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Abstract

It is our goal to investigate the global character of the positive solutions of the following
rational difference equation:

AXn—l
1+2-a)X, +aX,

Xn+1: n:0,1,2,...,

where A > 0,0 < o < 2,1 = 1,2,3... and the initial conditions are positive real
numbers. We will examine the global stability, periodic nature, boundedness and the
monotonicity character of the positive solutions.
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1 Introduction

We will investigate the global character of the positive solutions of the difference equa-
tion:
A‘Xn—l
X == ,
A 1+ X, + X,

n=0,1,2,..., (1)

where A > 0,1 =1,2,3... and the initial conditions are positive real numbers.

Our goal is to investigate the global stability, periodic nature, boundedness and the
monotonicity of the positive solutions of Eq.(1).

In particular, we will examine the following cases:
(i) The case where [ = 1.
(ii) The case where [ =2k + 1;k=0,1,2,... .
(iii) The case where [ = 2k;k =1,2,3,... .

In addition, we will analyze the global behavior of the positive solutions of the following
difference equation:

AXn—I

. n=0,1,2,...,
T aX, ok, "

where A >0,andO0<a<landl <a<?2.

Furthermore, it is our goal to compare the similarities and differences in global behavior
of the solutions in all the situations.



2 Global Character of Solutions of X, = TE%)%_X'IT{

It is our goal in this section to study the global character of the positive solutions of the
following difference equation:
AXn—Ik

Xppy = s =l 1,205, 2
i 1+Xn+Xn—-l " ' ( )

where the given parameter A > 0, and the initial conditions X_;, X, are positive real
numbers. Observe that Eq.(2) is a second order non-linear difference equation and it is
also a special case of Eq.(1) where [ = 1.

Other nonlinear second order rational difference equations were investigated in [2], [3],
[5] - [9]. The study of these equations is quite challenging and rewarding and still in its
infancy.

It is believed that nonlinear rational difference equations are of great importance in
their own right and further results about such equations offer prototypes towards the
development of the basic theory of the global behavior of nonlinear difference equations.

We determine the equilibrium points of Eq.(2) by setting
AX AX

X=X+ x " 172

Clearly X = 0, and 1+ 2X = A are the two solutions of tlie above equilibrium equation.
So the two equilibrium points of Eq.(2) are X; = 0 and X, = 4—2_—1 when A > 1.

In this section we will prove the following properties of Eq.(2):

(i) If A <1, then every solution of Eq.(2) converges to 0.

(ii) If A > 1, then Eq.(2) has solutions with minimal period 2 and every positive
solution of Eq.(2) converges to a period 2 cycle or to the fixed point 45“1 .



2.1 The case A <1

In this section we will assume that A < 1. Then X; = 0 is the only equilibrium of Eq.(2).
Let {X,}>° | be a positive solution of Eq.(2). We will show that

lim X, = 0.
n-=+00
First we establish two useful Lemmas.

Lemma 2.1 Let {X,,}5°_; be a positive solution of Eq.(2). Suppose that A < 1. Then

Jim X, = 0.
Proof : Note that
X, = ﬁ%%X:—X_—l <AX_;,
X3 = 1—;)%1??? < AX) < A(AX_)) = A’X_,
X5 = i+—;‘i%73 < AX; < AY(AX_|) = A3X_, ,

So we see that for all n > 0,
)(27,,4_1 < An+1){—_1 3

Hence
0 S lim 4¥2n+1 S lim An+11¥_1 = 0.
n—0o0 n—+o00
Thus
T}Lﬂgo Xopi1=0. (3)
Similarly we show that
nlll:l;lQ Xopn=0. (4)

Therefore the result follows via (3) and (4).

10



Lemma 2.2 Let {X,}>° _, be a positive solution of Eq.(2). Suppose A =1. Then
lim X, =0.

n—oo

Proof : Notice that X
A1

Xi=—r—
! 1+ Xo+ X4

<X—17

JY 3

p, PN, .. B
A A

le

Therefore, there exists L; > 0 such that
lim X2n+1 = Ll.
n—oo

In addition, observe that

X,

) (.. S 1
R e Ky Xy, )
Xo
Xy=——"-—— < Xy,
Tl X X 2

Therefore, there exists L, > 0 such that
lim X2n+2 = LQ.
n~—-00

It suffices to show that

By = =il
Observe that via Eq.(2) we get
L,
LR T
from which we see that
Li+ Ly, =0.

Thus the result follows.

The following Theorem shows that X; = 0 is a global attractor when 4 < 1.
Theorem 2.1 Let {X,}2 _, be a positive solution of Eq.(2). Suppose that A < 1. Then

lim X, = 0.
Proof : The proof follows from Lemma 2.1 and Lemma 2.2. O

11



The following examples will graphically illustrate the convergence of solutions of Eq.(2)
to zero. The first example will show the convergence to zero when A =5<1, X_; =1
and X, = 2.7.

294

) NP UL

U t t *
] 1] » X &

Figure 1: Convergence of solutions of Eq.(2) to zero when A =.5 < 1.

The next example will show the convergence to zero when A =1, X_; = .7 and X, = 2.

’ '
] ] i s p-J

Figure 2: Convergence of solutions of Eq.(2) to zero when A = 1.
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2.2 The case A >1

In this section we will assume that A > 1 and prove that every positive solution of Eq.(2)
is either periodic with period 2 or converges to a period 2 cycle. In addition, observe
that when A > 1, we have a positive equilibrium point X = 4=1. The following Lemma
will be used to prove that every positive solution of Eq.(2) converges to a period 2 cycle.

Lemma 2.3 Let {X,}2°_, be a positive solution of Eq.(2) and suppose that A > 1.
Then the following statements are true:

(i) If X1+ Xo < A—1, then
Xn+ X <A-1 forall n>-1.
(i) If X 1 + Xo=A—1, then
)(n'f"Xn_‘_]:A—‘l for all TLZ—l
(iti) If X 1+ X9 > A—1, then
Xo+Xoy1>A—1 forall n>-1.
Proof : We will prove (i); (ii) and (iii) are similar and will be omitted. Suppose that
zY._l + .(YO <A-1.
It suffices to show that

To prove (5), we want to know if
AX_l ?
ot =Rt T T X,

and this gives us

Xo+ X2+ XoX_1+AX_; < (A=1)(1+Xo+X_1) = A+ AXo+AX_1 — 1~ Xo— X_1.
Thus we get

Xo+ X2+ XoX_1+X_1 < A+ AXo— 1 - Xo.
Therefore we want to know if

Xo(1+ Xo) + X_1(1 + Xo) < A(1+ Xo) — (14 Xo),

that gives us
?
Xo+ X1 <A-1,

which is true. The result then follows by induction.

13



Theorem 2.2 Suppose that A > 1. Then every positive solution of Eq.(2) is either
periodic with period 2 or converges to a period 2 cycle.

Proof : Let {X,}22 _, be a positive solution of Eq.(2). Via Lemma 2.3 we will consider
the following three cases:

Case I: Suppose that X_; + Xy < A — 1, then we know that

X+ X1 <A-1 forall n>—-1.

Observe that by iterations and inequalities we get

AX_, AX_,
X = > = ./Y_ y
Tl X Xy T 14 (A-T) !
AX AX
)(3 = ! > ! =X,

1+ (X +X1) 1+ (A1)

Also note that

AX, AX,

X = > = Xp ,
2TI+ (X4 X)) 1+(A-1)

. AX, AN

1+ (X3+ X)) 1+(A-1)

Thus there exist L; < A—1 and Ly < A — 1 such that

lim X2n+1 = L1 and lim X2n+2 = Lg »
n—o0 n~+00

By taking the limit of Eq.(2) we see that {X,,}>2_, actually converges to a period 2
cycle.

Case II: Suppose that X _; + Xg = A — 1, then we know that

Xn+ X1 =A-1 forall n>-—1.

14



Observe that by iterations and equalities we get

AX 4 AX

X = . - =X .,
T (Xo+ X)) 1+(A-1) !
AX;q AX,
X e s :X R
TTI+ (X + X)) 14+4(A-1)
Also note that AX AX
X= 2 = f e o= X
T+ (X +Xe) 1+(A-1)  7°
X X
Xy = A%, AXs =Xy,

1+ (Xs+Xa) 1+(A—1)

Thus there exist L, and L, such that

lim 4Y2n+1 = L1 = X_l and lim )(Q,H_g = L2 = )(0 ;
n—oo n—00

This is clearly a period 2 cycle of Eq.(2).

Note: In this case every solution of Eq.(2) whose initial conditions satisfy Xy + X_; =
A — 1 is periodic with period 2.

Case III: Suppose that X_; + Xy > A — 1, then we know that

X+ X1 >A—1 forall n>-1.

Observe that by iterations and inequalities we get

AX_, AX_s
Xy = < =X,
T4 (Xpk Xy I (A=1) !

AX, AX,

}( = < =
TIEIG+X) 1+A-1)

le

15



Also note that
X = AX, - AXy _x
I+ (G + Xy  1+{A—1) Y

AX, AX,

X, =
T Xt Xy 1+ (A-D)

=X‘27

Thus there exist L; and L, such that

lim X2n+1 = L1 and lim X2n+2 = Lg .
n—0o0 n—oo

By taking the limit of Eq.(2) we see that {X,}2% | actually converges to a period 2
cycle. Hence the result follows.
a

Remark: From cases I, II, III in Theorem 2.2 based on the Stable Manifold Theorem,
there exist non-trivial solutions {X,}22 _, of Eq.(2) such that

) A-1 . .
nh—l};oXQ"H =L, = T =Ly = nll_{go Xon+to.

The following examples will graphically illustrate the existence of a period 2 cycle and
convergence of solutions of Eq.(2) to a period 2 cycle. The first example will show the
existence of solution with minimal period 2 when A =3, X_; = .5 and X, = 1.5.

L L e e e N e e O T T O T T

a6

D e R Sl IO N W W S .
1 ® % x °

Figure 3: Existence of solutions of Eq.(2) with minimal period 2 when A = 3.
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The next example will show the convergence to a period 2 cycle when A =3, X_; =1
and Xo =17, X 1+ Xg>A—-1=2.

134 A I L T T T T I S T B T A )

‘»'Ynnnliln_Lnav‘cn4nol

0 1] 2 » °

Figure 4: Convergence of solutions of Eq.(2) to a period 2 cycle when A = 3.

The next example will show the convergence to a period 2 cycle when A =3, X_; = 4
and Xy = 1; X-1+X0<A—1=2.

-----------------

l

Figure 5: Convergence of solutions of Eq.(2) to a period 2 cycle when A = 3.

17



) AX,,
3 Global Character of Solutions of X1 = ; Xff: X(Qf?;zm

It is our goal in this section to study the global character of the positive solution of the
following difference equation:

AX(2k+1)

- - n=0,1,2,..., 6
1+ X + Xogorany (6;

‘Yn-f—l =

where k = 0,1,2,... and the initial conditions X_(ox41y, X_ok,..., X_1, X are positive
real numbers. Observe that in this section, Eq.(6) is Eq.(2) delayed by an odd order
and is a special case of Eq.(1) where | = 2k + 1.

In this section, we will prove the following properties of Eq.(6):

(i) If A <1, then every solution of Eq.(6) converges to 0.
(ii) If A > 1, then Eq.(6) has solutions with minimal period 2.

In addition, notice that the global character of solutions of Eq.(6) is identically the same
as the global character of solutions of Eq.(2).

18



3.1 Introduction and Preliminaries

First we will state the theorem below that will be used to analyze local and global
stability character of the zero equilibrium point.

Theorem A (Clark’s Theorem)

Consider the following linear difference equation:

Yn+1 + DPiln + PoYn—i +...+ Pryn~(r—l) =0 ’ n= Oa 17 23 ses oy (7)
where p, 0 and r = 2,3,4... . Also consider the characteristic polynomial
N A+ N T+ XA 24 +p i A+p.=0. (8)

Then the following statements are true:
(i) The equilibrium point § =0 of Eq.(7) is a sink if |py | +|p2 | +...+|pr | < L.
(it) The equilibrium point § = 0 of Eq.(7) is a saddle point equilibrium if Eq.(8) has

at least one root with modulus bigger than one and all the other roots with modulus
less than one.

(i) The equilibrium point § = 0 of Eq.(7) is a repeller if all roots of Eq.(8) have
modulus bigger than one.

19



3.2 Local Stability of the Zero Equilibrium Point
We determine the equilibrium points by setting

AX  AX
I+X+X  1+2X°

X =

Clearly X = 0, and 142X = A are the two solutions of the above equilibrium equation.

So the two equilibrium points of Eq.(6) are X; = 0 and X, = % when A > 1.

The next lemma will describe the local stability character of the zero equilibrium point
of Eq.(6). It will apply the results from Theorem A.

Lemma 3.4 The following statements are true:

(i) The equilibrium point X, = 0 of Eq.(6) is locally asymptotically stable if A < 1.

(it) The equilibrium point X; = 0 of Eq.(6) is an unstable repeller if A > 1.

Proof : The Linearized Equation of Eq.(6) about X; = 0 is the following difference
equation:

of = = of - =
Un+1 = gg‘(XlaXl)yn + 8—£(X1vX1)yn—(2k+l) , n=0,1,2,....
Now let 4
1y 1
z,y) = ——— = Ay(l+z+y)L
f@y) =153, =AWl +e+y)

The partial derivatives of f(x,y) with respect to z and y are:

_Ay
I ; -2 _ T4y
fo(@,y) = —Ay(l+ 2 +y)" = G <0,

Al+x+y)-Ay A+ Az

Folms ) = A+z+y)7 —(1+$+y)2>0.

Also we see that
—A(0) _0

fo(X1, X)) = AT0+072

A+ A(0)

f(X, X)) = AT0T07 -

20



So the Linearized Equation of Eq.(6) about X; = 0 is:

Yni1 = AYn_aerny = 0 for n=0,1,2,... .

Therefore it follows via Theorem A that the following statements are true:

(i) The equilibrium point X = 0 is locally asymptotically stable if A < 1.

(i) The equilibrium point X = 0 is an unstable repeller if A > 1.

3.3 Attracting Intervals of Eq.(6)

In this section, we establish the fact that every positive solution of Eq.(6) is eventually
attracted to the interval (0, A).

Theorem 3.3 Let {X,,}5° _,,_; be a positive solution of Eq.(6). Then
X, < A forall n>1.

Proof : Observe that by computation and inequalities we get

AX g1 - AX gy

X, = =A,
IR X4 X g X ok
AX_ _
9 = - < AX 5 =A,
T+ X0+ X X
: AX..apqa - AX k1 _ 4

1+ Xo+ X ok X _2k+1

Hence the result follows by induction.

21



3.4 Global Stability of the Zero Equilibrium Point

It is our goal in this section to show that every positive solution of Eq.(6) converges to
zero when A < 1. First we establish two useful Lemmas.

Lemma 3.5 Let {X,}32 o, be a positive solution of Eq.(6). Suppose that A < 1.
Then
lim X,, = 0.

n—oo

Proof : As in Lemma 2.1 by iteration and inequalities we get

AX 951

= < AX _oh_1,
! 14+ Xo+ X ok -1
AX
Ky eimpan = 1+X%+;+1\,1 < AX; < A(AX_gp_1) = A’X ok_1 ,
AX
Xit(2ke2)2 = e < J4Xl+(2k+2) < A(AQX—%—I) = AgX—2k—1 )

1+ Xkt2)2 + Xig2k42)

It follows by induction that for all n > 0,
Xit@kiom < A" X oy .

Hence we see that
im Xy op0m = 0.

We continue this process, and as in Lemma 2.1 we get

lim X, =0.

n—oo

O

Lemma 3.6 Let {X,}22 .., be a positive solution of Eq.(6). Suppose that A = 1.
Then
lim X, = 0.

n-—0o0

Proof : Since A = 1, then we get

A./Yn_(gkq_]) _ An—(2k+1) n=0.1.2

Foerg = e — ,
I X+ Xaskey L+ Xo o Xaoke)

22



Via Theorem 3.3 we get
X,<1 forall n>1.

By computation and inequalities we get:

X ok-1

X, = < X _ok_1,
YTl X+ X o k-1
X ok
Xy = < X_ ok,
2T X+ X oo 2*
X_
X3 i < X opq1

1% Xo+ X gk

There exist Ly, Lo, ..., Lotys > 0 such that

lim Xeopyomer = L1,
Jlim Xorionie = Lo,
Jim Xopioynis = Ls

Iim Xopionea = La

Jim X opropmt(2hs2) = Loksa -
Via Theorem 3.3, we see that
Ll} L?) L37 ey L2k+2 S 1.
It suffices to show that

L1:L2:L3=...=L2k+2‘—:0.

Observe that via Eq.(6), it follows that

Lopyo
1+ Lokir + Lok’

Logyo =

23



which gives us
Logy1 + Logyo = 0.

Thus it follows that
Logt1 = Logyo = 0.

Similarly we see that
Lo, = L2k+1 = 0.

We continue this process from which (9) follows.

The following Theorem shows that X; =0 is a global attractor when A < 1.

Theorem 3.4 Let {X,}22 ., be a positive solution of Eq.(6). Suppose that A < 1.
Then
lim X,, = 0.

n—oo

Proof : The proof follows from Lemma 3.5 and Lemma 3.6.

The following examples will graphically illustrate the convergence of the solutions of
Eq.(6) to zero. The first example will show the convergence to zero when k = 3,
A=5< 1, X 3= 4, X o= 3, X_1=2and )(0 =1.

104

a3~

074

“1

03+ .

01 st

........
T

¥ t
1) 10 » » L]

Figure 6: Convergence of solutions of Eq.(6) to zero when £ =3 and A = .5 < 1.
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The next example will show the convergence to zero when k =5, A=1,X_5s=2 X 4 =
1.8, X 3=17X_,=15X_1=13,and X, = 1.

y 1 i
' L) 0 b 0 »

Figure 7: Convergence of solutions of Eq.(6) to zero when k =5 and A = 1.



3.5 Existence of Solutions with Minimal Period 2

In this section we will investigate the periodic character of the solutions of Eq.(6).

The following Lemma gives necessary and sufficient conditions for the existence of solu-
tions with minimal period 2.

Lemma 3.7 Eq.(6) has positive solutions with minimal period 2 if and only if A > 1.
Proof : Via Theorem 3.4 we showed that when A <1 then

lim X, = 0.

n—0oo

Therefore, it suffices to consider the case where A > 1. Now we will suppose that
X_1 # X and set

)(..2]‘;_1 = ‘Y_gk+1 FT= sms == JY_3 == X._l
and
X_Qk = 1Y_2k+2 = sz == .X'_Q == )(0.
So we see that:
AX_ AX_
X = @kt = g = X_;, and
14+ X, +X_(2k+1) 1+ Xo+ X4
AX_ AX
X, = 2k 0 Xy .

T+ X+ X 14X i+Xp
By solving for A we get:

1+1Y_1+X0 = A == 1-‘-)(04')(“1 .

Therefore,

X():(A—l)-“)(._l ZO,
and

Xg=(A-1)-X,2>0.
Hence

X <A—-1land X <A-1.

Therefore Eq.(6) has positive solutions with minimal period 2 if and only if
A> L
In addition, the solutions with minimal period 2 appear in the following pattern:

)(_1, )( = (A = ].) == )(,1, )(_1, JYO == (44 = 1) == )(_1, )(_1 e .
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Furthermore, notice that the following conditions hold:

O<X_2k_.1:X_2k+1=...=X__3:)(-1<A—-1

and
0<X_2k=X_2k+2=...:X_2:X():(A—].)-X_l<A—1.

Extensive numerical computations suggest the following conjecture:

Conjecture 1 FEvery positive solution of Eq. (6) converges to a period 2 cycle when
A>1.

The following examples will graphically illustrate the existence of a period 2 cycle and
convergence of solutions of Eq.(6) to a period 2 cycle. The first example will show the
existence of a solution with minimal period 2 when £k =3, A =3, X_3=.5, X_, = 1.5,
Xi=band Xg=15 X1 +Xp=A4A-1=2.

L T e T S Y S S S S S T T S |

184

084

06

L ey S Y RS BV T NUY N W S S W | S S S Y ')
0 lo 2 x ©

Figure 8: Existence of solutions of Eq.(6) with minimal period 2 when k = 3 and
A==3.
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The next example will show the convergence to a period 2 cycle when k = 3, A = 3,
X 3= 1, X o= 1.7, X_1=1and )(0 = |7 X1+Xo>A-1=2.

3 % g 0 0 4 s s s
T

S S S O S )
T 1

T
» Q %

Figure 9: Convergence of solutions of Eq.(6) to a period 2 cycle when k£ = 3 and A = 3.

The next example will show the convergence to a period 2 cycle when k& = 3, A = 3,
X_ 3= 4, X_2:1, X1=4 andonl; X_1+X0<A—*122,

aaaaaaaaaaaa

...............

0

T
10

Figure 10: Convergence of solutions of Eq.(6) to a period 2 cycle when £ = 3 and
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AXn—Zk
1+Xn+1¥n_2k

4 Global Character of Solutions of X, ; =

It is our goal in this section to study the global character of the positive solutions of the
following difference equation:
AXn—?k

Xot1 = , , =0,1,2,..., 10
T e X, X s = L14)

where £ = 1,2,3,... and the initial conditions X_ox, X_(2k-1),...,X_1, Xo are positive
real numbers. Observe that in this section, Eq.(10) is Eq.(2) delayed by an even order,
and is a special case of Eq.(1) where | = 2k.

In this section we will prove the following properties of Eq.(10):

(i) If A <1, then every solution of Eq.(10) converges to 0.

(ii) If A > 1, then Eq.(10) has no solutions with minimal period 2.

4.1 Local Stability of the Zero Equilibrium Point

We determine the equilibrium points by setting

AX AX

T1+ X+ X 1+2X%

|
)

Clearly X =0, and 142X = A are the two solutions of the above equilibrium equation.
So the two equilibrium points of Eq.(10) are X; =0 and X, = i;-l when A > L.

The next lemma will describe the stability character of the zero equilibrium point of
Eq.(10).

Lemma 4.8 The following statements are true:

(i) The equilibrium point X; = 0 of Eq.(10) is locally asymptotically stable if A < 1.

(ii) The equilibrium point X; = 0 of Eq.(10) is an unstable repeller if A > 1.
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Proof : The Linearized Equation of Eq.(10) about X; = 0 is the following difference
equation:

of - = of - -
Yn+1 = %(XlaXl)yn == B‘g(Xh/Yl)yn—?k 3 n= 07 172)' s e
Now let
) = —2Y = ay(1 4z +y)
’ l+z+y '

The partial derivatives of f(z,y) with respect to z and y are:

(14 z+y)? ¥

Folz,y) = —Ay(l+z +y)2 =

_All+r+y)-Ay A+ Ax

Fylz,y) = A+z+y) —(1+I+y)2>0.

Also we see that
—A(0)

Fol X1, Xz ) = 70102 =0,

_— A+ A(0)
(X1, X)) = ——= =
(X Xa) (1+0+0)
So the Linearized Equation of Eq.(10) about X, = 0 is:

Ynsi1 — AYn_or =0for n=0,1,2,... .

Therefore it follows via Theorem A that the following statements are true:

(i) The equilibrium point X = 0 is locally asymptotically stable if A < 1.

(ii) The equilibrium point X = 0 is an unstable repeller if A > 1.
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4.2 Attracting Intervals of Eq.(10)

In this section, we establish the fact that every positive solution of Eq.(10) is eventually
attracted to the interval (0, A).

Theorem 4.5 Let { X} _,,. be a positive solution of Eq.(10). Then
Xn < A forall n>1.

Proof : Observe that by computation and inequalities we get

AX e AX gy

X; = < A,
! 1+ Xo+ X ok X ok
X, = AX _opn1 < AX k41 _ A,
14+ X1+ X ks X k41
AX_; AX_
X, = 2%k+2 < B2y

1+ Xo + X okt X _op42

Hence the result follows by induction.
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4.3 Global Stability of the Zero Equilibrium Point

It is our goal in this section to show that every positive solution of Eq.(10) converges to
zero when A < 1. First we establish two useful Lemmas.

Lemma 4.9 Let {X,}22 _,; be a positive solution of Eq.(10). Suppose that A < 1. Then

lim X, =0.

n—oo
Proof : Asin Lemma 2.1 we iterate and get

_ AX o
T K+ X

1 < AX _ o )
AX,

< AX| < A(AX o) = A’X 5 |
T4 X 7 55 1 ( 2% ) %

Xig(2k41) =

AX14 k1)
= < AX < A(A’X o) = A3X o |
1+ Xor+n2 + Xis@rs1) e ( ak) ’

X1+(2k+1)2

It follows by induction that for all n > 0,

Xiy@k+1)n < ALY g

Hence we see that
nh_{Iolo Xit@e+nn = 0.

Similarly as in Lemma 2.1, we get
lim X, =0.

n—oo

]

Lemma 4.10 Let {X,}> ., be a positive solution of Eq.(10). Suppose that A = 1.
Then
lim X, =0.

Proof : Since A = 1, then we get

AXn._Qk Xn——?k

= == 5 :0,1,2,...
1% Xn b /Yn—Qk 1+ )(n + Xn—?k "

n-+1
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Via Theorem 4.5 we get
X,<1 forall n>1.

By computation and inequalities we get:

X ok

X = < X—- 3
T 7T o*
X _ok+1
Xg = < X.. '
2= 17X, X 2k+1
X_
X3 i < X opys

T 1t Xo + X k42

There exist Ly, Lo, ..., Logy; > 0 such that
nh_{folo X(2k+1)n+1 =L,
JLHC}O X(2k+1)n+2 =L, ,
Iim Xeopynnes = Ls

Jim Xoopiiynea = La

Jim Xoks 1yn(2h41) = Lokt -
Via Theorem 4.5, we see that
Ly,Ly,Ls,...,Lopy < 1.
It suffices to show that

L1=L2=L3=...=L2k+1=0.

Observe that via Eq.(10), it follows that

Lok
1+ Lok + Logy1’

L2k+1 =
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which gives us
Loy + Log41 = 0.

Thus it follows that
Loy = Logy1 = 0.

Similarly we see that
Loy = Lo = 0.

We continue this process from which (11) follows.

The following Theorem shows that X, = 0 is a global attractor when A < 1.

Theorem 4.6 Let {X,}2° .. be a positive solution of Eq.(10). Suppose that A < 1.
Then
lim X, =0.

n—oc

Proof : The proof follows from Lemma 4.9 and Lemma 4.10 and will be omitted.
O

The following examples will graphically illustrate the convergence of the solutions of
Eq.(10) to zero. The first example will show the convergence to zero when k = 4,
A=5< 1, X_4= 1.5, X_3 = 9, X o= .7, ‘X_l = .5 and X, = .3.

0.7+

06+

05

€y

*iveay

T T + +
1] 10 20 3 40

Figure 11: Convergence of solutions of Eq.(10) to zero when £k =4 and A =.5 < 1.
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The next example will show the convergence to zero when £k = 6, A = 1, X_g = 5,
X_5 = 4, X_4 = 3, X_3 = 2, X.~2 = 17, X_] =1 and XO = ails

0.7 4
08+
Y
054
s
03 4

02

014 \
T T

T " ' " '
0 108 200 300 00 500 650 79 508

- oo - A

Figure 12: Convergence of solutions of Eq.(10) to zero when k£ =6 and A = 1.
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4.4 No Solutions with Minimal Period 2
The following Lemma shows that Eq.(10) has no solutions with minimal period 2.

Lemma 4.11 FEq.(10) has no solutions with minimal period 2.

Proof : Let {X,,}>° ., be a positive solution of Eq.(10). Notice that when A < 1, then
we know that
lim X, =0.

Therefore, it suffices to consider the case where A > 1. For the sake of contradiction, we
will assume that Eq.(10) has a solution with minimal period 2. Suppose that X_; # Xj.
Then it follows that

X():X_gz)(_Lt:... IX_gk
and
)(_1 == )(_3 = X_5 = ii. = ‘Y—Qk-{—l-
Then by iteration we get the following two relations:
AX_2k AXO A)(()
;e - - =X_;, and
14+ Xo+ X o 14+ Xo+Xo 142X,
__ AXwen  _ AXL_ AX
TlE X1+ X e 1+ Xa+Xy 1+2X,; OV
Then we get
AXO = X_1 + 2){_‘1)(0
and

AX | = Xo+2X 1 X,.

Hence we see that
2X_1XQ = AXO == X-—l == AX_l o )(0,

from which it follows that

AJYO s AX_1 = Y-l = )((]. (12)

Therefore, via (12) we get A = —1, which is a contradiction.

Extensive numerical computations suggest the following conjecture:

Conjecture 2 FEvery positive solution of Eq. (10) converges to the positive equilibrium
point -4—;—1— when A > 1.
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The following examples will graphically illustrate the convergence of the solutions of
Eq.(10) to —"—;—1 The first example will show the convergence to ~4—2“—1 when k=4, A =3,

X_4 = X_3 = .7, X_Q = .5, X_.1 = .3 and Xo = .1,

16",
*
144
~‘.'
St
2 e
T e .‘:'c“..
. s,
i B e
. : ."' e
fald
l' .
88 pet
.
...n.."..'
L O
.
L]
04
02-a
T T T
] 18 ) 0

Figure 13: Convergence of solutions of Eq.(10) to % =1 when k=4 and A = 3.

The next example will show the convergence to ‘-‘-‘—27—1 when £k =6, A = 3, X_g = 1.5,
.X'w5 = 13, X_4 == .9, z¥_3 = .7, )(_Q = .5, X__l = .3 and Xo = 1.

Figure 14: Convergence of solutions of Eq.(10) to % =1 when k=6 and A = 3.
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5 Global Character of Solutions of X, = AXp 1

It is our goal in this section to study the global character of the solutions of the following
difference equation:

A‘Yn——l

y
HE=I1¥ 2 —o)X, + 06X

, n=0,12,..., (13)

where A > 0 and «a € [0,2].

5.1 Introduction and Preliminaries

The following properties of Eq.(13) were proved in [3] and [6]:
(i) If @ = 0, then the following statements are true:

e Every positive solution of Eq.(13) converges to 0 if A < 1.
e Every positive solution of Eq.(13) converges to a period 2 cycle if A = 1.

e Eq.(13) has unbounded solutions if A > 1.

The following examples will graphically illustrate the convergence of the solutions of
Eq.(13) to zero if A < 1, the convergence of the solutions of Eq.(13) to a period 2 cycle
if A = 1, and the existence of unbounded solutions of Eq.(13) if A > 1. The first example
will show the convergence to zero when A = .5<1,a=0, X_; =1and X, =.7.

0.7

e
0 4y-as + + +
o i » 30 ©

Figure 15: Convergence of solutions of Eq.(13) to zero when a =0 and A = .5 < 1.
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The next example will show the existence of a period 2 cycle when A = 1, a = 0,
X_i=1land Xg=0.

B¢ o & & & 3 &+ & & T v 8 2 2 s 3 & ¥ 4 s

t L4 Y A
] 10 - » @

Figure 16: Existence of a period 2 solutions of Eq.(13) when v = 0 and A = 1.

The next example will show the convergence to a period 2 cycle when A = 1, a = 0,
X_;=1and Xy =1.5.

154

.
L T T T T S S S U S S S S S

*
. .

-1 T T T
0 18 2 ] “

Figure 17: Convergence of solutions of Eq.(13) to a period 2 cycle when « = 0 and
A=1
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The next example will show the existence of unbounded solutions when A = 1.3, a = 0,
X,]_ =1 and XO =2 Ts

20,000
7,000
00,00
30090 .
40,0081 s
3000084 *
100004

1004 .

.
L]
PO
v Y t t a T )
0 » ] @ ] 1

Figure 18: Existence of unbounded solutions of Eq.(13) when o = 0 and A = 1.3.

(ii) If @ = 2, then the following statements are true:

e Every positive solution of Eq.(13) converges to 0 if A < 1.

e Every positive solution of Eq.(13) converges to A,; Lif A> 1.

The following examples will graphically illustrate the convergence of the solutions of
Eq.(13) to zero if A < 1, the convergence of the solutions of Eq.(13) to 4 if 4 > 1.
The first example will show the convergence to zero when A = 5 <1, a=2 X_;=1
and XO = 1.

074

06

? Y \f 1
[ 1] 2 3 Ll

Figure 19: Convergence of solutions of Eq.(13) to zero when « =2 and A = .5 < 1.
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The next example will show the convergence to zero when A =1, a =2, X_; =1 and
XO = 7

.e
e
thl..,.‘.‘

.
SHeevteersEesseeseeearany
T T I

T T
0 10 p- » © =

Figure 20: Convergence of solutions of Eq.(13) to zero when o = 2 and A = 1.

The next example will show the convergence to % when A=3, a=2, X_; =.3 and
Xo=.7

T T T T )
0 0 % k] “@ 2

Figure 21: Convergence of solutions of Eq.(13) to % =1 whena=2and A=3.

(iii) If @ =1, then the results were proved in section 2.
Therefore, we will need to consider the cases where

D<axl and l<a<?2.
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We determine the equilibrium points by setting

AX AX

X: == — = =,
1+2-a)X +aX 1+2X

Clearly X = 0, and 142X = A are the two solutions of the above equilibrium equation.
So the two equilibrium points of Eq.(13) are X; =0 and X, = *—;—1 when A > 1.

5.2 The case A<1

In this section we will assume that A < 1. Then X; = 0 is the only equilibrium of
Eq.(13). Let {X,}2° _, be a positive solution of Eq.(13). We will show that

lim X, =0.

n—oo
First we establish two useful Lemmas.

Lemma 5.12 Let {X,,}22_, be a positive solution of Eq.(13). Suppose that A < 1.
Then

nlin(}o X, =0.
Proof : Note that

AX_,

X, = AX_

! 1+(2—a)Xo+aX_1< Lo

441Y1 p - 2

X3 = o (2 — a)XZ +aX1 < AX1 < A(AJY_I) =A X_1 s
AX

Xs = - < AX3 < A%(AX_)) = 43X, ,

1+ (2 - a)Xs + aXs

So we see that for all n > 0,

Xons1 < A X,y .

Hence
0 < lim Xopi < lim A™X_, = 0.
Thus
lim Xon =0 (14)
Similarly we show that
Jim X5, = 0. (15)
Therefore the result follows via (14) and (15). O
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Lemma 5.13 Let {X,,}2° _, be a positive solution of Eq.(13). Suppose A= 1. Then

nanolo X, =0.
Proof : Notice that
X1
X = < X_
T4 (2 - o)Xy +aX b
X, = s X,

Therefore, there exists Ly > 0 such that
nlLH(}O Xons1 = L.

In addition, observe that

Xo
Xy = < Xo ,
2T12—a)XitaXx,

Xo
X, = X
IR rak, S

Therefore, there exists Lo > 0 such that
T}Lﬂgo Xonta = La.

It suffices to show that

Observe that via Eq.(13) we get

L2=

1+ (2 _Q)Ll 'f"OéLQ7
from which we see that

(2 e Q’)Ll + Q’LQ = (.

Thus (16) follows as 0 < & < 2 and « # 1.
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The following Theorem shows that X; = 0 is a global attractor when A < 1.

Theorem 5.7 Let {X,}52 _, be a positive solution of Eq.(13). Suppose that A < 1.
Then

T}ergo Xn=0.
Proof : The proof follows from Lemma 5.12 and Lemma 5.13. O

The following examples will graphically illustrate the convergence of the solutions of
Eq.(13) to zero. The first example will show the convergence to zero when 4 = .5 < 1,
a=.5 X_;=1and Xy =27.

os4  *

. ‘o,
0 * + T M 1
0 10 0 30 ®

Figure 22: Convergence of solutions of Eq.(13) to zero when o = .5 and 4 = .5 < L.

The next example will show the convergence to zero when A = 5 <1, a=15 X_;=1
and Xg = 2.7.

T M \d t
0 10 20 » L

Figure 23: Convergence of solutions of Eq.(13) to zero when v = 1.5 and A = .5 < 1.
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The next example will show the convergence to zero when A =1, a = .5, X_; = .7 and
Xo = 2

«ce *

S\

0 160 . k] % 50

Figure 24: Convergence of solutions of Eq.(13) to zero when a = .5 and A = 1.

The next example will show the convergence to zero when A =1, a = 1.5, X_| = .7
and X, = 2.

Q
02,
T

y Y
2 190 200 300 0 0

Figure 25: Convergence of solutions of Eq.(13) to zero when o = 1.5 and A = 1.
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5.3 The case A > 1

In this section we will assume that A > 1 and we will analyze the global behavior of
the solutions of Eq.(13). In section 5.1 we showed that the two equilibrium points of
Eq.(13) are

_ ~  A-1

X1 =0 and Xg = —2-
It is our goal in this section to graphically illustrate that every positive solution of
Eq.(13) converges to a period 2 cycle or to the positive equilibrium point.

The computer observations show the existence of the following period 2 cycle

A-1
X,1=O, X(): § vy s
4

The following examples will graphically illustrate the existence of a period 2 cycle of
Eq.(13). The first example will show the existence of a period 2 cycle when A = 3,
a=.5 X_1=0and Xy =4

49 5 ¢ 8 ¥ 3 T B 2 8 & B B ¥ ¥ 5 T 3 2 2 & v O % ¥

o T T T T T
[ 10 0 k. @ 50

Figure 26: Existence of a period 2 solution of Eq.(13) when o = .5 and A = 3.
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The next example will show the existence of a period 2 cycle when A = 7, o = 1.5,

X_1 = 0 and X0=4

..........................

3

T T L T 1
10 n n L] 3

Figure 27: Existence of a period 2 solution of Eq.(13) when o = 1.5 and A = 7.

5,31 Thecase(O<a<1

The following examples will graphically illustrate the convergence of solutions of Eq.(13)
to a period 2 cycle. The first example will show the convergence to a period 2 cycle
when A=2,a=.7, X_;=1and X, = 2.7.

P A ]
»

* 3
A oo+

.....

T T 7 T 1
0 n » ® 5

Figure 28: Convergence of solutions of Eq.(13) to a period 2 cycle when a = .7 and

A=2
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The next example will show the convergence to a period 2 cycle when A = 3, a = .3,
X i=1and Xy;=2.7.

»
) f

T T T
»

T 1
9 ] » ® 2

Figure 29: Convergence of solutions of Eq.(13) to a period 2 cycle when o = .3 and
A=3.

The next example will show the convergence to a period 2 cycle when A = 15, a = .7,
X_1 =1 and X() = 2.7.

¢ T T T T 1
] 0 n » © 2

Figure 30: Convergence of solutions of Eq.(13) to a period 2 cycle when o = .7 and
A =15.
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5.3.2 Thecasel <a<?2

The following examples will graphically illustrate the convergence of solutions of Eq.(13)

to the positive equilibrium. The first example will show the convergence to 4! when

3
A=2 a=13, X_ =1and X, =2.7.

.
a5, . ".'.'.'.0'0,0.0,0.0...l,co'ooal:l.tlcl!bl

T T T T T 1
4 ] -] » ® » ®

Figure 31: Convergence of solutions of Eq.(13) to 12:1 = .5whena=13and A= 2.

The next example will show the convergence to 4% when A =5, o =13, X_; = 1 and
AX'() = 2.7

204 .'."','.'.u.o;toorure..nacooc

T T T T 1
¢ o 2 » L] 2

Figure 32: Convergence of solutions of Eq.(13) to % =2 when @ = 1.3 and A = 5.

49



The next example will show the convergence to ‘42‘ ! when A=5,a=13, X_;=.5and
Xy =1.2.

LA
204 . .‘.'.'.'.tl.llclilil!'l’Dbblil
.
L]

T T T T 1
] " » ] L] 2

Figure 33: Convergence of solutions of Eq.(13) to % =2 when a = 1.3 and A = 5.

The next example will show the convergence to ﬁ‘—g—l when A=10,a=17X_1=.5
and Xy = 1.2

454 QECP L ILEIEIIIEIOIIIIIEERITIEIISIEITIIETS
.

T T T =
0 1 » » “©

Figure 34: Convergence of solutions of Eq.(13) to izﬂ = 4.5 when a = 1.7 and A = 10.
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6 Conclusion and Future Work

It is our goal to continue the investigation of the global behavior of the positive solutions
of Eq.(1). In particular, it is our goal to analyze the following difference equations:

(1)
AXn_l

Ant1 = 1+Xn._8 +Xn_1 )

n=0,1,2,...,

where s > 2. We will investigate the boundedness nature, periodic nature, and
monotonicity of solutions.

Furthermore note that computer observations suggest that the following properties
are true:

(1.1) If s is even, then the following two statements are true:

(1.1.1) If A <1, then every solution converges to 0.

(1.1.2) If A > 1, then every positive solution converges to a period 2 cycle.
(1.2) If s is odd, then the following two statements are true:

(1.2.1) If A <1, then every solution converges to 0.

(1.2.2) If A > 1, then every positive solution converges to 4—2’—1.

. Aan»l
/n+l""1+Xn+Xn_1,

n=012...,

where {4,,}2, is a periodic sequence of positive real numbers. Moreover, we will
examine how the even and odd order periods of {A,} affect the monotonic and
periodic nature of the solutions.
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7 Code (in Maple)

Second order equation

> with(linalg):

> number := 40:

> y[-1] := 1:

> y[0] := 2.7:

> for k from 0 to number do:
y5k+1] = .5%y[k-1]/(14y[k]+y[k-1]):
od:

> ylist := [seq(y[k], k = 0 .. number)]:

> count := [seq(k, k = 0 .. number)]:

> ypts := zip((x, y) — [x, y], count, ylist):

> plot(ypts, style = point, symbol = solidcircle);

Fourth order equation

> with(linalg):
> number := 40:

> y[-3] := 4:
> y[-2] := 3:
> y[-1] := 2:
> y[0] := 1:

> for k from 0 to number do:
ylleh1] = 54yl (LK)
od:
> ylist := [seq(y[k], k = 0 .. number)]:
> count := [seq(k, k = 0 .. number)]:
> ypts := zip((x, y) — [x, y], count, ylist):
> plot(ypts, style = point, symbol = solidcircle);
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Fifth order equation

> with(linalg):
> number := 40:

> y[-4] := 1.5:
> y[-3] = .9:
> y[-2] :=.T:
> y[-1] := .5:
> y[0] := .3:

> for k from 0 to number do:
ylk+1] := .5*y[k-1]/(1+y[k]+y[k-1]):
od:
> ylist := [seq(y[k], k = 0 .. number)]:
> count := [seq(k, k = 0 .. number)]:
> ypts := zip((x, y) — [x, y], count, ylist):
> plot(ypts, style = point, symbol = solidcircle);

Sixth order equation

> with(linalg):
> number := 40:

> y[-5] = 2:
> y[-4] = 1.8:
> y[-3] := 1.7:
> y[-2] := 1.5:
> y[-1] := 1.3:
> y[0] := 1:

> for k from 0 to number do:
y([ik+1] = y[k-1]/(1+y[k]+y[k-1]):
od:
> ylist := [seq(y[k], k = 0 .. number)]:
> count := [seq(k, k = 0 .. number)]:
> ypts := zip((x, y) — [X, y], count, ylist):
> plot(ypts, style = point, symbol = solidcircle);



Seventh order equation

> with(linalg):
> number := 40:
> y[-6] :
> y[-5] :
> y[-4] :
> y[-3] :
> y[-2] :
> y[-1] :
= yl0] =,
> for k from 0 to number do:

ylkt1] = yliell/ (L i)

od:
> ylist := [seq(y[k], k = 0 .. number)]:
> count := [seq(k, k = 0 .. number)]:
> ypts := zip((x, y) — [x, y], count, ylist):
> plot(ypts, style = point, symbol = solidcircle);

I
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Second order equation with alpha (used in section 5)

> with(linalg):
> number := 40:

> a:= 0:
> yl-1] = 1:
> y[0] :=.T:

> for k from 0 to number do:
ylk+1] i= 5*y[k-1]/(1+(2-a) *y[k]+a*y[k-1]):

od:
> ylist := [seq(y[k], k = 0 .. number)]:
> count := [seq(k, k = 0 .. number)]:

> ypts := zip((x, y) — [x, y], count, ylist):
> plot(ypts, style = point, symbol = solidcircle);
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