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Abstract

The representation of integers in binary quadratic forms has been a penchant for math-
ematicians throughout history including the well known Pierre de Fermat and Charles
Hermite. The area has grown from simple representations as the sum of squares to rep-
resentations of the form x? — Dy? where D > 1 and square-free. Based on congruence
relations we will provide a classification criterion for the integers that can be represented
in the form x? — Dy? for various values of D (specifically D = 10 and 11). We will
also discuss methods for constructing such representations using the theory of continued

fractions, quadratic reciprocity and solutions to Pell’s equations.
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Notation

N=1{1,2,3,...}

Z ={0,£1,£2,...}
Q = rational numbers
R = real numbers

C = complex numbers



Chapter 1

Continued Fractions and Pell’s

Equation

1.1 Integer Representations, A Historical Perspective

Is it possible to represent a positive integer as the sum of the squares of two integers?
After a little thought we can conclude yes since 5 = 12 + 22. Are there more integers
that satisfy this requirement? The answer is yes and, in fact, there are an infinite number
of integers that can be represented as the sum of two squares. It is natural to consider
primes that have this property and if p is an odd prime and p = 1 (mod 4) then p can be

represented as the sum of two squares. Fermet later extended this to composite integers

n = 2% H pﬁ H q

p=1(4)  ¢=3(4)

n of the form

where v must be even, and p and ¢ are primes [5]. The problem of determining which
integers have a representation is solved but finding that representation can still be a
burden.

In 1848, Hermite published [3] in which he proposed an algorithmic method to find the
integers for the representation using quadratic residues and continued fractions. Later in
1972, Hermite’s algorithm was improved upon by Brillhart in [2] which is still the most
efficient algorithm for finding the representation. The method created by Hermite and
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extended upon by Brillhart was extended to other representations of the form u? + 5v2 by
Wilker in [7]. The algorithm Wilker uses is different from the one created by Hermite as
it applies the well known Euclidean algorithm to find the required representation. As it
often occurs, this method was then extended by Matthews in [4] to find representations
of integers in the form x? — Dy? where D = 2, 3,5, and 7. We shall extend this algorithm
to find representations when D = 10 and D = 11, but first we introduce one of the first

diophantine equations to have been posed.

1.2 Introduction to Pell’s Equation

There are many equations that mathematicians throughout history have attempted to
solve; some of those equations gave rise to new number systems, the complex field is a
prime example. However some of the oldest equations were only solved using integers and
in that light we have the field of diophantine equations. Diophantine equations are
those where only integer solutions are accepted. Therefore equations that are trivial in
relation to the complex or real field become quite interesting when working in the ring of
integers. A famous problem submitted by Archimedes, nicknamed the “Cattle Problem”,
determines the number of cattle required from eight different varieties that satisfy a system
of linear equations including certain requirements that two quantities are perfect squares
[6]. After much simplification of the equations and requirements the problem reduces to
finding integer solutions to
x? — 47294949% = 1.

Even today, without the proper tools, it is quite an equation to solve! It falls under the
category of equations known as Pell’s equations.

Pell’s equations are diophantine equations of the form
22— Dy* =1 (1.1)

where D € IN and D is square-free. If D < 0 then the equation has a finite number of
solutions [5]. We restrict D to be square free for the following reason. Assume D is not
square-free, which implies D = d?k for some d,k € Z. Then we have 22 — k(dy)? = 1

which is simply a new equation with a square-free D, namely k. If k is not square-free,
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then we simply perform the same procedure until we reduce the equation to an integer
which is square-free.

This equation has a rich history throughout mathematics and even well known math-
ematicians such as Fermat had their hand in the proverbial pot. Lagrange was the first to
prove that Pell’s Equation has infinitely many solutions if D is a fixed integer and not a
perfect square [5]. The equation is named after mathematician John Pell even though he
supplied little to the solution of such an equation. Leonard Euler mistakenly named the
equation for him after some confusion between Pell and William Brouncker who was one
of the first mathematicians to publish a solution technique [5],[6].

After finding solutions to (1.1), mathematicians expanded the equations to what are

known as generalized Pell’s equations and are given as
>~ Dy =N (1.2)

where D € IN, D is square free, and N is non-zero.

The most efficient means for solving Pell’s equations is using continued fractions. The
theory of continued fractions is another historically deep area of mathematics that, to
appreciate its full beauty, is beyond the scope of this paper. Certain results are needed

for the solution of (1.1) and hence will be included.

1.3 Continued Fractions

A continued fraction expansion of a real number £ is given as

bo
by

§=ap+

ai +
bo
ay+ ———
b3
az+ —

where a;,0; € C. If ag € Z, a; € N for i > 0, and b; = 1 for all j then this is considered

to be a simple continued fraction. A commonly used notation for a simple continued
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fraction, and the one we will use, is

£ = (ao;a1,a2,a3,---).

Each of these a; are called partial quotients since they are determined by repeated use
of the division algorithm. This then implies that a; > 0 for all ¢ > 1. We now have the

following result for rational numbers as provided by [5].

Theorem 1. A simple continued fraction is finite if and only if it represents a rational

number.

Proof. Let £ = (ag;a1,a2,- -+ ,a,) be a simple continued fraction. We proceed by induc-
tion. If n = 0 then £ = ag and since the continued fraction is simple £ € Q. Assume the

result holds for some k& € IN. Now consider & = (ag;ai, a2, ,ag, ax+1). Then note that

1

ay,ag, - .- 7ak‘+1>

(ap;ar,az, -+ ,aky1) = ap + (

and since the continued fraction is simple ag € Q so we need to establish the remaining
portion is rational. By the inductive hypothesis we know (ag; a1, az, - - ,ax) is rational and
hence (aj,as, - ,ar4+1) is rational since it is a simple continued fraction which contains k
terms. Therefore the entire continued fraction is rational. Thus by mathematical induction
the result holds for all £ € IN. Now let £ be a rational number which implies £ = i—? where
x0,x1 € Z, 1 # 0, and ged(zg, 1) = 1. Now applying the division algorithm to & using

xo and z1 we will obtain a series of equations of the form
Tj = Tj41Q; + Ti42 where 0 < Tivro < Tjx1

where eventually x;.0 = 0 for some ¢ € IN. If we take each a; as our partial quotients and
form a continued fraction then, since the division algorithm is guaranteed to end, it will
be finite. The result is established. |
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We now give the following recurrence relations as given by [5]

pi = a;pi-1+pi—2 fori >0 (1.3)
¢ = a;qi—1+ qi—2 fori >0 (1.4)

where p_o =0, p_1 =1, g2 = 1, and ¢_1 = 0. We have the following result provided by
[5].

Theorem 2. For any positive real number €,

<CLO'CL]_ R 1 §> — gpnfl +pn72
T Y §qn—1+ Gn—2

Proof. We proceed using induction. If n = 0 then we have

_p1tpo
g1+ q-2

which holds by (1.3) and (1.4). If we assume the result holds for some k£ € IN then consider

the case when n = k + 1. Then we have

1
(ag;ar,as,--- ,ag, &) = <a0§a17a27"‘ ,Ap—1, 0k + =

§

and applying the induction hypothesis we have

1 (ak + %)pnfl + Pn—2
ag; a1, a2, ,ak—1,0k + 7 ) = 1
§ (ar + E)anl + Gn—2

_&anpn—1+Epn—2 + Pn—1
B §anqn-1+&qn—2 + qn_1
_ &pnt+ P
 &nt g1

where the final equality holds by (1.3) and (1.4). Therefore by the principle of mathemat-
ical induction the result holds for all n € IN. [

Adding to this result we have the following results from [5] which will all aid in the

establishment of a later result.
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Theorem 3. If we define rn, = (ap; a1, - ,an) for all integers n > 0, then ry, = Z—: where

pn and gy, are given by (1.3) and (1.4).
The reader may refer to [5, p. 330] for the proof.

Theorem 4. Let ged(pi,qi) = 1. Then the equations

Pigi—1 — pi—1gi = (—1)""! ri—Tio] = ———
qiqi—1
hold for i > 1 and the identities
. —1)a
Pigi—2 — Pi—2¢i = (—1)'a; Ty —Ti—g = Jai
qiqi—2

hold for i > 1.
The reader may refer to [5, p. 330,331] for the proof.

Theorem 5. The values r, from Theorem 3 satisfy
rog<ro<rg<rg<---<rr<rg<rg<ri.

Furthermore, lim r, exists, and for every j >0, roj < lim r, < roj41.
n—oo n—oo

The reader may refer to [5, p. 331] for the proof.

The previous theorem suggests a definition for an infinite continued fraction. Note
the definition is the same as the finite version, except that it is infinite. This also yields
what is known as the n® convergent to an infinite continued fraction, which is defined
as r, as given by Theorem 3. Therefore we have the following result which will classify
irrational numbers, similar to Niven’s classification of rational numbers using continued

fractions [5].
Theorem 6. The value of any infinite simple continued fraction is irrational.

Proof. Let & = (ap;ay,az,---). By Theorem 5 then r, < £ < 7,41 for all n € IN. Using
this inequality we then have 0 < | — | < |rp41 — rn|. Now by the definition of r,, in
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Theorem 3 and using the identity in Theorem 4 we have

1
dndn+1 .

0<‘§—p"

dn

<

Now multiplying by ¢, we have

1
0< ‘gCIn _pn| < .
dn+1

Now let us assume £ = ? for some x,y € Z such that y > 0, i.e. £ € Q. Then the above
Yy

becomes

1
dn+1 '

X
—Qqn — Pn
Yy

0< <

Now multiplying through by y we have

0 < |zgn — ypn| < v
An+1
By the definition of ¢, given by (1.4) we know the integers are increasing and therefore

there exists an n € IN such that y < g,11. Which implies < 1 and hence

dn+1
0<|zg, —ypn| <1

which is a contradiction since |xg, — yp,| must be an integer. |

We now have a method for determining whether a continued fraction represents a
rational or irrational number. However, is it possible to have two different continued
fractions that represent the same number? The answer is no and is given by the following

result from [5].
Theorem 7. Two distinct infinite simple continued fractions converge to different values.

The reader may refer to [5, p. 333] for the proof.
We have previously shown that an infinite continued fraction represents an irrational

number we will now prove the converse as given in [5]. Consider an irrational number £
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which we can rewrite as

= an. a a Ay — = -——
§ = (ag;a1,az, -+, an-1,&n) ettt

where &, = a,, + and a; = |&,]. Applying Theorem 4 we have

§n+1

_ fnpn—l + Pn—2 _ Pn—1
€nQn—1 + qn—2 dn—1

5 — Tn—1

Now simplifying and applying the identities from Theorem 4 we have

S
anl(gn(hzfl + Qn72) .

g_rnfl =

Note that g, is increasing and positive for all n and &, is positive. Thus

—1)n—1
lim 1) =0
n—00 qn_l(fnqn_l + Qn—Q)

which implies
¢ = lim r, = lim (ag;a1,a2, - ,an) = (ap;a1,az, )

which completes the result.
We will now give results that prove continued fractions are the best approximations to

irrational numbers which will later be useful when finding approximations to numbers of

the form v/D.

Theorem 8. If% 15 a rational number with y > 0 such that ‘f — %

< ‘5 - 2’—: for some

n>1, theny > qn. In fact if |Ey — x| < |{qn — pn| for some n >0, then y > qp41.
The reader may refer to [5, p. 338,339] for the proof.

Theorem 9. Let £ denote any irrational number. If there is a rational number % with
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y > 1 such that

1
< —

X
F_y 202

then % equals one of the convergents of the simple continued fraction expansion of €.
The reader may refer to [5, p. 339] for the proof.

Theorem 10. The n'* convergent of% is the reciprocal of the (n — 1)t convergent of x

if x is any real number greater than 1.
The reader may refer to [5, p. 340] for the proof.
We now provide a small example of a continued fraction for an irrational number.

Example 1. Consider /2. First we have

1

V2=1+V2-1=1+
V2+1

and
1

V241

V2+1=24+V2-1=2+
which will continue to repeat. Therefore
V2=1+

2+
2+

1
24+ ...

Thus we have v2 = (1;2,2,2,---).

From this example we can define what is known as a periodic continued fraction;
if there exists an n € IN such that a, = a4, for all large r [5]. This can then be used
to simplify the notation a bit and in our previous example we can write v/2 = (1;2).
The following two results are useful for determining the continued fraction for quadratic

irrational numbers, i.e. numbers of the form v/ D where D is square free.
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Theorem 11. Any periodic simple continued fraction is a quadratic irrational number,

and conversely.
The reader may refer to [5, p. 345-348] for the proof.

Theorem 12. If the positive integer D is not a perfect square, the simple continued
fraction expansion of /D has the form

VD = (ag;ay, ag, -, ar_1, 2a0)

with ag = {\/T)J . Here r denotes the length of the shortest period in the expansion of v/D.

The reader may refer to [5, p. 349,350] for the proof.

1.4 Solution of Pell’s Equation

We now apply the previous section’s results to solving Pell’s equation.

Theorem 13. If D is a positive integer and not a perfect square, then p2 — Dq> =
D—m?

i+1
k;

(—=1)" 'k, 11 for all integers n > —1 where ki1 = with m;11 = ak; — m;.

The proof may be found in [5, p. 352].

Theorem 14. Let D be a positive integer, not a perfect square, and let the convergents to
the continued fraction expansion of VD be %. Let the integer N satisfy |[N| < VD. Then
any positive solution v = s, y =t of 2> — Dy?> = N with ged(s,t) = 1 satisfies s = pp,

t = qn for some positive integer n.

Proof. Let X and Y be positive integers such that ged(X,Y) = 1 and X% — AY? = p,
where /A is irrational and 0 < n < v/A. Note that in this case A,n € R. Then

X A:X—\/ZY <X+\/ZY)
Y Y X +VAY
X2 AY?
C Y(X +VAY)
U

T Y(X +VAY)



CHAPTER 1. CONTINUED FRACTIONS AND PELL’S EQUATION 12

Note that since 7 < v/A then

U _ VA
Y(X +VAY) Y (X +VAY)

and hence

X VA
0<?—\/K<m.

Now we have

VA 1 1

Y(X+YVA)  Y(K+Y) YA+

X X X
which with 0 < = — VA implies ——— > 1. This implies Y? < + 1) > 2Y?2 and
Y PR Ry P YVA
hence
1 1
YQ(L +1) < 2Y2
VAY

which further implies
X 1
— —VA| < —.
Y ‘ < 2y2

X
Now applying Theorem 9 this implies — is a convergent to the continued fraction of v/A.
If we assume N > 0 thenlet n = N, A =D, X = s, and Y =t we have the result. If

1 N N 1
we assume the alternate, N < 0, then t* — () s> = ——. Now let n = — A=—

D D D’
1
X =1t,and Y = s. This implies — is a convergent to ﬁ and using Theorem 10 this
S
implies ; is a convergent to v D. |

Now we have the result necessary to find solutions to Pell’s Equation provided by [5].

Theorem 15. All positive solutions of z> — Dy?> = +1 are to be found among x = py,
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Yy = qn, where 2—;‘ are the convergents of the expansion of D. If r is the period of the
expansion of VD and if v is even then x? — Dy?> = —1 has no solution and all positive
solutions of ©2 — Dy?> = 1 are given by & = Ppr—1, Y = Qur—1 forn = 1,2,3,.... Ifr is

odd, then = Pnr—1, Y = qur—1 give all positive solutions of x> — Dy? = —1 for odd n and

all positive solutions of x> — Dy?> =1 for even, non-zero n.

Proof. This result follows by applying Theorems 12, 13, and 14. |

This introduces the idea of what is known as the fundamental solution. The fun-
damental solution of (1.1) is the solution (x,y0), where xo is the least positive of all
solutions. We now provide a result which uses this solution to find all possible solutions

to (1.1) as given by [5].

Theorem 16. If (z1,y1) is the fundamental solution of x> — Dy? = 1, then all positive
solutions are given by (Tn,yn) for n > 1 where x, and vy, are defined by x, + yo,vVD =

(961 + y1\/ﬁ) .
Refer to [5, p. 354,355] for a proof.

These results give the reader a method to find solutions for (1.1), not only some but
all solutions. If we know that the pair (z1,y;) solves (1.1) and if a3 — Db2 = N then the
integers (ay, by,) are solutions to 2?2 — Dy? = N where they are defined as a, + bV D =
(ao + bg\/ﬁ) (xl + 1 \/E)n [5]. Therefore given the fundamental solution to (1.1) and a
single solution to (1.2) we can create an infinite family of solutions of that same equation.

We provide this idea as a result given by [6] as an exercise.

Theorem 17. If (xg,y0) s a solution to the equation x> — Dy?> = N and if (x1,v1)
is a solution to x®> — Dy? = 1 then (xox1 + Dyoy1, Toy1 + yor1) is another solution to
22— Dy’ =N.

Proof. Consider

N = (23 — Dy3) (2} — Dy?)
zoz1)® + D*(yoy1)* — D(zoy1)? — D(2190)?

zoz1)?® + D*(yoy1)? + 2Dzoz190y1 — 2Dx0x1y0y1 — D(20y1)? — D(2130)*

o~ o~ o~ o~

zox1 + Dyoy1)? — D(zoyr + x130)°



CHAPTER 1. CONTINUED FRACTIONS AND PELL’S EQUATION 14

Hence we have the result. [ |

Now let us apply all of this to a specific example.

Exzample 2. Consider the following equations

-2 =1 (1.5)
-2 =7 (1.6)
Then from (1.3) and (1.4) we have py = 1,q0 = 1 and p; = 3,q1 = 2. By Theorem
15 we have that (p1,q1) is a solution to (1.5). Then by inspection we have that z = 3
and y = 1 is a solution to (1.6). Then if we compute, as Theorem 16 suggests, we have

(2+ 3\/5)2 = 17 + 12v/2. A quick check shows that the pair z = 17,y = 12 solves (1.5).
Now applying Theorem 17 we have

(3(17) +2(1)(12))% — 2(17(1) + 12(3))* = 752 — 2(53)* =7

thus (75,53) is another solution to (1.6).



Chapter 2
Representation of Integers

As some of the material required for the algorithm relies on quadratric reciprocity, we
provide a short introduction into the subject. We also provide theorems that are used in

later proofs.

2.1 Quadratic Reciprocity

Consider the following equation, 2> = N for some N € IN. This is a straight forward
equation to solve especially if we allow x to be a real solution. If we restrict the solution
to the ring of integers then we decrease the solvability of the equation to N being a perfect
square. We can further increase the difficulty by considering the congruence z?> = N
(mod P) where P € IN and P > 1. Which, depending on the value of N and P, can be
difficult to solve. This provides the definition of a quadratic residue. For all N such
that the ged(P, N) = 1, N is a quadratic residue modulo P if 22 = N (mod P) has a
solution [5]. Otherwise it is known as a quadratic nonresidue modulo P.

To ease the notation for quadratic residues, the Legendre symbol was created. Let

p be an odd prime, then Legendre’s symbol is defined as

, if a is a quadratic residue modulo p

(“) 0, ifpl
— | = , i a
D p

—1, otherwise

15
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We will provide a theorem from [5] which provides a method to find primes which have 2

as a quadratic residue.
Theorem 18. If p is an odd prime and ged(a,2p) = 1, then
a (r—1)/2 - 9 ,
() = (=1)" where t= Z VJ ;also <> = (1) 1/8,
p = L p

The reader may refer to [5, p. 134] for a proof.
The next theorem is one of the most useful theorems in the field of quadratic reciprocity

which was introduced by Gauss.

Theorem 19. (Gaussian Reciprocity Law) If p and q are distinct odd primes, then

<p> ('J) _ (< 1){-D/2{(a-1/2),
q p

The reader may look to [5, p. 138] for the proof.
It is natural now to question if these theorems and the Legendre symbol hold for

composite numbers? Well this is where the Jacobi symbol comes to our aid. The Jacobi

(a)-11(5)

where (5) is the Legendre symbol and @ is positive and odd, such that @ = [[;_; ¢,

1

symbol is defined as

where each ¢; are odd primes. Note, that if 22 = @ (mod P) is soluble then (g) =1
however the converse is not necessarily true. This may seem counter-intuitive but the
definition was created with the Gaussian Reciprocity Law in mind which will become
evident.

The next theorem is helpful in the reduction of calculations for the Jacobi symbol.

Theorem 20. Suppose that Q) is odd and positive. Then

(2)(2)- ()
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The proof may be found in [5, p. 144].

The following theorem is the Jacobi equivalent to the previous Legendre theorem.

Theorem 21. If Q > 0 and odd, then

(;) ~ (—1)@ V2 gpg <é) _ (—1)@-Dss,

The reader may refer to [5, p. 144] for the proof.

The final theorem we cite, is the Reciprocity Law in relation to the Jacobi symbol.

Theorem 22. If P and Q) are odd and positive, and ged(P, Q) = 1, then

<P> <Q> _ () {P-0/2{@-1)/2,
o)\p

The proof may be found in [5, p. 145].

2.2 Euclidean Algorithm and Thue’s Theorem

Euclid’s algorithm is an important theorem that is taught to many students and has varied
uses. The primary use is to find the greatest common divisor between two integers. If the
algorithm is reversed it can be used to find the integers guaranteed by Bézout’s identity,
although for this use it is normally referred to as the Extended Euclidean Algorithm.
This algorithm can be represented as a series of recurrence relations which we will state

following the first necessary algorithm.

Theorem 23. (Division Algorithm) Let a,b € Z where b > 0. Then there exists unique
integers q and v such that a = bq + r where 0 < 7 < b.

A proof of this can be found in any Discrete or Number Theory text including [5,
p. 5,6].

The following are the recurrence relations needed as described above, also known as
the Extended Euclidean algorithm.
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Theorem 24. (Euclidean Algorithm) Let a,b € IN, with a > b and bta. Define the

recurrence relations

Tk+1 = Tk—1 — Tkqk, (2-1)
tre41 = tg—1 — Trqk, (2.2)
Sk+1 = Sk—1 — Sk4k, (2-3)

for 1 < k < n with initial conditions ro =a, 11 =b, so=1,s1=0,t =0, t1 =1, and

where 0 < rg4q < ri with v, = 1. Then we have the following results:

sk = (—1)"[si],
tk = (_1)k+1 ‘tk’ )
s3] < [sa| <+ <lspt1l,

(
(
(
[ta] < lts| <+ <[tnsal, (
a = |tg| rg—1 + |ts—1|m  for 1 <k <n+1, and (

(

ry = sga+ b for 1 <k <n+41.

All of the results given above can be easily proven using induction. We now present
an extremely useful theorem proven by Axel Thue that provides a bound for solving a

congruence based upon certain conditions.

Theorem 25. (Thue) Let a,b € Z such that 1 < b < a and ged(a,b) = 1. Then the

congruence bx =y (mod a) has a solution in nonzero integers x and y satisfying |x| < v/a
and |y| < v/a.

Proof. Let s = |y/a|. Thus \/a < s+ 1 which implies a < (s + 1)2. Now consider the
integers bz —y where € [0, s] and y € [0, s]. Since there are (s + 1)? unique integer pairs
(z,y) there will be (s+1)2 integers created by these pairs of the form bz —y. Now if we use
the integers of the form bx —y as pigeons and the remainders modulo a as our pigeonholes,
by the pigeonhole principle there must exist two pairs of integers that correspond to the
same remainder class modulo a. Assume the two integer pairs are (r1,y1) and (z2,y2).

Thus bx; —y1 = bra—y2 (mod a). Rewriting we have b(z1—xz2) = (y1—y2) (mod a). Note
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these integer pairs are unique and therefore both 1 — o = 0 and y; — y2» = 0 cannot hold
at once. If x1 = x9 and y; # yo then a|y; —y2. Without loss of generality assume y; > yo,
then y; = am + yo for some nonzero positive integer m. Which yields the contradiction
y1 > a. Similarly if y; = yo and x1 # 22 then a | b(z1 — x2). Without loss of generality
assume 1 > x9, then ged(a,b) = 1 implies a | 21 — x2. Thus x; = an + x5 for some
nonzero positive integer n. Again, leading to the contradiction that x; > a. Therefore
r1 — T2 and y1 — yo are nonzero integers. Note that the smallest separation of integers is
a distance of 1 and the largest separation of integers is a distance of s. Therefore we have
1< |z —xo] <sand 1 < |y; —y2| < s. We choose = x1 — x5 and y = y; — y2 and have

our result. ]

2.3 Representation of Integers in the Form 2> — Dy?

We now focus on finding representations of integers in the form
z? — Dy? = kN (2.10)

where x is “small”, D > 1 and square-free, and N > 1 and odd. We shall disregard the
case when N = 1 as this problem reduces to Pell’s equation which has been completely
solved in the first chapter. Therefore our goal is, given a square-free integer D > 1, for
which values of N is it possible to find a representation in the form z? — Dy?. If there is
such a representation, how can we find those values z and y to have this form satisfying
the condition ged(x,y) = 1?7 Once we find a single representation 2 and y, are there more
integers that create this representation? If so, how can we find these solutions? Given the
representation for IV, can we find representations for all multiples of N, i.e. KN? As we
progress through this chapter we shall see that representations for certain integers indeed
exist and we can find those representations based upon the ideas developed by Hermite,
Brillhart, Wilker and Matthews.

If we view (2.10) under modulo N we see 22 = Dy? (mod N) and since ged(y, N) = 1,
y~! exists modulo N. Thus (zy~!)?> = D (mod N) which we shall assume is soluble from
here on. This provides us with a value, say u, for which D is a quadratic residue modulo
N, ie. v = D (mod N). Therefore we have () = 1 by definition, which will become
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useful when we begin to delineate different cases.

From the above, we have u = zy ™"

(mod N) which implies yu = x (mod N). Apply-
ing Thue’s theorem, we know this congruence has a solution for non-zero z and y such
that |z| < VN and |y| < v N. Therefore we know there exist integers m and j such that

uy —x = Nm and u? — D = Nj. Solving the first equation for u and substituting we have

N 2
(W) _D=Nj
Yy
N2m? + 2Nmax + 2? — Dy? = Njy?
22 — Dy? = N(jy? — Nm? + 2mz)

We can thus conclude N | 22 — Dy?. Based upon the bounds provided by Thue’s theorem,
we know z2 < N and y2 < N so z? — Dy2 < N. We also have —Dy2 > —DN and
therefore 22 — Dy? > —DN. Hence the integers given, x and y, will provide a solution to
an equation within

~DN <z?-Dy? <N (2.11)

Thue’s theorem guarantees the existence of such integers within the given bound; however
it does not yield a method to find those integers.

Suppose we apply the Euclidean algorithm where a = N and b = u, using the three
recurrence relations as well as the properties listed in the statement of the theorem. In
particular, (2.9) states r, = Nsy + uty for 1 < k < n + 1. Taking this equation modulo
N will yield the congruence r = uty (mod N) which is similar to the congruence given
above in terms of xz and y. To guarantee a solution to this congruence consider the
following: first, by definition the remainders r; are a monotonically decreasing sequence
to 0. Therefore there must exist a largest index 1 < A < n such that r) < V/N and
therefore ry < v/N < ry_1. Then (2.8) provides us with N = |ty|ra_1 + |ta_1| 7 for the

largest index A.
Claim 1. |ty| < VN for all A > 1.

Proof. Suppose A = 1, then ty_; = 0. But |ty] = 1 < v/N since N > 1. If A > 2, then
lta_1] > 1 but r\ # 0 since 1 < A < n. Therefore N > |ty| ra_; and thus |[ty| <vVN. R
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Therefore we have our solution to the congruence guaranteed by Thue’s theorem,
using the values for x = ry and y = t). We will now show these values indeed provide a

representation of the form z? — Dy?.

Lemma 1. Let a = N and b = u in the Fuclidean algorithm. Then rk Dt% is monoton-

ically decreasing for 0 < k < n from N? to 1 — Dt2 and are always multiples of N.

Proof. If k = 0 then 73 — Dt3 = N2. If k = n then r2 — Dt2 = 1 — Dt2. From the
Euclidean algorithm ry > 71, and thus N > u. Thus N? > u? — D. Therefore

N? =73 — Dt} >r? - Dt} =u* - D

Also 71 > 7o by the Euclidean algorithm and thus v > N — uq; which yields u? >
(N —ug1)?. We now have two possibilities, if ¢; # 0 then —D > Dg?. Thus u?> — D >
(N — uq1)? — Dg? which yields r? — Dt? > r3 — Dt3. If g1 = 0 then ry = 19 — r1q; which
yields ro + r1q1 = ¢ which is a contradiction as 79 < rg thus ¢; # 0. Therefore we have
N? =r§ — Dt§ > r{ — Dt} > r3 — Dt3. For the remaining cases, 7 < ¢, by (2.7) which
implies —DtQ > Dtk +1- By the Euclidean algorithm, 4 > rg41 which implies r,% > r,% 41
Thus rk Dt2 > rk 41 Dt% 41 Hence we have the first result. Now consider

= (spN + tgu)? — Dt2  (mod N)
(sxN)? + (tgu)? + 2N sptpu — Dtz (mod N)
t2(u* ~=D)=0 (mod N) “u?’=D (mod N)

This lemma is stating regardless of which values we choose for r; and t; we will always
find a representation in the form x? — Dy? for some multiple of N. In fact, our specific
choice r) and t, will also provide a representation for some multiple of N.

We now proceed in determining a bound for which multiple of N will our values r)

and ¢t yield our desired representation.

Claim 2. 7’?\ — Dt?\ = —¢N wherel<{<D
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Proof. By Claim 1 we have t3 < N. This implies —Dt3 > —DN and hence 7} — Dt3 >
—DN. We also have r) < V/N which implies 7“/2\ < N so ri — Dti < N. Therefore we
have —DN < 13 — Dt3 < N. Thus r — Dt = —¢N where —1 < ¢ < D. If { = 0,

3
then D = (%) which contradicts the assumption that D is square-free. Consequently

r3 — Dt3 = —¢N where 1 < (< D. |

We now know that our representation will be within the bounds of —DN to —N using
our index of A. However Lemma 1 stated that every index for ry and t; will yield a
multiple of N, including the index A — 1. Provided we can find bounds on the value for
ra—1 we can find bounds for which multiple of N the values ry_1 and t)_; will yield a

representation.

[eN
Lemma 2. [ty\| > /5

Proof. Rewriting (2) we have r3 + (N = Dt3 which implies Dt3 > ¢N and hence we have

/¢N
Lemma 3. ry_; < DTN

Proof. By the use of (2.8), we have N = |tx|ra—1 + [ta—1|7x > |ta| 7a—1. Applying Lemma
2 we have N > ry_14/ % and simplifying ry_1 < %. |
Applying Lemmas 1 and 3 we have the following bound on the representation using
the values of A — 1.
DN

r3 —Dt3 <ri_, —Dt5_; < - (2.12)

We continue by providing results that will allow us to delineate between which repre-

sentations we have found using our values provided using A and A — 1.

Lemma 4. (rprp_1 — Dtgptp_1)? — D(tp_17p — tpTp—1)> = (7‘,% — Dt%)(rzfl - Dtifl)
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Proof. Consider

(riri—1 — Dtgty_1)* — D(tg_17% — tprp—1)?

= (rprp—1)* + (Dtgtp_1)? — D((tp_171)* — (trrr1)?)
(7”1%71 - thfl) - Dt%(ﬁ%fl - Dt%ﬂ)
= 7“1% - Dt%)(ﬁ%fl - Dt%fl)

We also have the following identity.
Lemma 5. Tktk—l — ’r‘k_ltk = (—1)kN

Proof. From (2.8) we have N = |t|rt—1 + |tk—1| rr and using (2.5) we can break this into

two cases. If k is even then
N = (—1)k+1tka_1 + (—l)ktk_lrk =t 17T — tEeT_1 = (—1)kN.

If k is odd then N = _tk—lrk + tkrk—l and hence —N = tk—lTk: — tkrk_l = (—1)kN.
Therefore the result holds for all k. |

Now combining Lemmas 4 and 5 we have the following result.
Lemma 6. rpry_1 — Dtgtp_1 = twN  where 1 <w < D
Proof. Using the results from Lemma 4, Lemma 5, and (2) we have
(rirk—1 — Dtgtp_1)* — DN? = £l N?  where 1 < {0, < D2
Which further implies
rEre—1 — Ditgtp_1 = N/ L1 + D.

Note that the left side of the equation is an integer which implies the right side of the
equation must also be an integer. Thus let w € IN such that w? = £.0,_; + D. Then we
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have 1 < V1+D < w < vVD?2+ D < +/2D. Finally r,ry_1 — Dtyty—1 = +wN where
1<w<D. [ |

Using (2.5), txtrx—1 < 0 and hence
rere—1 + DTy Tp_1 = wN  where 1 <w < D (2.13)

where T}, = |tx| and Tip—1 = |tx—1|. Note, the left side of the equation is positive which

implies the right side must also be positive. Since N > 1 we remove the £ requirement.

2.3.1 Representations in the Form z? — 23>

For the solubility of the equation, we assume u? = D (mod N) is soluble which implies

(%) = 1. Thus by Theorem 21, which is applicable since N > 1 and odd by our assump-

N2-1
tion, we have (%) = (—1) 5 . Since we need this to be one, we have the following:

2 _
N8 o (mod 2) = N2 —1=0 (mod 16)

= N?=1 (mod 16)
= N =41 (mod 16)
= N=+1 (mod 8)

Thus for the equation to be soluble we require N = +1 (mod 8).
Now by (2) we have r} — 2t = —N. Then by Lemma 3 we have r;_; < v/2N which

implies 7“,%71 < 2N and hence
~N=rf 22 <ri_, -2, <ri_, <2N

therefore r,il — 2t%71 =N.
Example 3. Consider N = 401. Then u? = 2 (mod 401) yields v = +53 (mod 401).
Applying the Euclidean algorithm we find the remainder where 7, < 20 and have A = 4.

Therefore we have ry = 7 and t) = —15 yielding the representation 72 — 2(—15)? = —401.
Also ry_1 = 23 and t_; = 8 yielding the representation 232 — 2(8)? = 401.
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We will forgo the case of D = 3 as given in Matthews [4] and continue on to the D =5
case as it provides more insight into the different representations and how to delineate

between the different values.

2.3.2 Representations in the Form 22 — 51>

Assuming (2) = 1, by Theorem 22 we have (%) = (%) (—1)((N=D/2)((5=1)/2) — (%)
This theorem applies since we assume ged(D, N) = 1 which implies ged(5, N) = 1. Since
x = £1 (mod 5) are the only quadratic residues modulo 5 this implies that (%) =1if
and only if N = £1 (mod 5). From Claim 2 we have r?\ — 5t2 = —N,—2N,—3N, —4N.
We can rule out the cases for —3N and —2N as follows. Assume ri - 575%\ = —3N. Taking
this modulo 5 we have 73 = F3 (mod 5) but 2 and 3 are not quadratic residues modulo
5 hence this equation is not soluble. Now assume T?\ — 5t§\ = —2N. Then, again taking
modulo 5, we have r?\ = F2 (mod 5) and we have the same contradiction. Thus the only

possibilities are ri — Bt?\ =—-Nor r?\ — 5t§\ = —4N which we will now break up into cases.

Representations of — IV

Let us take this equation modulo 5 and we have r? = F1 (mod 5) since N = +1 (mod 5).
Which implies either 7y = £1 (mod 5) or 7y = £2 (mod 5) when N = F1 (mod 5)
respectively. If we take the equation modulo 2 then we have r — 5t3 = —N (mod 2).
Since N is odd we have r; —t3 = 1 (mod 2) which implies ) =ty + 1 (mod 2). Using

Lemma 3 we have ri_l < 5N and hence
—N = T%\ — 5t§\ < 7’%\_1 — 5t§\_1 < T?\_l < 5N

which implies 7“?\_1 — 575%_1 = N,2N,3N,4N. We can again rule out the possibilities of 2.V
and 3N using the same argument as for 7‘/2\ — 5t§\ above by taking the equation modulo 5.
Therefore r?\_l — 5t?\_1 =N or 7"?\_1 — 5t§_1 = 4N which again we will divide into cases.
Case I: Ti—l — St?\fl =N

Applying the same procedure used to find Lemma 6 we use Lemma 4 and find (ryry_1 —
Stata_1)2 = —N? + 5N2 = 4N2. Thus r\ra_1 + 5T\Th_1 = 2N. Henceforth we shall

disregard this computation and simply refer to the application of Lemma 6. Thus using
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(2.8) we also have Thryx_1 +r\Th_1 = N. Now solving these equations for r)_; and T)\_;

we have
ry_1 = —2ry+ 51\ and Th_1 = —r)+2T).

and from these we have ry_1 = —2r) (mod 5).
Case II: 7‘371 — 575%\71 =4N
Using Lemma 6 we have ryry_1 +5T»\Th—1 = N and (2.8) we solve for ry_; and Th_; and

have
ry_1=-ry+5T\ and T\_1=—-r\+1).
Thus we conclude ry_; = —r) (mod 5).

Representations of —4N

We begin by taking this equation modulo 5 and we have ri = F4 (mod 5). Therefore if
N = —1 (mod 5) we have ry = 2 (mod 5) and if N =1 (mod 5) then ry = £1 (mod 5).
If we take the equation modulo 2 then we have r3 —5t3 = —4N (mod 2). Thus 73 —t3 =0
(mod 2) which implies ) =t (mod 2). If both r) and ¢, are even it provides a solution
provided r)/2 and t,/2 provide a representation for —N. Thus we can conclude r) and
t) are both odd. From Lemma 3 we have 7"3\71 < % and thus

AN =758 <y — BBy <Ry <
which implies r§\71 - 5t§_1 = —3N,—2N,—N,N. The cases for —3N and —2N can be
ruled out immediately as before and hence we only have the following two cases.
Case I: 743\71 - St?\fl =-N
From Lemma 6 we have ryry_1 + 57)\Tx—1 = 3N and using (2.8) we solve for r)_; and

T\_1 and have

dry_1 = —3ry+ 5T\ and 4T _1 = —r) + 3T).
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Now taking the second equation modulo 4 we obtain ) = 3Ty (mod 4).

Case II: r3_, —5t3_, =N

From Lemma 6 we know ryry_1 +5T)\T_1 = N and with (2.8) we solve for ry_1 and T)_1
and find

dry_1 = —ry+5T\ and 4Ty_1 = —ry+T).

Performing a modulo 4 operation on the second equation yields ry = T (mod 4). Reca-

pitulating we have the following results.
1. If N =41 (mod 5) and 7y =t) + 1 (mod 2) then r§ — 53 = —N.

(a) If r\_y = —2r) (mod 5) then r3_, —5t3 |, = N.
(b) If ry_y = —ry (mod 5) then r¥_| —5t3 | = 4N.

2. If N=+1 (mod 5) and ry =¢5 =1 (mod 2) then 73 — 5t3 = —4N.
(a) If ry = 3T\ (mod 4) then r3 ; —5t3 | = —N.
(b) If ry =T\ (mod 4) then r3_, —5t3_; = N.

The cases for D = 6 and D = 7 can be found in [4]. The following two chapters extend
this to the cases where D = 10, 11.



Chapter 3

Representations in the Form
2 — 1Oy2

We will now focus on the representations of the form x? — 10y? and find classifications for

the possible representations.

3.1 Setting Up

First, by the assumption required for the solubility of the equation we require (%) = 1.
Using Theorem 20 we have (%) (%) = (%) = 1. Therefore either both Jacobi symbols
are 1 or both are -1. Previously we have shown the requirements for (%) =1and (%) =1
such that N = £1 (mod 8) and N = £1 (mod 5) respectively. We will now focus when

2 5 2 NZ-1 .. .
(%) = —1and () = —1. By Theorem 21 we have (%) = (—1) & = —1. This implies
N28_1 =1 (mod 2) and thus N2 =9 (mod 16). Thus N = £3 (mod 16), in fact N = £3
(mod 8). Applying Theorem 22 we have () = (%) (—1)2¥ = (%) = —1. Since N

is not a quadratic residue modulo 5 whenever N = 42 (mod 5) this is our requirement.

28
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Applying the Chinese Remainder Theorem we can combine these results as follows:

N=1 (mod8 and N=1 (mod5) — N=1 (mod 40)
N=1 (mod8)and N=4 (mod5) — N=9 (mod 40)
N=7 (mod8) and N=1 (mod5)— N=-9 (mod 40)
N=7 (mod8)and N=4 (mod5)— N=-1 (mod 40)
N=3 (mod8)and N=2 (mod5)— N=-13 (mod 40)
N=3 (mod8)and N=3 (modb5)— N=3 (mod 40)
N=5 (mod8)and N=2 (mod5)— N=-3 (mod 40)
N=5 (mod8)and N=3 (mod5)— N =13 (mod 40)

By Claim 2 we then have the following possible representations
—9N <73 — 1063 < —N.

We first eliminate those representations that will yield no solution for N = £1,+9
(mod 40) and begin with the equation r3 — 103 = —8N. If N =1 (mod 40) then we have
r? =2 (mod 5) which is impossible since 2 is not a quadratic residue modulo 5. Similarly
if N =9 (mod 40) or N = —9 (mod 40) we have the contradictions 7} = 3 (mod 5) or
r? = 2 (mod 5) respectively. The next case is when r3 — 1063 = —7N and we have the

following contradictions

N=1 (mod40) — r;=3 (mod 5)
N=-1 (mod40) — 3 =2 (mod 5)
N=9 (mod40) — =2 (mod 5)
N=-9 (mod40) —7r3=3 (mod5)

Consider r%\ — 10t§\ = —5N. Then ry = 0 (mod 5) and hence ry = 5j for some j € Z.
Using this we have 5j2 — 2t3 = —N but this implies, assuming N = 1 (mod 40), the
contradiction #3 = 3 (mod 5). If we have N = —1 (mod 5) this implies the contradiction
t3 = 2 (mod 5). Similarly if N =9 (mod 40) or N = —9 (mod 40) then we have the
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contradictions ¢3 = 2 (mod 5) or ¢3 = —3 (mod 5). Continuing on to the representation
ri —10t? = —3N we have the following contradictions
N=1 (mod40) —r3=2 (mod5)
N=-1 (mod40) — r;=3 (mod 5)
N=9 (mod40) — 3 =3 (mod5)
N=-9 (mod40) — 3 =2 (mod 5)
Finally we have the equation 73 — 10t3 = —2N and we have the contradictions
N=1 (mod40) — 73 =3 (mod5)
N=-1 (mod40) —r3=2 (mod5)
N=9 (mod40) —7r3=2 (mod5)
N=-9 (mod40) —r3=3 (mod5)
Therefore the only possible representations are r?\ — 10t§\ = —9N,—6N,—4N,—N for

N = 41,49 (mod 40).

When N = 43, £13 (mod 40) the possible representations will vary from those with

the other possible values for N. If 73 — 103 = —9N then the following contradictions are
produced
N=3 (mod40) — 3 =3 (mod5)
N =37 (mod 40) — 73 =2 (mod 5)
N =27 (mod 40) — 2 =2 (mod 5)
N =13 (mod 40) — 2 =3 (mod 5)
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When r3 — 103 = —6N the following contradictions are found
=3 (mod 40) — 73 =2 (mod 5)
N =37 (mod40) — 73 =3 (mod 5)
N =27 (mod 40) — 73 =3 (mod 5)
N =13 (mod 40) — 73 =2 (mod 5)
The case ri —10t3 = —4N is also impossible as
=3 (mod 40) — 73 =3 (mod 5)
N =37 (mod 40) — 73 =2 (mod 5)
N =27 (mod 40) — 73 =2 (mod 5)
N =13 (mod 40) — 2 =3 (mod 5)
Finally the case r3 — 10t3 = —N is impossible since
N =3 (mod40) — 3 =2 (mod5)
N =37 (mod 40) — 72 =3 (mod 5)
N =27 (mod 40) — 73 =3 (mod 5)
N =13 (mod 40) — 73 =2 (mod 5)

Therefore the only possible representations are r?\ —10t2 = —8N,—7N, —5N, —3N, —2N
for N = £3,+13 (mod 40).
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3.2 Representations of —9N

We begin by classifying the representations based on the varying values for N. Therefore

we have the following classifications

N=1 (mod40) —r3=1 (mod5)—ry==1 (mod5)
N=-1 (mod40) —r3=4 (mod5)— ry=+2 (mod5)
N=9 (mod40) —r3=4 (mod5)—ry=+2 (mod5)
N=-9 (mod40) —ri=1 (mod5)— ry==+1 (mod5)
Consider
r3 —10t3 =0 (mod 9)
3 —t3=0 (mod 9)

and hence ry = £t) (mod 9). We now apply Lemma 3 and have 7“?\_1 < % and hence

10N
—9N =73 — 1085 <r3_; —105_; <134 < 5
Thus the only possibilities are 7’?\_1 - 10t?\_1 = —6N,—4N,—N,N.
We now establish a Lemma that will be useful in providing solutions for cases when
r3_; —10t3_, = —4N and r3 — 10t3 = —4N.

Lemma 7. 22 — 10y? = 4N has a possible representation if and only if v? —10y?> = £N
has a representation. Moreover, if x and y are the integers that create a representation
for =N, then 2x and 2y create the representation for +4N.

Proof. The reverse implication is straightforward by simply using the values 2x and 2y.
Assume there exists a representation to 2 — 10y?> = 44N, say a,b € Z. Then a? =

(mod 2) and hence @ = 0 (mod 2). This implies a = 2a where ¢ € Z. Thus we have
442 — 10b? = +4N and reducing modulo 4 we have —2b* = 0 (mod 4). This implies b = 0

(mod 2) and hence b = 2b for some b € Z. Hence we have 4a2 — 10(4b?) = +4N and
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dividing by 4 we have a* — 1062 = +N. Therefore the result holds. |

From this Lemma we can conclude that the case 7“3\71 - 1075%_1 = —4N is dependent

upon the case for —N. However from Lemma 6 we have r\ry_1 + 10T0Th—1 = V19N for
the case 1"371 — 1025%\71 = — N which impossible since V19 & 7. Thus the cases for —4N
and —N have no solutions.
Case I: Ti—l — 1025%\71 = —6N

By Lemma 6 we have ryry_1 + 107\T»—1 = 8N and using (2.8) we can solve for ry_;

and T»_1. Therefore we have
Ory_1 = —8ry+ 107, and 97T)\_1 = —7ry+ 8T).

Taking the first equation modulo 9 we have the condition )y = =T (mod 9).
Case II: 75\71 - 1075%_1 =N

By Lemma 6 we have ryry_1 + 107\7\—1 = N and using (2.8) we solve for r)_; and
T_1. Thus we have

Ory_1 = —ry+ 107y and 9Th_1 = —ry+T).

Thus taking the second equation modulo 9 we have the classification 7y = T (mod 9).
Also note that since there is a representation then by Lemma 7 r?\_l — 1Ot§_1 = 4N also

has a representation.

3.3 Representations of —8N

A representation for —8N is reliant upon —2N as is evident by the following lemma.

Lemma 8. 22 —10y? = £8N has a possible representation if and only if x> —10y? = £2N
has a representation. Moreover, if x and y are the integers that create a representation
for 22N, then 2x and 2y create the representation for £8N.

Proof. The reverse implication is straightforward by simply using the values 2z and 2y.
Assume there exists a, b € Z such that a®> — 116> = +8N. Now taking the equation modulo
2 we have a®> = 0 (mod 2) which implies @ = 0 (mod 2). Thus there exists @ € Z such
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that a = 24. Thus a® — 10b? = 44 — 106> = £8N so —5b*> =0 (mod 2) so b =0 (mod 2).
Therefore there exists b € Z such that b = 2b. Hence a2 — 10b% = 442 — 10(4b%) = —8N so
a* — 10b° = £2N. n

3.4 Representations of —7N

A potential representation for —7N is impossible when N = £+3, £13 (mod 40).
Lemma 9. The representation x> — 10y%> = —7N s impossible.

Proof. Let N = 43,413 (mod 40) and assume a, b € Z such that a®> —10b> = —7N. Then
a? — 10b% = a® — 36> = 0 (mod 7). Therefore a® = 3b> (mod 7) and the only possibilities
are a®> = 1,2,4 (mod 7). If a®> = 2 (mod 7) then 36> = 2 (mod 7) so b*> = 10 (mod 7)
which is a contradiction. Also if 36> = 4 (mod 7) then b*> = 6 (mod 7) which is impossible.
Finally if 3b> = 1 (mod 7) then b?> = 5 (mod 7) which is also a contradiction. Therefore

such a and b cannot exist. [ |

3.5 Representations of —6/N

We now have the following classification for solutions to this equation as follows:

N=1 (mod40) — r{ =4 (mod5) — ry=42 (mod 5)
N=-1 (mod40) —r3=1 (mod5) — ry==1 (mod5)
N=9 (mod40) —7r3=1 (mod5)— ry==1 (mod5)
N=-9 (mod40) —r3=4 (mod5)— ry==2 (mod5)

If we mod this equation by 6 we have

3 —10t3 =0 (mod 6)
r3 —4t3 =0 (mod 6)
ry = £2ty (mod 6)
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Now applying Lemma 3 we have ri_l < % and hence

5N
—6N =73 1083 <73, —1065_, <ri_; < N
Therefore the only possible representations are 7'?\_1 - 10t§\_1 = —4N,—N, N eliminating

the others based on the congruences for N. Note the case for —4N is dependent upon the
case for —N based upon Lemma 7.
Case I: Ti—l — 1025%\71 =-—-N

Now using Lemma 6 we have ryry_1 + 1073Ty—1 = 4N and using (2.8) we solve for
ry—1 and T)_7 and find

6ry_1 = —4r) + 107y and 6Ty_1 = —r) + 4T).

Therefore reducing the second equation modulo 3 we have ry = T) (mod 3). Therefore
taking these solutions and applying Lemma 7 we will have the solutions to 7“?\71 — 1015%_1 =
—4N.
Case II: 7‘/2\71 - 1075%_1 =N

From Lemma 6 we have ryry_1 + 1073Th_1 = 2N and using (2.8) we again solve for

ry—1 and Th_y. We then find the following equations
6ry_1 = —2r)+ 107, and 671)\_1 = —7ry\+ 27).
Which yields the following classification ry = —7T) (mod 3). In addition we can find
solutions to 73 | — 10t3 ;| = 4N by applying Lemma 7.
3.6 Representations of —5NV

This representation is only possible if N = £3,+13 (mod 40). Applying Lemma 3 we

have

—5N =73 — 1063 <ri_; — 1065_, < 2N
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Therefore the only possible representations will be ri_l —10753_1 = —4N,—-3N,—-2N,—N, N.
We can eliminate the possibilities of —4/N and — /N based on the same contradictions found
above. We can also eliminate the cases for —2N and N using Lemma 6 as ryry_1 +
10T\T»—1 = V20N and V5N respectively.
Case I: 743\71 - 1075%\71 = -3N

Using Lemma 6, ryry_1 + 107\75_1 = 5N. Hence ry_1 = 2T\ — r) and 5Ty =
—ry + 5T using (2.8) and solving for ry_; and T\_;. Finally taking the first equation
modulo 2 we have ry_1 = r) (mod 2) and the second equation modulo 5 yields ry = 0
(mod 5).

3.7 Representations of —4N

We refer the reader to the case of r?\ — 102 = —N based on Lemma 7.

3.8 Representations of —3N

The representation for —3N is only possible when N = +3,+13 (mod 40). If r — 10t3 =
—3N then 72 — 3 = 0 (mod 3). Therefore ry = £t, (mod 3). Using Lemma 3 we

construct the bound for the A — 1 case as

10N
—3N =73 — 1083 <7r3i_; —1063_; < =

We can eliminate the case of —N as it will yield a similar contradiction as above based
upon quadratic reciprocity. We can also eliminate the case for N using Lemma 6 as
rara—1 + 1073Th—1 = v/6N. Thus the only possibilities are —N, 2N, 3N.
Case I: 7"/2\_1 — lOti_1 = 2N

In this case we have, ryry_1 + 107\T\—1 = 4N by Lemma 6. Solving (2.8) and the

aforementioned equation for ry_; and T)_1 yield
—37",\_1 = 4’/“)\ — IOT)\ and — 3T,\_1 =T\ — 4T)\.

The first equation is equivalent to 7ry_1 = 4r) (mod 10) and the second yields T\ = r)
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(mod 3).
Case I: v3_; — 10t3_; = 2N
This case yields ryry_1 + 1070\T—1 = 2N and using (2.8) we solve for ry_1 and T)_1.

Therefore
—37“)\,1 = 27")\ — 10T)\ and — 3T)\,1 =T)N— QT)\.

Which gives us the classifications of 7ry_; = 2r) (mod 10) and T = 2r) (mod 3).
Case I: 7’371 — 1025%\71 =3N
By Lemma 6 we have ryry_1 + 107\T\—; = N and using (2.8) we have

_3T)\_1 =T\ — IOT)\ and — 3T/\_1 =7Ty— T)\

These two equations yield the classifications 7ry_; = r)\ (mod 10) and r\ = T) (mod 3)

respectively.

3.9 Representations of —2N

This representation will only be possible provided N = £3, +13 (mod 40) and therefore
r3 =0 (mod 2) so ry =0 (mod 2). Applying Lemma 3 we have

—2N =73 1083 <r3_; —10t3_; < 5N

We can eliminate the case for —N as we did for the A\ values. The values for N,2N, 4N
are impossible using Lemma 6 as m\ry_1 + 1073Th—1 = V8N, V6N, V2N respectively.
Case I: ri_l — 1016%\_1 =3N

Then ryry_1 + 107\Th—1 = 2N by Lemma 6 which, along with (2.8), yield

—Trx—1=T)\ — 5T)\ and - 2T)\_1 =T)— QT)\.

These two equations yield the classifications —ry_1 =) (mod 5) and ry =0 (mod 2).
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3.10 Representations of — NV

We again classify the solution based upon the value of N and thus

N=1 (mod40) —ri=4 (mod5)—ry=%2 (mod5)
N=-1 (mod40) —r3=1 (mod5) — ry==+1 (mod 5)
N=9 (mod40) —r3=1 (mod5) — ry==+1 (mod 5)
N=-9 (mod40) — 73 =4 (mod5) — ry==+2 (mod 5)

Claim 3. Ifr3 — 10t3 = —N then ry = £t, (mod 4).

Proof. Assume the opposite, that is; assume ry = 2ty (mod 4). Therefore r) = 4k + 2t
for some k € Z. Thus

r3 —10t3 = 16> + 4t3 + 16kty — 10t3
= 16k + 16Kty — 6t3

Therefore 73 — 10t3 =0 (mod 2) which is a contradiction since N is odd. [
Now applying Lemma 3 we have rifl < 10N and hence
~N =73 -10t3 <r3_, —10t3_; <7r3_; < 10N

Therefore the only representations will be 7",2\—1 — 10t§\_l = N,4N,6N,9N based on the
values of V.
Case I: v3_; — 10t3_; = 9N

Applying Lemma 6 we have ryry_1 + 107\Th_1 = N and using (2.8) we can solve for

ra—1 and Th_j. Then we have the following two equations
ry_1=—7rx+ 10T\ and Th_1 = —r)+T).

Now taking the first equation modulo 5 we have —ry = ry_; (mod 5).
Case II: rifl — 1015?\71 =6N
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Now using Lemma 6 we have ryry_1 + 1070\T»_1 = 2N and using (2.8) we solve for

ra_1 and Th_1. This leaves us with the following two equations
ry_1=—2ry+ 107\ and T\_1 = —ry+27).

Now taking the first equation modulo 2 we have ry_; =0 (mod 2).
Case III: v3_, — 10t3_, = AN
We refer the reader to the next equation using Lemma 7.
Case IV: Ti—l — 1075%\71 =N
Again using Lemma 6 we have ryry_1 + 107,71 = 3N and using (2.8) we solve for

ra—1 and Th_1. Then we have
ry—1 = —3ry + 107\ and Ty_1 = —ry+ 31).

We now take the first equation modulo 5 and have —3ry = ry_; (mod 5). Using Lemma

7 we now have a representation for 1"371 — 10t?\71 = 4N as well.

3.11 Summary

We will now summarize all classifications found in the previous sections above. If N =
+1,49 (mod 40) then

1. representations of the form r? — 10t3 = —9N are classified as ry = &t, (mod 9).
(a) r3_; —10t3_, = —6N if 7y = —T) (mod 9).
(b) r3_, —10t3_ | =N ifry =T, (mod 9).
(c) Ifr3 | —10t3 | = N then (2ry_1)% — 10(2t5_1)? = 4N.

2. representations of the form 73 — 1063 = —6N are classified as r) = £2¢, (mod 6).
(a) 12, —10t3_, = —N if ry =T (mod 3).
(b) Ifr3 | —10t3 | = —N then (2ry_1)% — 10(2t)_1)? = —4N.
(c) r3_, —103_, = N if ry = —T) (mod 3).
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(d) Ifr3_, —10t3 | = N then (2ry_1)* — 10(2t)_1)* = 4N.

3. representations of the form 7‘/2\ — 10t§\ — —N are classified as ry = £t (mod 4).
(a) 72_, —1062_, = 9N if —ry =51 (mod 5).
(b) 72_, —10£2_, = 6N if ry_1 = 0 (mod 2).
(¢) 5 =105, = N if —3ry =11 (mod 5).
(d) If 7"371 — 1015?\71 = N then (2ry_1)? — 10(2ty_1)? = 4N.

4. if r? —10t3 = —N then (2r))% — 10(2t,)? = —4N.
If N = +£3,4£13 (mod 40) then
1. representations of the form r3 — 10t3 = —5N are classified as ry =0 (mod 5).
(a) r2_, —10t3_; = —3N if ry_; =) (mod 2).
2. representations of the form 7“?\ — 10t§ = —3N are classified as r\ = +t) (mod 3).

(a) 3y =105 = —2N if —3ry_; = 4ry (mod 10).
(b) 72_, —10£2_, = 2N if —3ry_; = 2r (mod 10).
(c) 7"?\_1 — 1075%\_1 = 3N if —=3ry_1 =7, (mod 10).

3. representations of the form 73 — 103 = —2N are classified as ry =0 (mod 2).
(a) 3, —10t3_, = 3N if —ry_1 =7y (mod 5).
4. if r? —10t3 = —2N then (2r))? — 10(2t,)? = —8N.

Example 4. Consider N = 6172961 where N = 1 (mod 40). Then we find solutions
to the equation z2 — 10y?> = —6172961 with u = 100186 as (rs,ts) = (493,801). Also
(r7,t7) = (7517, —308) solves 22 — 10y? = 9N. If u = 2988656 then we have (rg,tg) =
(1483, —915) solves 22 — 10y?> = —N and (rg,tg) = (6184, 347) solves 2 — 10y*> = —6N.

All calculations were completed with use of the Matlab functions in the Appendices.



Chapter 4

Representations in the Form
r? — 11y?

We will now focus on the representations of the form x? — 1132 and find classifications for

the possible representations.

4.1 Setting Up

First we must satisfy the requirement that we can find a value u such that v? = 11
(mod N) and hence we need (&) = 1. Therefore Theorem 22 yields

(3) = (5) (). Ths

(—1)N=D/2 — 1, if N=1 (mod 4)
-1, f N=3 (mod 4)

as well

<N>_ 1, if N=1,3,4,59 (mod 11)
11) | -1, if N=-1,-3,-4,-5,—9 (mod 11)

Therefore we have the following two cases:
Case I: If N =1 (mod 4) and N =1,3,4,5,9 (mod 11).

41
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Using the Chinese Remainder Theorem we can combine these congruences and find
N =1,5,9,25,37 (mod 44).

Case II: If N =3 (mod 4) and N = —1,-3,—4,—5,—9 (mod 11).
Applying the Chinese Remainder Theorem we have

N =-1,-5,-9,-25,-37 (mod 44).
Thus combining these cases to satisfy the assumptions for our representation we have
N = +1,45,49, 425, +37 (mod 44). (4.1)
Using Claim 2 we have
—10N <73 — 1183 < —N

and considering each representation separately along with each value given by the congru-
ences in (4.1). We will show the calculation of the first case and simply state the remaining
cases as the calculations are similar. We first consider ri — 11t§ = —10N then we have

the following cases:
1. If N =1 (mod 44) then r3 =1 (mod 11) and hence r) = £1 (mod 11).
2. If N = —1 (mod 44) then 73 = 10 (mod 11) which forms a contradiction.
3. If N =5 (mod 44) then 73 =5 (mod 11) and hence ry = 4 (mod 11).
4. If N = —5 (mod 44) then 73 =6 (mod 11) which forms a contradiction.
5. If N =9 (mod 44) then 3 =9 (mod 11) and hence ry = £3 (mod 11).
6. If N = —9 (mod 44) then 75 =2 (mod 11) which forms a contradiction.
7. If N =25 (mod 44) then r3 =3 (mod 11) and hence r) = +5 (mod 11).

8. If N = —25 (mod 44) then r3 =8 (mod 11) which forms a contradiction.
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9. If N =37 (mod 44) then r; =4 (mod 11) and hence ry = £2 (mod 11).
10. If N = —37 (mod 44) then r? =7 (mod 11) which forms a contradiction.

Therefore ri — 1175%\ = —10N is only soluble when N = 1,5,9,25,37 (mod 44). Summa-

rizing the remaining results we have:

1. If r3 — 11¢3 = —=9N, and N = —1, -5, -9, —25, —37 (mod 44) we have
ry = +3,4+1,£2, +4,+5 (mod 11) respectively.

2. If 13 — 1183 = —8N, and N =1,5,9,25,37 (mod 44) we have
ryn = +5, 42,44, +£3,+1 (mod 11) respectively.

3. If r3 — 1183 = —7N, and N = 1,5,9,25,37 (mod 44) we have
ryn = £2,43,4£5,4+1, +4 (mod 11) respectively.

4. If r2 — 1143 = —6N, and N = 1,5,9,25,37 (mod 44) we have
ryn = +4,4+5,£1, £2,+3 (mod 11) respectively.

5. If r3 — 1183 = —=5N, and N = —1, -5, -9, —25, —37 (mod 44) we have
ryn = +4,4+5,+1, £2,+3 (mod 11) respectively.

6. If r3 — 1143 = —4N, and N = —1, -5, -9, —25, —37 (mod 44) we have
ryn = £2,43,4£5,4+1, +4 (mod 11) respectively.

7. If 13 — 1183 = —=3N, and N = —1, -5, -9, —25, —37 (mod 44) we have
ryn = +5,4+2, 44, £3,+1 (mod 11) respectively.

8. If r¥ — 1183 = —2N, and N =1,5,9,25,37 (mod 44) we have
ry = +3,4+1,£2, +4,+5 (mod 11) respectively.

9. If r3 — 1183 = —N, and N = —1,—5, -9, —25, —37 (mod 44) we have
ry = £1,4+4,£3,4+5,+£2 (mod 11) respectively.



CHAPTER 4. REPRESENTATIONS IN THE FORM X2 — 11Y? 44

4.2 Representations of —10N

By the first section in this chapter we have if N = 1,5,9,25,37 (mod 44) then r\, =
+1,4+4, 43, £5,+£2 (mod 11) respectively. We also have

r3 —11t3 =0 (mod 10)
3 —t3 =0 (mod 10)
ry = +t) (mod 10)

Using Lemma 3 we have r2_, < 1N Therefore
g A—1 10

11N
—10N =73 — 1183 <73 | — 1183 _, <7} | < <0

and thus the only possible cases are when
r3_, —11t3_, = =9N, —8N, —7N, —6N, —5N, —4N, —3N,—2N,—N, N.

We can eliminate the cases for —9N, —8N, —5N, —4N, —3N, —N immediately based upon
the congruences given. Thus we reduce the possible cases to —7N,—6N,—2N, N. For
the case —6N applying Lemma 6 we have ryry_1 + 117\T\_1 = V71N which is impossi-
ble. Similarly for the case —2N we have ryry_; + 11Th\Th_1 = v/31N which makes this
impossible.
Case I: 7"/2\_1 — llti_1 = —-7N

Using Lemma 6 we have ryry_1 + 117\Th—1 = 9N and using (2.8) we solve for ry_;

and Th_; as
10ry_1 = —=9ry + 117y and 107)_1 = —r) + 97).

Taking the second equation modulo 10 we have ry = 97 (mod 10).
Case II: 7‘?\_1 — 11t?\_1 =N
Again using Lemma 6 we have ryry_1 + 117\T\_1 = N and by (2.8) we have

10ry—1 = —ry+ 117\ and 107\_1 = —ry + T).
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Thus taking the second equation modulo 10 we have ry = Ty (mod 10).

4.3 Representations of —9N

We provide a lemma that will yield solutions to this equation.

Lemma 10. 22 —11y? = +9N has a possible representation if and only if x> —11y?> = £N
has a representation. Moreover, if x and y are the integers that create a representation

for =N, then 3z and 3y create the representation for +9N.

Proof. The reverse implication is straightforward by simply using the values 3z and 3y.
Assume there exists a representation in the form 22 —10y? = £9N, say a, b € Z. Therefore
a? — 116> = 0 (mod 3). Note that a? = 1 (mod 3) unless @ = 0 (mod 3) and the same
holds for b. Therefore if @ and b are not multiples of 3 then

a> = 11> =1-11=2 (mod 3)
which is a contradiction. If either a or b is a multiple of 3, but not both then we have
22— 1132 =1 (mod 3)
which again forms a contradiction. Therefore a = 34 and b = 3b for some a,b € Z. Thus

a’ — 11 = 49N
942 — 11(9b?) = £9N
a2 — 1102 = £N

Therefore the result holds. [ |

Thus the only representation is found from the representation to the case 2% — 11y? =
—N.

4.4 Representations of —8N

We now establish another lemma to find solutions to this case.
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Lemma 11. 22 —11y? = £8N has a possible representation if and only if x> —11y?> = £2N
has a representation. Moreover, if x and y are the integers that create a representation
for £2N, then 2x and 2y create the representation for £8N.

Proof. The reverse implication is straightforward by simply using the values 2z and 2y.
Assume there exists a, b € Z such that a®> — 116> = £8N. Now taking the equation modulo
2 we have a? — 116? = 0 (mod 2) which implies @ = b (mod 2). Now we assume a and
b are both odd. Then we have a = 1 (mod 4) and the same for b. Thus a? = b? = 1
(mod 4) and hence a? — 116> = 2 (mod 4) which is a contradiction. Therefore a = 2a and
b= 2b. So we have (2a)? — 11(2b)? = £8N which implies 4% — 115> = —2N. |

4.5 Representations of —7N

Using the first section we have this equation is soluble when N = 1,5,9,25,37 (mod 44)
then ry = £2, 43, £5,4+1, +4 (mod 11) respectively. Viewing this in modulo 7 we have,

3 — 113 =0 (mod 7)
r3 —4t3 =0 (mod 7)
ryx = 2ty (mod 7)

Using Lemma 3 we have

11N
—IN =73 —1188 <73 | - 1183, < —

Thus the possible equations for the k — 1 values are
r? | =11t} | = —6N,—5N,—4N,—3N,—2N,—N,N

however we can rule out the —5N, —4N, —3N, —N cases immediately based on the values
of N. The case for —6N we have ryry_1 + 11T5Th_1 = /29N which is impossible.
Case I: 7’371 — 1125%\71 = 2N

Now Lemma 6 yields ryry—1 — 11¢y\tx—1 = 5N and using (2.8) we can solve for ry_q
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and T)\_1. Thus we have
Tra_—1 = —bry+ 117\ and 71T \_1 = —ry + 57).

Now taking the first equation modulo 7 we have ry = 57\ (mod 7).
Case II: 7"?\_1 — llt?\_1 =N

Using Lemma 6 we have ryry_1 — 11t ty_1 = 2N and solving as before we have
Tra_1 = —2ry+ 117\ and 7TI\_1 = —7)+ 2T).

Therefore taking the second equation modulo 7 we have ry = 27 (mod 7).

4.6 Representations of —6/N

First note this equation is only soluble when N = 1,5,9,25,37 (mod 44). Also for all
values of N, N =1 (mod 4) which implies —6N =2 (mod 4).

Lemma 12. There are no representations in the form x? — 1132 = —6N,

Proof. Assume this equation has a solution say a and b. Then from the equation we have
a? =2 —b? (mod 4). This implies 2 — b?> = 0 (mod 4) or 2 — b> =1 (mod 4). Assuming
the former we have b = 2 (mod 4) which forms a contradiction. Therefore the latter
holds and we have b = £1 (mod 4) which further implies ¢ = £1 (mod 4). Therefore
a=4i+1 and b =45+ 1 for some i,j € Z. Thus we have

(4i£1)2 —11(4j £1)*> = —6N

16i% +14 8 — 11(165%2 + 1 £ 8j) = —6N
1-11=-6N (mod 8)

3=N (mod4)

Which forms a contradiction as N =1 (mod 4) for all soluble values of N. [
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4.7 Representations of —5HN

Using the first section in this chapter we have N = —1, -5, -9, —25, —37 (mod 44) and
hence r) = 44, +£5,+1, 42, +3 (mod 11) respectively. Consider

r3 —11t3 =0 (mod 5)
3 —t2 =0 (mod 5)

which implies 7y = £t) (mod 5). Note: The values r and t) that provide representations
for —10N will also satisfy this condition; however, they will also satisfy the condition

ry = £t (mod 2). Using Lemma 3 we have

11N
5N =73 — 1183 <73 | — 1183, <ri | < 5

Based on the values for NV we can eliminate the case for —2N immediately. Thus the
only soluble equations are ri_l - 1175&_1 = —4N,—-3N,—N,N,2N. The case —4N we
have ryry_1 + 117\Th—1; = V31N and hence this case is impossible. Similarly for —3N
we have ryry_1 + 117\Tx_1 = V26N and hence impossible. Also for the N case we have
rara—1 + 11T Th—1 = v/6N and hence no solution.
Case I: ri_l — 11t§\_1 =-N

From Lemma 6 we have ryry_1+117T\T\_1 = 4N and using (2.8) we can solve for r_;
and Th_1 as

5ra_1 = —4ry + 117, and 5Ty_1 = —r) +4T).
Now taking the second equation modulo 5 we have 4ry = T\ (mod 5).
Case II: 7‘371 — llt?\f1 =2N
Again we have ryry_1 + 117T)\Th_1 = N and thus we have

5ra_1 = —rrx + 11Ty and 5Ty_1 = —ry+T).

Now taking the second equation modulo 5 we have ry = T) (mod 5).
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4.8 Representations of —4N

We provide a lemma as before to find solutions to this equation.

Lemma 13. 22 —11y? = +4N has a possible representation if and only if x> —11y> = £N
has a representation. Moreover, if x and y are the integers that create a representation
for =N, then 2z and 2y create the representation for +4N.

The proof is similar to the one given for —8 N given above.

4.9 Representations of —3N

Note this equation is only soluble when N = —1,—-5,—9, —25, —37 (mod 44) and thus
= —1 (mod 4) for all values of N. This implies —3N =3 (mod 4) for all values of N.

Lemma 14. The representation x> — 11y?> = —3N is impossible.

Proof. Assume the above representation is possible with values a and b. Then from the
above notes we have a? = 3 — b? (mod 4) and therefore 3 —b* =0 (mod 4) or 3 —b* =1
(mod 4). If we assume the former we have b*> = 3 (mod 4) which forms a contradiction.
If we assume the latter we have b?> = 2 (mod 4) which also forms a contradiction. Hence

there is no representation. |

4.10 Representations of —2N

Again we have this equation is only soluble when N = 1,5,9,25,37 (mod 44) and hence
ry = +3,+1,£2,+4,+5 (mod 11). If we view this equation modulo 2 we have

3 — 113 =0 (mod 2)
3 —t3 =0 (mod 2)
ry = £ty (mod 2)

Note: The values 7y and t) that provide a representation for —10/N will also satisfy this

condition; however they will also satisfy ry = +t) (mod 5). Now applying Lemma 3 we
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have 11N
2N <73 ;- 1182, < 5

Therefore the only possibilities we have are
r3_, —11t3_; = N,2N,3N,4N,5N

Similarly from the above cases we have Lemma 6 provides contradictions for the cases
2N,3N, and 4N.
.2 2 _
Case I: v5_; —11t5_; = N
As with the previous equations we have ryry_1 + 1177 _1 = 3N and hence

2ry_1 = —3ry+ 117\ and 2T)\_1 = —7ry\ + 3T).

Now taking the second equation modulo 11 we have 3ry_; =r) (mod 11).
Case II: 7“?\_1 — 11t§\_1 =5N
Now we have ryry_1 + 117\Th—1 = N and using (2.8) we have

2ry—1 = —ry+ 11T\ and 2Ty_; = —ry + T).

Taking the first equation modulo 11 we have 9ry_1 = r) (mod 11).

4.11 Representations of —N

We have N = —1, -5, -9, —25, —37 (mod 44) and hence r\ = +1,+4,4+3, £5, +£2 (mod 11).
First note N = £k (mod 44) where k = 1,5,9,25, or 37 yields N =1 (mod 2). Therefore

r3 — 1183 =1 (mod 2)

3 —t3 =1 (mod 2)

(rx—t)?=1 (mod 2)
ry=1+ty (mod 2)



CHAPTER 4. REPRESENTATIONS IN THE FORM X2 — 11Y? 51

Applying Lemma 3 we have —N < r%\_l — 11t§\_1 < 11N and hence the only possible

equations are
r3 | —11t3_, = N,2N,3N,4N,5N,6N,7N,8N, 9N, 10N.

However Lemma 6 provides contradictions for the cases N,3N,4N,5N,6N,8N, and 9N.
Case I: Ti—l — 1125%\71 =2N
From (6) we have ryry_1 + 117\T»—1 = 3N and hence

rya_1=—=3ry+ 11T\ and T\_1 = —ry+ 3T).

Now taking the first equation modulo 11 we have 8r) = ry_; (mod 11).
Case 1I: 7‘?\_1 — 11t?\_1 = TN We have ryry_1 + 11751 _1 = 2N and therefore

ry_1=—2ry+ 11T\ and T\_1 = —ry+27).

Taking the first equation modulo 11 we have 97y = r)_; (mod 11).
Case III: v3_, — 113 |, = 10N
By (6) we have ryry_1 + 117\T\_1 = N and hence we have

ra_1=—ry+ 11T\ and Th_1 = —r)+T).

Taking the first equation modulo 11 we finally have —ry = r)_; (mod 11).

4.12 Summary

We will now summarize all classifications found in the previous sections above.

1. Representations of the form 7"?\ — 11t§\ = —10N when N = 1,5,9,25,37 (mod 44)
will be given when r\ = +¢, (mod 10).

(a) r3_; — 113 _, = —=TN if ry = 9T (mod 10).
(b) r3_, — 1143 | = N if ry =T (mod 10).
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10.

Representations of the form r3 — 11t = —9N are found from representations of

r3 — 1112 = —N.

Representations of the form ri — 11t§\
r3 — 1113 = —2N.

—8N are found from representations of

Representations of the form ri — 11t?\ = —7N when N =1,5,9,25,37 (mod 44) will
be given when ry = £2¢5 (mod 7).

(a) r3_, — 1185 , = —2N if ry = 5T (mod 7).
(b) r3_; — 1143 | = N if ry = 2T (mod 7).
Representations of the form r?\ — 11t§\ = —6NN are impossible.

Representations of the form rg\ — llti = —5N when N = —1,-5,-9,-25,-37
(mod 44) will be given when 7\ = £t) (mod 5).

(a) 12 | — 1182, = =N if 4ry = T\ (mod 5).
(b) 7"?\—1 _ 1175%\_1 =2N if ry =T\ (mod 5).

Representations of the form r%\ — 11#3 = —4N are found from representations of
r3 — 1112 = —N.

Representations of the form ri — 11t§ = —3N are impossible.

Representations of the form 73 — 11¢3 = —2N when N = 1,5,9,25,37 (mod 44) are
given when r) =t (mod 2).

(a) r3_, —11t3_, = N if 3ry_1 =) (mod 11).

(b) r3_, —11t3 |, =5N if 9ry_y =7y (mod 11).
Representations of the form 7’?\ — 11t?\ = —N when N = —1,-5,-9,-25,-37
(mod 44) are given when 7y =ty +1 (mod 2).

(a) r3_; — 1183, =2N if 8ry = ry_; (mod 11).

(b) r3_, — 1143 | =TN if 9ry = ry_; (mod 11).
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c) r2 , —11#2 , = 10N if —ry =ry_; (mod 11).
A—1 A—1

Example 5. Consider N = 6790187 where N = —25 (mod 44). Then we have u =
2944782 with (r12,t12) = (1538,1817) which solves 2% — 112 = —5N. Also (rq1,t11) =
(2767, —1146) which solves 2 — 11y> = —N. All calculations were completed using the
Matlab functions in the Appendices.
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Future Research

We have found representations of integers of the form 22 —10y? and 22 —11y? expanding on
the representations provided by Matthews in [4]. Unfortunately at this juncture we do not
have a method to find all possible solutions to the Diophantine equation 22 — 10y? = kN
and similarly for D = 11. This is a future avenue of research which we are currently
working on based upon Lemma 1 which states the values given by the Euclidean algorithm,
ri and tg, always yield multiples of N in the form 7‘,%, — Dt%. At this stage, we find our
problem is our saving grace in our representation problem. Thue’s theorem and our bounds
for ry and ty disregard solutions to the Diophantine equation because the values are above
V/N. We are in the process of finding a method to obtain these solutions through a more
defined process rather than just checking all values for r; and t.

Secondly, the representations given by the Euclidean algorithm need not be primitive
as there is no necessity ) and t) be coprime; however we conjecture ged(ry, ty) divides k
where ri — Dt?\ = kN. If this conjecture holds the primality of IV is inconsequential as
the important aspect is the multiple of N. If this conjecture holds any representation we
find for N will be primitive and hence yielding a solution to the equivalent diophantine
equation.

Furthermore, we could extend this process to representations for larger values of D,
say 13, 14, 15, etcetera. By extending this to these varying values of D we may find some
inherit qualities between these different representations and generalize our result to any

D. This would not be as significant as providing a solution to the Diophantine equation
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22 — Dy? = N, but it would certainly be a step in the right direction.

Finally, we may extend this work to other representations where D has a certain form
itself. For example, is it possible to apply our process to find representations in the
form 22 — k(k + 1)y?? Additionally, what if we extend this process to not only quadratic
Diophantine equations but also quartic Diophantine equations similar to those explored by
Agarwal in [1]. Assuming our process would find solutions to all of these various equations
it must imply there is something inherently common to these equations. If we can find
this common ground between these equations we may be able to find this commonality
among other Diophantine equations which may allows us to extend our process to those

equations as well.



Appendix A

Quadratic Residue Function

function u = quadRes(D,N)
%QUADRES Finds a quadratic residue congruent to D modulo N.
h

%Initialize variables
u = [0];

writeCount = 1;

%Loop through potential residues and check if congruent
for j=1:N-1
if mod(j."2,N) == mod(D,N)
u(writeCount) = j;
writeCount = writeCount + 1;
end

end

return
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Algorithmic Function

function [sol,rk,tk,k] = Pell(N,D,u)
WPELL Creates solutions using algorithm
%  where x"2-Dy~2=N

% Returns: sol - vector containing the solutions for the various rk,tk

% rk - the values of rk obtained from Euclidean Algorithm
YA tk - the values of tk obtained from Euclidean Algorithm
% k - the index obtained from performing the Euclidean

b Algorithm

h

%Initalize variables

A=I[N10; uo1]l; %The original matrix

r =[N ul’; %The vector containing the remainders

s = [10]%; %The vector containing the s values

t = [0 1]7; %The vector containing the t values

q = [0]"; %The quotients

k = 0; %The index in the Euclidean Algorithm

done = 0; %Boolean variable for looping

i=1;

while “done
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%Determine which row to perform operation
if 1 > 2
if mod(i,2) == 1

row = 1;
else
row = 2;
end
else
row = 1i;
end

%Find Quotient

if row ==

q(i) = floor(A(row,1)/A(row+1,1));
else

q(i) = floor(A(row,1)/A(row-1,1));
end

Y%Perform Row Reduction
if row ==
B(row,:)

B(row+l,:) = A(row+l,:);

-q(i) *A(row+l, :)+A(row,:);

else
B(row, :) -q(i)*A(row-1,:)+A(row,:);
B(row-1,:) = A(row-1,:);

end

%Update relations
cur_i = 1i;

r(i+2) = B(row,1);
s(i+2) = B(row,2);
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%Pe
pl
sl
p2
s2
if

t(i+2) = B(row,3);

cur_i = i+2;

%Check if r_k < sqrt(N)

done = (r(cur_i)) < sqrt(N); %&&

%Update required items
i=i+1;
A = B;

cur_i;

11 Values
r(k)"2 - Dxt(k)"2;
= pl;
= r(k-1)"2-D*xt (k-1)"2;
= p2;
k> 2
p3 = r(k-2)"2-Dxt(k-2)"2;
s3 = p3;
if k > 3

p4 = r(k-3)"2-D*t(k-3)"2;

s4 = p4;
if k > 4
p5

sb = p5;

if k> 5

pb6

r(k-4) ~2-D*t (k-4) ~2;

(r(cur_i-1)) > sqrt(N) ;

r(k-5) "2-D*t (k-5)"2;

29



APPENDIX B. ALGORITHMIC FUNCTION

s6 = p6;
sol = [s1 s2 s3 s4 sb s6];
else
sol = [s1 s2 s3 s4 s5];
end
else
sol = [s1 s2 s3 s4];
end
else
sol = [s1 s2 s3];
end
else
sol = [s1 s2];

end

temp_r fliplr(xr’);
fliplr(t’);
if size(temp_r,2)>6

rk = temp_r(1,1:6);

temp_t

else
rk = temp_r;

end

if size(temp_t,2)>6
tk = temp_t(1,1:6);

else
tk

temp_t;

end

%Create vector for Equation (8)
for i=2:size(r)
e_N(i-1) = r(1)*r(i-1)-Dxt(i)*t(i-1);

end
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for i=1l:size(e_N’)
e(i) = e_N(i)/N;

end

return

61



Bibliography

1]
2]

3]

A. Agarwal, Some Quartic Diophantine Equations, Ph.D. thesis, SUNY Buffalo, 2005.

John Brillhart, Note on representing a prime as a sum of two squares, Mathematics
of Computation 26 (1972), no. 120, 1011-1013.

Charles Hermite, Note au sujet de I’article précédent, Journal de mathématiques pures
et appliquées 1™ série 13 (1848), 15.

Keith Matthews, Thue’s Theorem and the Diophantine Equation x> — Dy?> = +N,
Mathematics of Computation 71 (2001), no. 239, 1281-1286.

I. Niven, H.S. Zuckerman, and H.L. Montgomery, An Introduction to the Theory of
Numbers, 5th ed., John Wiley & Sons, New York, 1991.

Joseph H. Silverman, A Friendly Introduction to Number Theory, Prentice Hall, 2005.

Peter Wilker, An efficient algorithmic solution of the diophantine equation u? + 5v? =
m, Mathematics of Computation 35 (1980), no. 152, 1347-1352.

62



	On Representations of integers by the quadratic form x2 − Dy2
	Recommended Citation

	tmp.1391011279.pdf.VEQEe

