P(yk)7ak _yk>

Oy =
ekl VIR 12

Step 3. Set k = k+ 1 and go to Step 1.
More specifically, in Step 1, the subproblem of (6.36) used a Newton method to find a**!.

In our experiments, we set ¢y =

1
V(@)
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Example 1: Han Method
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Figure 6.33: Example 1: Coefficient by Han Method
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Figure 6.34: Example 1: Solution by Han Method
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Figure 6.37: Example 3: Coefficient by Han Method
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Figure 6.39: Example 4: Coefficient by Han Method
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Figure 6.40: Example 4: Solution by Han Method
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6.8 Li-Yuan Proximal Point Method

The next method we employ is by Li and Yuan. Their aim was to make better adjustments on

the subproblem and to optimize the step-size in the gradient step.

Algorithm 5.6

Initialization Step. Choose an initial °
Initialize & € (0,1), v € (0,1), and 1 < 7 < 2. Step 1. Find an y¥ satisfying

AGK) < v([|a =¥ + [|la* — 4] (6.38)
where

AGY) = @OF =79, VI0N) - I —71?
7 = Projla* — 4 VI()]

Step 2. Correct the approximation y*,

a* = Proj[d* — g A VJIp(y5)] (6.39)
where PR, L
_ Nl = a|1” — (Ab* —5), VIp(K))
e = kK ok|12
la* — 3]
Step 3. Compute a1,
a1 = Projla* — yti(a* — b)) (6.40)
where . .
A (@ —y©),VJ,
1/.k:1+<05k k(@ —y"),VIp(y"))

la* —a*||?

Step 4. Set k = k+ 1 and go to Step 1.

More specifically, in Step 1, the subproblem of (6.38) used a Newton method to find a**!.
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Example 1: Li-Yuan Method
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Figure 6.41: Example 1: Coefficient by Li- Yuan Method
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Figure 6.42: Example 1: Solution by Li-Yuan Method
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Example 3: Li-Yuan Method
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Figure 6.45: Example 3: Coefficient by Li- Yuan Method
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Figure 6.46: Example 3: Solution by Li-Yuan Method
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Example 4: Li-Yuan Method
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Chapter 7
Comparative Performance Analysis

In this chapter we compare the various proximal point algorithms that we have employed in this

work.

7.1 Numerical Results for Example 1

We would like to compare the results of Hager and Zhang’s proximal point algorithm. We
make this discussion in terms of Example 1. Table 7.1 contains the results for this example.
Each of Hager and Zhang’s first derivative each have roughly the same numbers, while Hager
and Zhang’s quadratic has the best performance as far as time is concerned. Recall that Hager
and Zhang’s quadratic Method uses the Newton method to solve the subproblem, unlike the
conjugate gradient method. In each of Hager and Zhang’s method, we set f = 0.05, and u = 1.
Then testing the method on many epsilon’s from le —1,5¢ —2,1e—2,5¢ —3,1e—3,...,1e—10.
The best results occurred when epsilon=1e¢ — 6, and N = 50.

In the following, let LS stand for the method involving Least Squares, let ¢ stand for the method
involving ¢@-divergence, and the other two of Hanger and Zhang’s method be the Bregman
function, and the quadratic method.

We want to look at two parameters, the number of functions evaluation, and the time to complete
the computation. In general, Hager and Zhang’s proximal point method gives very good results,
being computed in a very reasonable time. The proximal point method of Han’s, and Li and
Yuan’s lack in the number of functions and on time. However the stopping criteria of the
subproblem were different for Han, and Li and Yaun. We are more interested in the algorithms

proposed by Hager and Zhang. In each of Hager and Zhang’s method the initial value of B was
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set to 0.05 and Hager-Zhang note that 8 should be a sufficiently small. In his numerical results,
he uses B = 0.05, which is what lead me to use it for my own numerical results. Since Hager
and Zhang don’t specify exactly what f3 is, we wanted to explore this a bit more. We then ran
each of Hager and Zhang’s method for example one with the 8 value ranging from 0.01 to 0.1
by steps of 0.01 and the results are shown in tables 7.2 to table 7.5.

It is important to note that Hager and Zhang-quadratic method can only be used when the
Hessian form is available for use. If it is not available the best first derivative method would be
Hager and Zhang- ¢, but either of the other two will work just as good.

We rearrange table 7.1 by using the best S values from each method in table ?? Now we are
able to see that the already reasonably good results are now even better. Notice the time’s are
all roughly the same with Hager-Zhang quadratic method still being a bit better in time, but also
now the number of function’s evaluated are much better. All the methods showed much better
results when 8 values were lower than 0.05 (the original initial value).

Other examples experience the same performance of proximal point methods and hence we only

give the tables containing the numerical results.

Method Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
Hager and Zhang-LS 865 783 NA 5 2.2138
Hager and Zhang-¢ 869 792 NA 5 2.2394
Hager and Zhang-Bregman | 856 775 NA 5 2.2044
Hager and Zhang-Quadratic | 3609 3496 85 5 0.7286
Han 181844 179171 1739 127 29.9905

Li and Yuan 5122 3852 NA 1270 29.9202

Table 7.1: Results of Example 1.
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B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
0.01 | 521 496 NA 3 1.3721
0.02 | 909 831 NA 4 2.3844
0.03 | 864 797 NA 5 2.2442
0.04 | 888 809 NA 5 2.2990
0.05 | 865 783 NA 5 2.2601
0.06 | 851 782 NA 5 2.1912
0.07 | 897 814 NA 5 2.3321
0.08 | 620 590 NA 4 1.9805
0.09 | 926 850 NA 5 2.3916
0.10 | 839 774 NA 4 2.4310
Table 7.2: Example 1. Using Hager and Zhang-LS

B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
0.01 | 591 563 NA 3 1.5696
0.02 | 525 500 NA 3 1.4301
0.03 | 504 480 NA 4 1.3420
0.04 | 812 744 NA 5 2.1116
0.05 | 869 792 NA 5 2.2390
0.06 | 826 747 NA 5 2.1499
0.07 | 843 763 NA 5 2.18530
0.08 | 844 777 NA 4 2.2062
0.09 | 811 746 NA 4 2.1657
0.10 | 784 714 NA 4 2.0441

Table 7.3: Example 1.

Using Hager and Zhang-¢
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B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
0.01 | 591 563 NA 3 1.5738
0.02 | 939 852 NA 4 2.4800
0.03 | 921 847 NA 5 2.4224
0.04 | 894 817 NA 5 2.3555
0.05 | 856 775 NA 5 2.2461
0.06 | 810 745 NA 5 2.1094
0.07 | 879 799 NA 5 2.3223
0.08 | 778 741 NA 4 2.0573
0.09 | 666 634 NA 4 1.7689
0.10 | 688 655 NA 4 1.8227

Table 7.4: Example 1. Using Hager and Zhang-Bregman Function

B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
0.01 | 4040 3934 77 3 0.7290
0.02 | 479 466 9 3 0.1476
0.03 | 430 417 4 0.1595
0.04 | 431 417 8 4 0.1923
0.05 | 4307 4193 82 5 0.7452
0.06 | 4256 4142 81 5 0.7388
0.07 | 4308 4193 82 5 0.9739
0.08 | 538 520 10 4 0.2139
0.09 | 538 520 10 4 0.1845
0.10 | 538 520 10 4 0.1891

Table 7.5: Example 1 Using Hager and Zhang-Quadratic Function
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Method B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
Hager and Zhang-LS 0.01 | 521 496 NA 3 1.3721
Hager and Zhang-¢ 0.03 | 504 480 NA 4 1.3420
Hager and Zhang-Breg | 0.01 | 591 563 NA 3 1.5739
Hager and Zhang-Quad | 0.03 | 430 417 8 4 0.1595
Table 7.6: New Results of Example 1.

7.2 Numerical Results for Example 2
Method Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
Hager and Zhang-NR 157 146 NA 2 0.4800
Hager and Zhang-LS 323 205 NA 4 0.9358
Hager and Zhang-¢ 276 154 NA 3 0.8297
Hager and Zhang-Bregman | 284 153 NA 3 0.8421
Hager and Zhang-Quadratic | 4282 4140 81 4 0.8565
Han 66839 64859 1271 20 17.5445
Li and Yuan 2028 1597 NA 432 11.4972

Table 7.7: Results of Example 2.
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B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
0.01 | 67 64 NA 1 0.2237
0.02 | 67 62 NA 1 0.2249
0.03 | 67 62 NA 1 0.2260
0.04 | 157 146 NA 2 0.4731
0.05 | 157 146 NA 2 0.4710
0.06 | 141 131 NA 2 0.4190
0.07 | 141 131 NA 2 0.4202
0.08 | 141 131 NA 2 0.4251
0.09 | 141 131 NA 2 0.4280
0.10 | 141 131 NA 2 0.4182
Table 7.8: Example 2. Using Hager and Zhang-NR
B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
0.01 | 241 153 NA 3 0.6960
0.02 | 274 191 NA 3 0.8317
0.03 | 259 191 NA 3 0.7582
0.04 | 367 249 NA 4 1.0540
0.05 | 323 205 NA 4 0.9552
0.06 | 361 229 NA 4 1.0626
0.07 | 310 185 NA 4 1.0313
0.08 | 346 232 NA 4 1.0185
0.09 | 345 203 NA 4 1.0135
0.10 | 317 207 NA 4 0.9097

Table 7.9: Example 2. Using Hager and Zhang-L.S
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B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
0.01 | 211 110 NA 2 0.5789
0.02 | 284 145 NA 2 0.8319
0.03 | 123 86 NA 2 0.3443
0.04 | 170 100 NA 2 0.4905
0.05 | 276 154 NA 3 0.8264
0.06 | 223 119 NA 3 0.6589
0.07 | 290 156 NA 3 0.8716
0.08 | 186 116 NA 3 0.5654
0.09 | 222 128 NA 3 0.6604
0.10 | 284 159 NA 3 0.8317
Table 7.10: Example 2. Using Hager and Zhang-¢
B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
0.01 | 228 107 NA 2 0.6300
0.02 | 244 129 NA 2 0.7546
0.03 | 272 139 NA 3 0.7686
0.04 | 229 123 NA 3 0.6872
0.05 | 284 153 NA 3 0.8595
0.06 | 268 146 NA 3 0.8018
0.07 | 278 148 NA 3 0.8166
0.08 | 243 136 NA 3 0.7295
0.09 | 264 140 NA 3 0.7802
0.10 | 276 147 NA 3 0.8131

Table 7.11: Example 2. Using Hager and Zhang-Bregman Function
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B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
0.01 | 3451 3322 65 2 0.7665
0.02 | 3195 3067 60 2 0.7287
0.03 | 767 721 14 3 0.3272
0.04 | 2279 2149 42 3 0.6296
0.05 | 4282 4140 81 4 0.8793
0.06 | 883 825 16 4 0.3217
0.07 | 830 774 15 4 0.3223
0.08 | 3107 2967 58 4 0.7920
0.09 | 2698 2559 50 4 0.7106
0.10 | 2545 2406 47 4 0.9290

Table 7.12: Example 2. Using Hager and Zhang-Quadratic Function

Method B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
Hager and Zhang-NR 0.02 | 67 64 NA 1 0.2249
Hager and Zhang-LS 0.01 | 241 153 NA 3 0.6960
Hager and Zhang-¢ 0.03 | 123 86 NA 2 0.3443
Hager and Zhang-Breg | 0.01 | 228 107 NA 2 0.6300
Hager and Zhang-Quad | 0.03 | 767 721 14 3 0.3272

Table 7.13: New Results of Example Two
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7.3 Numerical Results for Example 3

Method Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
Hager and Zhang-NR 348 295 NA 5 0.8531
Hager and Zhang-LS 361 300 NA 6 0.8809
Hager and Zhang-¢ 324 282 NA 6 0.9049
Hager and Zhang-Bregman | 280 267 NA 5 0.7294
Hager and Zhang-Quadratic | 4458 4351 85 6 0.7085

Han 64538 62360 1222 22 19.1101

Li and Yuan 4989 3831 NA 1136 27.2631

Table 7.14: Results of Example 3.

B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
0.01 | 351 298 NA 6 0.8701
0.02 | 352 299 NA 7 0.8981
0.03 | 347 294 NA 5 0.8730
0.04 | 349 296 NA 6 0.8752
0.05 | 348 295 NA 5 0.8720
0.06 | 348 295 NA 5 0.8940
0.07 | 351 298 NA 6 0.9015
0.08 | 351 298 NA 6 0.9348
0.09 | 351 298 NA 6 0.9046
0.10 | 351 298 NA 6 09113

Table 7.15: Example 3. Using Hager and Zhang-NR
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B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
0.01 | 380 311 NA 5 0.9410
0.02 | 325 282 NA 6 0.8062
0.03 | 353 283 NA 5 0.8806
0.04 | 402 337 NA 6 0.9975
0.05 | 361 300 NA 6 0.9101
0.06 | 404 331 NA 6 1.0350
0.07 | 411 341 NA 6 1.0531
0.08 | 370 320 NA 6 0.9740
0.09 | 380 311 NA 7 0.9960
0.10 | 370 297 NA 7 0.9615
Table 7.16: Example 3. Using Hager and Zhang-LS

B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
001 | F F NA F F

0.02 | 361 295 NA 7 0.9852
0.03 | 391 346 NA 5 1.0641
0.04 | 591 392 NA 9 1.5917
0.05 | 324 282 NA 6 0.8934
0.06 | 411 348 NA 6 1.1268
0.07 | 335 273 NA 6 0.9551
0.08 | 351 294 NA 6 1.0124
0.09 | 342 292 NA 6 0.9878
0.10 | 390 331 NA 5 1.0826

Table 7.17: Example 3.

Using Hager and Zhang-¢
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B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
0.01 | 342 293 NA 5 0.8882
0.02 | 366 301 NA 7 0.9787
0.03 | 399 336 NA 6 1.0468
0.04 | 361 295 NA 6 0.9211
0.05 | 280 267 NA 5 0.7284
0.06 | 366 296 NA 6 0.9368
0.07 | 397 331 NA 6 1.0432
0.08 | 367 317 NA 6 0.9604
0.09 | 386 316 NA 6 0.9845
0.10 | 370 297 NA 7 0.9615

Table 7.18: Example 3. Using Hager and Zhang-Brgman Function

B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
0.01 | F F F F F

0.02 | F F F F F

0.03 | 3793 3686 72 5 0.6623
0.04 | 4407 4300 84 6 0.7142
0.05 | 4458 4351 85 6 0.7405
0.06 | 380 373 7 6 0.1414
0.07 | 433 425 6 0.1513
0.08 | 3950 3843 75 6 0.7862
0.09 | 434 426 8 6 0.1701
0.10 | 4565 4457 87 7 0.8098

Table 7.19: Example 3. Using Hager and Zhang-Quadratic Function
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Method B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
Hager and Zhang-NR | 0.03 | 347 294 NA 5 0.8730
Hager and Zhang-LS 0.02 | 325 282 NA 6 0.8062
Hager and Zhang-¢ 0.05 | 324 282 NA 6 0.8934
Hager and Zhang-Breg | 0.05 | 280 267 NA 5 0.7284
Hager and Zhang-Quad | 0.06 | 380 373 7 6 0.1414
Table 7.20: New Results of Example 3.

7.4 Numerical Results for Example 4
Method Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
Hager and Zhang-NR 143 81 NA 1 0.4864
Hager and Zhang-LS 404 224 NA 3 1.4113
Hager and Zhang-¢ 198 132 NA 2 0.6776
Hager and Zhang-Bregman | 359 217 NA 3 1.2298
Hager and Zhang-Quadratic | 15028 14751 146 3 2.1026
Han 386426 382367 3785 41 55.9540
Li and Yuan 3571 2773 NA 786 24.2631

Table 7.21: Results of Example Four
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B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
0.01 | 143 81 NA 1 0.4990
0.02 | 143 81 NA 1 0.5012
0.03 | 143 81 NA 1 0.4989
0.04 | 143 81 NA 1 0.5053
0.05 | 143 81 NA 1 0.5181
0.06 | 143 81 NA 1 0.6047
0.07 | 143 81 NA 1 0.5391
0.08 | 143 81 NA 1 0.5017
0.09 | 143 81 NA 1 0.5194
0.10 | 143 81 NA 1 0.4994
Table 7.22: Example 4. Using Hager and Zhang-NR
B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
0.01 | 234 165 NA 2 0.8231
0.02 | 349 250 NA 3 1.1807
0.03 | 349 250 NA 3 1.2101
0.04 | 386 226 NA 3 1.3014
0.05 | 404 224 NA 3 1.3848
0.06 | 302 243 NA 3 1.0854
0.07 | 243 199 NA 3 0.8474
0.08 | 294 220 NA 3 1.0695
0.09 | 302 244 NA 3 1.0911
0.10 | 271 191 NA 3 0.9510

Table 7.23: Example 4.

Using Hager and Zhang-LS
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B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
0.01 | 80 74 NA 1 0.3298
0.02 | 244 179 NA 2 0.8964
0.03 | 213 164 NA 2 0.7726
0.04 | 204 136 NA 2 0.7447
0.05 | 198 132 NA 2 0.6955
0.06 | 302 243 NA 2 0.7074
0.07 | 243 199 NA 2 0.7181
0.08 | 294 220 NA 2 0.9658
0.09 | 302 244 NA 2 1.0016
0.10 | 271 191 NA 2 0.8200
Table 7.24: Example 4. Using Hager and Zhang-¢
B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
0.01 | 228 160 NA 2 0.8111
0.02 | 185 127 NA 2 0.6477
0.03 | 182 122 NA 2 0.6384
0.04 | 316 230 NA 3 1.1214
0.05 | 359 217 NA 3 1.2792
0.06 | 280 215 NA 3 0.9896
0.07 | 310 236 NA 3 1.0853
0.08 | 252 189 NA 3 0.8773
0.09 | 207 205 NA 3 1.0186
0.10 | 272 195 NA 3 0.9625

Table 7.25: Example 4. Using Hager and Zhang-Bregman Function
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B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
0.01 | 10506 10306 102 2 1.5502
0.02 | 11303 11115 110 2 1.6678
0.03 | 10693 10509 104 2 1.6954
0.04 | 16145 15864 157 3 2.1762
0.05 | 15028 14751 146 3 2.9400
0.06 | 16039 15763 156 3 2.4297
0.07 | 15633 15359 152 3 2.3839
0.08 | 16338 16065 159 3 2.3227
0.09 | 15933 15661 155 3 2.3171
0.10 | 15831 15560 154 3 2.4638

Table 7.26: Example 4. Using Hager and Zhang-Quadratic

Method B Num Func | Num Grads | Num Hess | Num Iters | Time (secs)
Hager and Zhang-NR - 143 81 NA 1 0.5

Hager and Zhang-LS 0.01 | 234 165 NA 2 0.8231
Hager and Zhang-¢ 0.01 | 80 74 NA 1 0.3298
Hager and Zhang-Breg | 0.03 | 182 122 NA 2 0.6384
Hager and Zhang-Quad | 0.01 | 10506 10306 102 2 1.5502

Table 7.27: New Results of Example 4
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