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Abstract

The Hilbert function for any graded module M = @ M; over a field k is defined by
ieN
HF (M, b) = dimy M,,

where integer b indicates the graded component being considered.

One standard approach to computing the Hilbert function is to come up with a free-
resolution for the graded module M and another is via a Hilbert power series which serves
as a generating function. Using combinatorics and homological algebra we develop three
alternative ways to generate the values of a Hilbert function when the graded module
is a quotient ring over a field. Two of these approaches (which we've called the lem-
Lattice method and the Syzygy method) are conceptually combinatorial and work for
any polynomial quotient ring over a field. The third approach, which we call the Hilbert
function table method, also uses syzygies but the approach is better described in terms

of homological algebra.



Contents

1 Preliminaries

2 Hilbert Function tables, motivating applications and examples
2.1 Pascal Table and more general Hilbert Function Tables . . . . . . . .. ..
2.2 Motivating example: the Stanley-Reisner Ring . . . . . . . ... ... ...
2.3 Examples . . . ...

2.3.1 Theideal used to produce the quotient polynomial ring is a principal

2.3.2  Theideal used in the quotient polynomial ring consists of two mono-

3 LCM-Lattice Method
4 The Syzygy Method
5 Syzygy method via homological algebra

Bibliography

25

31

40

46



Chapter 1

Preliminaries

In this work we address only polynomial rings and their quotient rings. Therefore all
definitions pertaining a ring are meant to apply to commutative rings. As a consequence
all our modules are two-sided modules and all our ideals are two-sided ideals. In fact we
require more structure of our objects: we require that they be graded objects. this is
made precise by the first two definitions.

Definition 1.0.1. A graded ring R is a ring that has a direct sum decomposition into

abelian additive groups R = @ R, = R, GB Ry @ Rs @ Rs GB ... such that

nez=0

R,R,. C Rsy, for all r;s > 0.

There is also the closely related concept of a graded modulo.
Definition 1.0.2. A graded module M over any graded ring R is a module that can be
written as a direct sum M = @ M; satisfying R;M; C M,y ; for alli,j > 0.

i€Z20

Both concepts of a graded object are standard; see for example [?] pages 12 and 13.

An example of a graded ring and also of a graded module is the polynomial ring k[x1, o, ..., 2]

over a field k. The direct decomposition in this case is R = k[xy, o, ..., 2] = GB Ry

beZ>0
where each R, = span,{monomials of degree b}. This means that each R, is a k-vector



space. Moreover, since every ideal I of a ring R is an R-module one can easily prove the
following result.

Lemma 1.0.1. An ideal I is a graded ideal of a graded ring R = @ R, if it can be

nezzo
written as a direct sum of ideals such that each summand corresponds to I N R, for some

n.
Definition 1.0.3. An ideal I of klxy,za,...,x,] is homogeneous if and only if every
homogeneous component of every polynomial p(X) is in I, where X denotes an a-tuple

(21, x9,....x4). (See for example [2] page 299.)

Here are some easy-to-prove facts relevant to the present discussion about monomial

ideals.

e A monomial ideal in k[z1,s,...,2,] is, by definition, one generated by monomi-
als (see [2] page 318). Therefore it is a homogeneous ideal since every monomial
is a homogeneous polynomial. A monomial ideal is also a graded ideal because

klxy1, s, ..., x,] is a graded ring hence we may apply Lemma 1.0.1.

e Given a monomial ideal I in the polynomial ring R then R/I is a graded module
because it has the following direct sum decomposition

R/I = @ (Rp+ I)/1, where b is the grading.

beZ20
Observe that every summand is also a module over the base ring.
Our object of study is the graded modules R/I, where R is a polynomial ring in finitely
many variables over a field k and [ is a finitely generated monomial ideal in R. In this
setting we have that for each b > 0 the summand (R, +I)/I is indeed a vector space since
it is a module over a field.
Furthermore, since the number of variables is finite each such summand is a finite dimen-

sional vector space. This brings up a natural question: Given a summand with grading



b what is its dimension as a vector space over the base field k7 This is in fact how the

Hilbert function for the graded module is defined.

Let us illustrate this definition by considering R = k[x1, T2, ¥3, 24] and [ = (x5, 1174, T3).

Then R/I = @;2, R; where
R, = {all polynomials equivalence classes in R/I with representatives of degree i}.

Such R; are no longer rings on their own but they are k-vector spaces. The dimension of
these vectors spaces are, dim Ry = 1, dim Ry = 4, dim Ry = 8, dim R3 = 12, dim R4 = 15,

and for all # > 5 dim R; = 16.

In general, for any graded module M = @MZ we define the Hilbert function of M
as HF (M, b) = dimy M,. In particular, a bagg result facilitating our computations is the
“rank-nullity” theorem which says that the rank plus the nullity of a linear transformation
T :V — W is equal to the dimension of V.

Theorem 1.0.1. HF(R,b) = HF(R/I,b) + HF(1,b), where R = k[z1, 2, ..., 24| and I is

a monomial ideal.

Proof. Let T : V. — W be a linear transformation; then using the inclusion map ¢ of the

kernel into V we get a sequence of linear transformations:
0 — ker(T) - V SN coker(T) — 0.
If T is onto then coker(T) = V/ker(T). Then

dim(ker(T)) — dim(V) + dim(coker(T)) = 0.



Definition 1.0.4. An exact sequence of modules is a sequence either finite or infinite of
modules and homomorphisms between them such that the image of one homomorphism

equals the kernel of the next homomorphism. (For a reference see [2] page 378.)

An example of an exact sequence is the sequence in the next lemma (see [5] page 98) and
the free resolution used in the Hilbert Syzygy theorem below (see [3] page 3). We shall
refer to the exact sequence in the next lemma as the short exact sequence. Bookkeeping
often requires a shift in the grading. If M = @ M; is a finitely generated Z=°-graded
module over R, then we denote M(—d) to be the regrading of M obtained by a shift of
the grading of M. In this case, the graded component M; of M becomes M, 4 grading
component of M(—d).

Lemma 1.0.2. Let M be a graded R-module. If x,, € Ry with deg(x,) = d, then there is

a degree preserving exact sequence

0= (0:2)(—d) = M(—d) = M % M/z,M — 0,
where ¢(m) =m + x, M and (0 : z,,) = {m € M|z,m = 0}.
The draw back of this sequence is that not all objects are necessarily free R-modules.
Free R-modules are R-modules that are isomorphic to a direct sum of copies of R. The
traditional approach (see [1]) to computing the Hilbert function of a finitely graded R-
module M (of which our quotient polynomial rings are examples) is based in the following
theorem.

Theorem 1.0.2. (Hilbert Syzygy Theorem)

Any finitely generated graded R-module M has a finite graded free resolution
0P, %P —.—P 3P,
This exact sequence can also be written as

0P, 8P = .. P AP — M=0.



Since each P; is a free R-module for 0 < ¢ < n. If R is a graded ring the above exact
sequence is in fact an exact sequence of graded free modules and graded homomorphisms
and each term in the free resolution is of the form P, = Ry,(—dy,) ® Rs,(—ds,) & --- &
Ry, (—d,;,) then applying the Theorem 1.0.1 in an inductive argument one obtains the

following method for computing H F (M, t)

HF<M> t) = Z(_l)i (HF(Rli(_dli)’ t) + HF(R2¢(_CZ2¢)’ t) +-t HF(Rli(_dli)7 t)) :
i=0
Another standard approach to computing the Hilbert function is via the Hilbert series.

Definition 1.0.5. Let R = @Rn be a graded ring. The Hilbert series of R is defined to

be the gemerating function
HS(R,t) = Y HF(R,n)t".
n=0

Similarly, if I is a homogeneous ideal of R, then the Hilbert series of I is the formal power

series
oo
HS(I,t) = HF(I,n)t".
n=0
Convergence is not an issue since we are working with formal power series.

For the Hilbert series we have a counterpart to our result derived from the “rank-nullity”

theorem.

Theorem 1.0.3. Let R = @ R, be a graded ring and I = @ I, be a graded ideal. Then

n>0 n>0

HS(R/I,t) = HS(R,t) — HS(I,1).

Proof. Theorem 1.0.1 implies that HF(R/I,n) = HF(R,n) — HF(I,n) and by summing

over all values of n the theorem follows. ]

In other words, for computing the dimension of R,,/I,,, we count the number of monomials

in R,, and we subtract the number of monomials spanning [,,; this is because the mono-



mials spanning R, is a basis for R,, as a vector space over k£ and similarly the monomials
spanning [, form a basis for I,, as a vector space over k.

To build on this result we need the following notation for the Hilbert function of a module

M shifted by degree d

HF{M(~d)} := HF(M, ¢ — d).
Lemma 1.0.3. A principal ideal has the Hilbert function of a polynomial ring shifted by
the degree of the generator. If I = (p), where p is a monomial of degree n in k[X] and X

represents the a-tuple (x1, Ta, X3, ..., x,) then

HEF(I,t) = HF{k[x](—n)}.

Proof. By definition HF(I, t) is the dimension of the vector space spanned by all poly-
nomials in I of uniform degree t. A basis for such a vector space can be chosen to be
all monomials in I of degree t. These are of the form f - p, where f is monomial of
deg(f) = t — deg(p) so there are as many such monomials as there are monomials of

degree t — n in k[X|(—n). O

Before working through our first example it would be helpful to refer the following corollary
to our last lemma.

Corollary 1.0.1. For a principal ideal I = (p) we have that

HF(R/I,t) = HF(R,t) — HF(R(—deg(p)), t)

Proof. Apply the above lemma to the Theorem 1.0.1 ]

Example 1.0.1. Here is an ezample of the use of the above corollary to find the Hilbert
function of M = k[z,y, z]/{x°)

Let R = k[z,y, z]. Then the Hilbert function of the module M is given by the following

formula



HF(M,t) = HF (R, t) — HF(R(—deg(z%)),t) = HF(R, t) — HF(R(=5),1).

Therefore,

HF{R} | —HF{R}(-5)} | HF{M}
1 0 1
3 0 3
6 0 6
10 0 10
15 0 15

21 -1 20

28 -3 25

36 -6 30

45 -10 35

55 -15 40

Regardless of our approach to the Hilbert function of polynomial quotient rings, it is clear

that computing the Hilbert function of rings of the form k[xq, xo, ..., 2] is essential. That

will be our first task.



Chapter 2

Hilbert Function tables, motivating

applications and examples

We study Hilbert functions by placing them into families. The simplest such family will
be the Hilbert functions corresponding to the indexed set {k[x1,x2,...,2, : a > 1}.
Then we generalize the idea of the Pascal table to construct the Hilbert Function tables.
To motivate this generalization we use the Stanley—Reisner ring of a complex which we
gradually build in a form that is analogous to the way the corresponding Hilbert Function
table would be generated. Finally one must address the difficulties of generating a row
of the Hilbert Function table which involves the introduction of one or more monomials
in the ideal being used for the quotient ring corresponding to that row. We illustrate
the difficulties at the end of this chapter and develop a different method of solving this

problem in each of the next two chapters.



2.1 Pascal Table and more general Hilbert Function

Tables

Consider the indexed set {k[z1,za,...,2,] : a > 1} of polynomial rings. We use the
index value a to determine the row and the degree b of the monomials being counted to
determine the column in the table below.

HF of k :Ul]
HF of k[z1, x9]
HF of k[xy 1'2,1'3]

6 10 15 21 28 36
10 20 35 56 84 120
15 35 70 126 210 330

HF of k[z1, x2, x3, 4]

21 56 126 252 462 792
28 84 210 462 924 1716
36 120 330 792 1716 3432

HF of k[x1,x9, x3, 4, x5, T6)

HF of k[z1, x2, x3, x4, x5, T6, 7]

== = == = = =
0 | [ |[OU (= [ W (N

[
[
[
[
HF of k[z1, x2, x3, T4, x5)
[
[
[

HF of k L1,X2,T3,T4,T5,L6, LT, xS]

The reader would have undoubtedly noticed that the number patterns displayed in the
above table are those of the Pascal triangle. For this reason we refer to the above table
as the Pascal table. These numerical patterns lead us to the following proposition.

Proposition 2.1.1. F(a,b) = F(a—1,b)+ F(a,b—1), where F(a,b) denotes the number

of monomials of degree b in k[z1,xa, ..., 2,].

Proof. Let S be the set of monomials in k[z1, x, ...., ¥, of degree b. Then we can write S
as the union of the set S; of monomials of degree b in the variables x1, xo, ...., 2,1 and a set
Sy disjoint from S;. Observe || = F(a—1,b). Now we consider any element of S, such an
element has a factor z,. So if p(X) € S, then there is a unique p(X) such that p(X) = p(x) -z,
and deg(p(x)) = b — 1. On the other hand, if §(z) € k[z1, 22, ...., x,] and has degree b — 1
then (¢(x)) - x4 € Sa. Therefore there is a bijection from the set of monomials of degree

b—1in k[xy, 2o, ...., z4] to the set Sy. Consequently, |S| = F(a —1,b) + F(a,b—1). O



Now we prove by induction that each element of the table is given by the following
proposition. Please be aware that the row count starts with 1 but the column count
starts with zero. This is because the row count matches the number of variables used
and the column count corresponds to the constant degree of the set of monomials being
counted.

Proposition 2.1.2. F(a,b) = %, where F(a,b), a > 1,b > 0, denotes the entry

bth

that lies in the a™ row and the column of the above table.

Proof. We have that F(1,b) is the number of monomials of degree b in a single variable.

Since 2% is the only monomial in K[z,] of degree b then F(1,b) = 1 for all b > 0. Also

F(a,0) =1 for all a > 1 because in the ring k[xq, zo, ...., z,] there is only one monomial
of degree zero which is z{ - z9 - .... - 0.

Inductive Step

Suppose a > land b > 0 then given that

_(a—1+b-1)
Fla=1.b) == =5
and
(a—1+0-1)!
Flab=1) == w1

Then using the previous proposition, we have

F(a,b) = F(a—1,b)+ F(a,b—1)
(a—14+0-1)!" (a—14+0b-1)!

(a — 2)'b! (a—1)(b—1)!
~ (a—1+4Db)-(a—2+D)!
B (a—1)b!
_ (a—1+D)!
 (a—1)!

10



Both meanings assigned to F'(a,b) are equivalent. Thus, for example, we can say that by
choosing a = 2, we regard F'(2,b) as the value in the 2" row and b column of the table
or the number of monomials of degree b that can be written with two distinct variables.
Observe also that the above proposition together with Corollary 1.0.1 gives a concrete
formula for the Hilbert function of a principal ideal, because now we can write for R = k[X]

and p € R,

(a—1+0b)! (a—1+40b—deg(p)!
(a —1)!b! (a — 1)I(b— deg(p))!

Proposition 2.1.1 is also valid for generating some rows of more general families of Hilbert
functions. We can prove it using either a counting argument or some homological algebra
machinery. We prefer the latter since our solution strategy is to use algebra to avoid

delicate counting procedures.

Proposition 2.1.1 allows for an inductive construction of other expressions for computing
values Hilbert function table. Let us illustrate this by expressing F'(a,b) in terms of the
ascending factorial [a]" = a-(a+1)-(a+2)-...... -(a+mn —1) with the convention [a]® = 1.
Proposition 2.1.3. The Hilbert function F(a,b) defined as above it can be computed by

either one of the following formulas

)_l

a—

1
il

F(a,b) =

i

I\
o
<
I
o
<

Proof. To prove the first formula we observe that F'(1,b) = 1 for all b > 0 and this is
1-1
: .
precisely F(1,b) = .2; ﬁ[b] :
We do induction on the first parameter of F(a,b) namely a > 2. Suppose

a—2

F(a—1,b) Zl—l‘
=0

11



Now we use the result that

F(a—1,b)+0, for b=10
F(a,b) =

F(a—1,0)+ F(a,b—1), forb>0

Observe that F(a —1,0) =1, for all a > 1.
Therefore

F(a,b) = F(a—1,0)+ F(a,b—1)
<21 .. (a—1+b—1)
= 2l MR T

= S (b B D) (b0~ 2))

=2 %W " - TR

The second formula follows immediately from the first formula since the left hand side is

invariant when variables a — 1 is interchanged with b. Therefore we have that

As an example take the graded module k[xy, x5, x3] then
F(3,0) = [b]° + 5] + 5[0 =1+ b+ 5(b? +b), where b=0,1,2, ....

2

Now we proceed to create a more robust version to computes the Hilbert function of a

quotient ring by introducing the meaning of the Hilbert function table.

12



Definition 2.1.1. A Hilbert function table associated to a quotient ring k[xy, s, ..., x4]/1,
where I is a monomial ideal in k[, xa, ..., x4) is an array whose entry indexed by (a,b)
is the value of HF (k[xq, o, ..., x4]/14,b) , where I, is the ideal generated by the generators

of I that involve only the set of variables {1, xs,...,x4}.

As a result of the above definition, the Pascal table is a Hilbert function table for graded

modules of the form k[X] where X = (x1, %a, ...., 2,) and a takes the values 1,2,3,4, .....

We can also observe that if @ > d then I, = I. Moreover, the order of the variables
x1, T, ..., xq Will affect the Hilbert function table. In fact, two different Hilbert function
tables for the same quotient ring need not have the same rows for 1 < a < d. This is
because altering the order of xq,xs,...,x4 will alter the sequence of ideals Iy, I5,...I; 1.
However, two Hilbert function tables for k[z1, xs, ..., x,| /I will agree in rows d and higher
because I, = I for a > d. After the d*" row, every new variable does not introduce a new
monomial in the ideal. Therefore, producing the rows after the d** row is a straightforward
application of the following result.

Theorem 2.1.1. Given HF(j,b) the Hilbert Function of k[z1, T2, ..., T, Tay1, - Tars) /1,
with 7 > 0, where I is a monomial ideal of the fized set of variables {x1,.....,xq} forb >0

we have that HF(7,b) = HF(j — 1,b) + HF(j,b — 1).

Proof. For j > 1, let M; = k[z1, %2, ....%4, Tat1, - - ., Tasj]/] and let z = x4, ;. We use the
short exact sequence
incl

0— (0:2)(-1) — M(-1) — M — M/zM — 0 (2.2)

found in [5]. In this short exact sequence let the term M = M;. Applying what are

13



commonly known as the second and third isomorphism theorems,

2M; = z (k[z1, %2, ....®d, Tat1,s - -, Tasg] /1)
= 2 (k[z1, x2, oo d, Tag1, - - - Tars] /(L N (2)))
= (zkl[z1, x2, . Td, Tas1, - - - Tays) +1)/1

therefore,

M;/zM; = (k[z1, T2, ...Td, Tag1, - - - Tays) /1)) (2 k[z1, T2, oo dy Tagrs -« o, Tagg]) + L)1)

~Y

= Mj = k[, 72, ... Td, Taga, - - Targ) /1

Since z ¢ I the only element x € M; such that zx = 0 is = 0. In other words
the annihilator of multiplication by z is zero. This implies the short exact sequence,
0 — (0: 2)(—1) dnel, M;(-1) — M; — M;/zM; — 0 and the corresponding
alternating sum HF{M,/zM;} — HF{M,} + HF{M,;(-1)} = 0. O

2.2 DMotivating example: the Stanley-Reisner Ring

The Stanley-Reisner ring is a polynomial quotient ring assigned to a finite simplicial
complex. First we must bring to the attention of the reader what is meant by a finite
simplicial complex.

Definition 2.2.1. A finite simplicial complex A consists of a finite set V' of vertices and

a collection A of subsets of V' called faces such that
o (i) IfueV, thenu € A.
o (ii) If FeAand G C F, then G € A.

Note: The empty set is a face of every simplex.

14



Let A be a simplicial complex and let F' be a face of A. Define the dimensions of F and
A by dimF = |F| — 1 and dimA = sup{dimF|F" € A} respectively. A face of dimension
q is called a g-face or a g-simplex. Associate a distinct variable z; to each distinct vertex
in the set V. If F is a face of A then the product of all corresponding z; is a square-free
monomial associated with F'. This is due to the fact that at most one g—face can exist for

a given (q+ 1)-set of vertices. The Stanley-Reisner ring can be written in following form:

where [ is an ideal of square free monomials ideal in the variables x, zo, ....... , Ty, COTTE-

sponding to the non-face of A. For convenience let us denote the Stanley-Reisner ring

associated with A by k[A].

By definition a simplicial complex A is a set theoretic construct but it is often the case

we work with its geometric realization. That is associate with A a topological space that

dim A

is a subspace of R and it is a union of simplices corresponding to the faces of A.

Since A can be written as a disjoint union of its i-dimensional components A = [ J;"5 ™ A;

consequently the Stanley Reisner ring of A admits a direct sum decomposition
dim A

k[A] = @ k[A]

whose summands k[A;] are vector spaces with a basis of monomials (not necessarily

square-free) supported on the i-dimensional faces of A.

15



Example 2.2.1. We illustrate how construction of the complex with Stanley—Reisner ring
M = klz, &y, z,w]/{zz, yzw).

mirrors the generating of the corresponding Hilbert Function table by adding one variable

at a time and including all relevant monomials in the ideal used in the quotient.

X

N A

Figure 2.1: 4-vertices, 3-edge, O-faces

Start with the complex Cj corresponding to the point x we have the polynomial ring
k[x]. Bringing the next variable Z we have a new complex Cj corresponding to the
points x,Z. So we have klz,Z|/(xz). When the next variable y shows up we have the
complex (' corresponding to the points z, 2,y and the edges zy and zy. By the same
way, when z shows up we have the complex (5 corresponding to the points z, Z, ¥y, z, the
edges xy, xz,yz,yx, 2& and the faces ryz and yzz. To generate the table below we invoke
Theorem 2.1.1

HF{k[z]} 1111 1 1 1 1

HF{k[z, 2]/ (x2)} 1 222 2 2 2 2

HF{k[z,%,y]/(z®)} |1 3 5 7 9 11 13 15

HF{k[z,2,y,2]/(z3)} |1 4 9 16 25 36 49 64

16



Let My = klz, %,y, 2|/ {x%).

Then by using the short exact sequence (s.e.s.) for M we have

0 . bd] inclusion sz multiply by w blj . b()j . 0
0 — (0:w)y(—1) meusion  ppqy MR YR ap o MM =M, — 0
0 0 0 1 1 0
0 0 1 5 4 0
0 0 5 14 9 0
0 1 14 29 16 0
0 29 50 25 0
0 9 50 77 36 0
0 16 77 110 49 0
0 25 110 149 64 0

The justification for the values in the left most column is based on the annihilator
0:w)={geM:qu=0¢ec M}

associated with the map which is multiplication by w. A basis for the b-graded component

of the module (0 : w) is the following set:

B = {nonzero p € M, of degree b : yz|p}
= {(yz)(r) : nonzero r € M; with degree b — 2 and (z2) { yzr}

= {(yz)(r) : nonzero r € Mywith degree b — 2}.

Thus HF{(0 : w)} = |B| = HF{M;(—2)}. Having accounted for all annihilator elements

and using the fact that by = b1j + bsj — bgj we find the Hilbert function for M.

17



Example 2.2.2. We are looking for the Hilbert function on the module
M = klz,y, 2]/ (2y2®, 2’2, y°2?).

By rearranging the variables in our example we have that M = kly, z, z] /(y?*2?%, 2%yz3, 232)
and based on Theorem 2.1.1 we have:

HF{k[y]} 111111711

HF{kly, 2]/(y*2*)} =HF{M } |1 2 3 4 4 4 4 4

Therefore, based on the short exact sequence we have

0 — (0:x)(-1) —M(-1)— M — My —0
0 0 0 1 1= {1} 0
0 0 1 3 2 ={y,z} 0
0 0 3 6 3 = {y% yz, 2%} 0
0 0 6 10 4= {392,922, 2%} 0
0 1= {2%2} 10 12 4= {yt 3z, y23, 24} 0
0 2 = {yx?z, 222%} 12 13 4 = {y° yzt, ytz, 25} 0
0 4= {1,y%2%z, yza’z, 22?2} 13 14 4 0

In order to figure out the Hilbert function of the annihilator module we need to find all
the non zero elements in M. Those elements should be either multiple of xyz® or 22z.
Therefore, we cannot have a factor of y and a factor of y?z. In other words, there are
no elements in M; that create 2%yz® and x3z. However, there are elements in M; that
create y%22. By this way and using the fact that the alternating sum is zero we create the
above table. In this example we can observe that the draw back is that computing the
Hilbert function of the annihilator ideal would require counting. With the next examples

we illustrate basic approaches to avoid counting.
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2.3 Examples

In this section we use the basic results earlier in this chapter to find the Hilbert function
of key examples that provide the motivation for the techniques we develop in chapters 3
and 4. To be systematic we find it convenient to group the examples based on the number

of monomials generating the ideal used to produce the quotient ring.

2.3.1 The ideal used to produce the quotient polynomial ring is

a principal ideal

Consider M = k[, xs, ..., 2,]/(u) where degu = d. Using Equation (2.1) we obtain the

following:

F(a,b), for0<b<d-—-1
HF (M, b) = (2.3)

F(a,b) — F(a,b—d), forb>d

This approach combined with the result in Proposition 2.1.2 immediately yields

( b
F(a,b)zz%[a—uﬂ', for0<b<d—1
— !
HF (M, b) = { 7= o
F(a,b) = Fla,b—d)= > —[a—1J, forb>d
L j:bf(dfl)]'

and this in turn can be encoded as matrix multiplication using an infinite matrix and

infinite column vectors corresponding to the right-hand side of the above equation.
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o000 0o o0 0o . [a—1° HF (M, 0)

L o000 0o 0 o0 la—1]" HF(M, 1)

L L 00 0 0 o0 la—1)° HF(M, 2)
[ —1)°

L4 L1 @ 0 0 .| a—1" | =| HF(M,d —1)

0o & & & =i A la—1]° HF(M, d)

00 & & = 3w [a—1]° HF(M,d +1)

In what follows we concentrate our efforts in finding ways to compute the Hilbert function
of a polynomial ring as finite sums and differences of the Pascal table row corresponding
to the number of variables in in our polynomial ring. In each such case one can do
as above and use Proposition 2.1.2 to produce a matrix multiplication approach similar
to the above. We’ll leave this for the reader to try using the methods in chapter four
as a starting point. Here are two examples to illustrate the above computations more
concretely.

Example 2.3.1. We are looking for the Hilbert function of the module
M = kfz,y, 2]/ (w3?).

Equation (2.3) indicates the following recurrence relation for this quotient ring

F(a,b), for0<b<2
HF(M, b) =

F(a,b) — F(a,b—3), forb>3

where the coefficients of F'(a,b) and F'(a, b—3) denote the first entry of the Pascal triangle.
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Therefore, the Hilbert function of the module M = k[xz,y, 2]/{xy?) is expressed by the

following sequence of numbers

HF(M,b):1 3 6 9 12 15 18

Finally, we can rewrite the second part of the above function as

F(a,b) — F(a,b—3 Z

j=b—2

| —

' forb>3

%

An alternative way to express the Hilbert function of R is given by the following way

1 00 0 0 0 0 200 1
1 2 0 0 0 0 0 2() 3
1 &4 % 0 0 0 0 2 6
0 % 2 3 0 0 0 26 9
00 % 3 3 00 2@ | =1 12
00 0 5 5 % O 20 15
00 0 0 § % & 2(6) 18

2.3.2 The ideal used in the quotient polynomial ring consists of

two monomials

Suppose M = k[z|/(u,v) with deg(u) = d, and deg(v) = d,. As before the key to
computing the HF (M, b) is finding a way to account exactly once for the monomials of
degree b belonging to the ideal (u,v). There are three possibilities which the reader may
visualize as the Venn Diagram of two overlaying regions: one corresponding to (u) and the

other to the corresponding (v). In fact ¢ € (u) and ¢ € (v) iff ¢ € (Iem(u, v)). To see this
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observe u | ¢ and v | ¢ < lem(u,v) | g. Therefore with the use of the inclusion-exclusion

principle we have
HF ((u,v),b) = HF ((u), b) + HF ((v),b) — HF (lem(u, v), b).

Since every ideal on the right-hand side is a principal ideal we apply lemma 1.0.3 and
the “rank-nullity” reasoning from Chapter 1 to get after setting di,, = deg(lem(u,v)),
dyin = min(d,, d,) and dyax = max(d,,d,),

(
Fla,b). for 0 < b < dyin
F(a,b) — F(a,b — duyin) for dpin < b < dpax
HF(M, b) =
F(a,b) — F(a,b—d,) — F(a,b—d,) for dmax < b < diem
F(a,b) — F(a,b—d,) — F(a,b—d,) + F(a,b — diery) for b > dyen
\

Example 2.3.2. We are looking for the Hilbert function of the module
M = Kz, y, 2]/ (%, 222).

Equation (2.3) indicates the following recurrence relation for this quotient ring

F(a’ab)’ fOI'OSbSQ
HF (M, b) =

F(a,b) —2F(a,b—3) + F(a,b—5), forb>3

Therefore, the Hilbert function of the module M = k[z,y, 2] /{2y, v2?) is expressed by

the following sequence of numbers

HF(M,b): 1 3 6 8 9 10 11

In the next chapter we make full use of the Principle of Inclusion and Ezclusion to
develop what we will call the lem—lattice method to handle any monomial ideal with a

finite number of monomials. Before moving to the next chapter that let us take advantage
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of this example to illustrate an alternative which accounts for the monomials of degree b
in the ideal only once. In other words, the principle of inclusion-exclusion is a sequence
of corrections for alternating over-counts and under-counts which corresponds to regions
of the Venn diagram where two, three, four, etc... sets overlaps. Our goal here is to
partition the union of all sets in the Venn diagram into disjoint sets as to avoid alternating
inclusions with exclusions. This is accomplished by ordering our sets Ey, Fs, F3, ... then
letting Fy = Fy, Fo = Ey \ F1, F3 = E3\ (F1 U F,),.... This is an approach conceptually

similar to the Gramm-Schmidt process in linear algebra.

Let u = 2%y and v = 222 Let also E; = (u) and Ey = (v) then Fy, = E)

and F, = {all monomials which are multiple of v but not of u}. Since F; and E, are
graded modules then F; and F, will be graded sets. For example, for degree 4, F; and F,
are disjoint so no monomials of degree 4 needs to be excludes for Fy. However, for degree
5, for example uz? = vzy; in this case we want to count z?yz* as a multiple of u (i.e.
belonging to F;) but prevent it being counted as a multiple of v. So we want to disallow

in this case the factor zy from being multiplied by v. Observe

lem(z2y,x22) _ a2yz2 T
22 22 Y

which is known as a syzygy. How this would work with example 2.3.2 illustrated up to

degree 6 in the following table,where

G(a,b) = HF{M} = HF{k[z,y, 2]} — [F1| — | Fl.

23



Degree k 3 |4 5 6

HF {k[x.y.2]} 10 | 15 21 28

F u | ux,uy,uz, | ur? uy?,u?, | urd, wyd, ud, xyzu,
uzy, uyz, urz | urty, ury?, ur’z,

wy?z, urz?, uy 2>

F, v | vx vy, vz | va? vy?ve?, | vl oydved,
T2V, Y2V vtz vylz, vaz? vy z?

| e 6 10

|| 113 5 7

G(a,b) 8 |9 10 1
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Chapter 3

LCM-Lattice Method

As discussed at the end of the previous the challenge remains to find the Hilbert function
of a monomial ideal with more than one monomial generator. Our first approach, which
we develop in this chapter, uses the well known Principle of Inclusion and Ezclusion
(which the reader will find in the standard reference [4]). First we need the following:

Proposition 3.0.1. (u) N (v) = (lem(u,v))

Proof. p € (u)N{(v) < u|pandv|p< lem(u,v) | p O

Corollary 3.0.1. (p1) N (p2) N (p3) N ... N (py) = (lem(py, p2,p3, -, Py ))

Proof. (By Induction)

e The above proposition is the above case.
r—1

e Suppose [ ](pi) = (lem(py, pa, p3, ., py—1)) then
=1

r r—1

ﬂ<pi) = ﬂ(pi) N (pr) = (lem(lem(ps, p2, p3, ... Dr—1), Pr)) = (lem(p1, P2, P3, .., Pr))-

]
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Further use of enclusion-exclusion; this time with n monomials we get

HF ((p1, p2, p3, ---sPn),b) = [{monomials of degree b in (p1, p2, 3, .-, Pn) }|

= |[{monomials of degree b in (p;) OR (p2) OR... OR (p,)}|

= Z |<pj1>| - Z |<lcm(pj1’pj2)>|

1<i1<n 1<j1<j2<n
+ Z <(pj1’pj2’pj3)>|

1<51<g2<js<n
TR

_'_(_1)7”71 Z ‘<lcm(pj17pj27 "'7pjr)>‘

1<j1<ja<...<jr<n

+(=1)"H(lem(py, pa, .. )|

- E:Q—Url > Immmmwwme0~

r=1 1<j1<g2<...<jr<n

Assigning d;, j,js.. ;. = deg(lem(ps, p2, ps, .., pr)), where 1 < r < n and
1 <1 <Jo<jsz<..<Jjr<n. To facilitate expressing the Hilbert function let’s expand

F(a,b) =01if b < 0.

r=1

Then HF(<p1ap2ap3a "'7pn>v b) = Z <<_1)n_1 Z F<a7 b— djlejB---jr))

1<j1<g2<...<jr<n

and

HF(k[Zi‘]/(pl,pQ,p& m»pr)v b) = F(CL, b) - Z <<_1)n_1 Z F<a7 b— dj1j2j3"-j7‘)> :

r=1 1<j1<g2<...<jr<n

The argument starting at the top of this page proves the validity of the method we now
describe. The starting point of building up the lem-lattice is what we call layer 1. Layer
1 is a row containing all the monomials of the given ideal. Finding the lecm of all the pairs
we create the 2™ layer. Next we find the lem of all the triples in layer 1 and we call this

layer 3. Following the same pattern we create as many layers as there are monomials in
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the given ideal. The last layer will contain the lem of all the monomials given in the ideal.

If the ideal I contains n monomials then the number of monomials in the lem-lattice in

layers 1, 2, 3, ..., n will be (T), <Z), (g), cee (n> correspondingly. These values are
n

those found in the n'® row of the Pascal triangle to the right and including T
The following examples give a nice view of the above description.

Example 3.0.3. Finding the Hilbert function of the module M = R/{(z? y®) where R =

klx,y, z].

In the case that we have two monomials in the ideal the lem lattice is simple. Start by
building up the lem lattice. Layer 1 is called the row that has all the monomials of the
ideal. Afterwards, we take the lcm of the two monomials and we have the following
x? y>  layer 1
2%y layer 2
According now to the above lem lattice, we are left with a lattice of monomials on which

we use inclusion - exclusion at each row to produce the alternating sum that computed

the Hilbert function
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HF{R} | layer 1(-) layer 2(+) | HF{M}
1 0 0 0 1
3 0 0 0 3
6 -1 0 0 5
10 -3 -1 0 6
15 -6 -3 0 6

21 -10 -6 1 6

28 -15 -10 3 6

36 -21 -15 6 6

45 -28  -21 10 6

95 -36 -28 15 6

We apply now our lem—Lattice method to quotient rings where the monomial ideal consists
of three monomials.
Example 3.0.4. Given the quotient ring M = klx,y, z]/{xz,yz, 2%y), find its Hilbert

function.

Start by building up the lem lattice.
x2%y xrz yz layer 1
x?yz 2’yz xyz layer 2
x%yz layer 3
So we are left with the above lattice of monomials on which we use inclusion - exclusion
at each row to produce the alternating sum that computed the Hilbert function. Let
R = k[z,y, z]. Since we observe that there are monomials of the same degree in adjacent
rows of the lem-lattice lattice, we exclude these pairs of monomials from the alternating

sum in our table. We do that cancellation because the contribution of such a pair to
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the alternating sum is zero. Therefore, the monomials that are cancelled are displayed in

bold-faced. By this way we have the following

HF{R} | layer 1(-) | layer 2(+) | HF{M}
1 0 0 1
3 0 0 3
6 -2 0 4
10 -6 0 4
15 -12 1 4
21 -20 3 4
28 -30 6 4
36 -42 10 4
45 -96 15 4
95 =72 21 4

Example 3.0.5. Compute the Hilbert function of the module

M = klz,y, 2]/ (2?32, 223, xytz, 2%22). As before, for the sake of simplicity, we will let

R = k[z,y, z].

Start by building up the lem lattice and we have

2?32 23 rytz 222 layer 1

x2y3z3  2%ytz 2?2 ayt2® 2% x2y*2?  layer 2
x2ytz3  x2%y3z3 2%yt x2ytz? layer 3

x2y4z3 layer 4
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We typeset in bold face the monomials that are cancelled. By that way we have the

following the table

HF{R} layer 1 layer 2 layer 3 | HF{M}
1 0 0 0 0 0 1
3 0 0 0 0 0 3
6 0 0 0 O 0 6
10 0 0 0 0 0 10
15 -2 0 0 0 0 13

21 -6 0 1 0 0 16

28 -12 -2 3 0 0 17

36 -20 -6 6 2 0 18

45 -30 -12 10 6 0 20

95 -42  -20 15 12 -1 22

In Chapter 4 we develop an alternative approach based on the Syzygy of pairs of mono-

mials.
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Chapter 4

The Syzygy Method

In this chapter we extend the second approach to the example 2.3.2 to handle ideals with
finitely many monomials as generators. When implemented as a recursive algorithm this
method will break down a Hilbert function computation into a sum-difference expression
of Hilbert functions all of which involve a principal ideals. The computation is finished by
invoking Corollary 2.3. Unlike the lem—method, the principal ideals used will be generated
by always taking syzygys of pairs of monomials (we never consider three or more of the
given monomials in a computational step). The key recursive step is given by the following
theorem.

Theorem 4.0.1. (Syzygy method) Let M = k[X]/I, where I = (p1, pa, p3, ..., Dr), G MONO-
mial ideal generated by py,p2, ps, ..., pr € k[X]. Then, using the notation d; = deg(p;) and

mij = % € k[X] with i < j, we have

HF(M,t) = F(a,t) — F(a,t - dl) — ZHF(k[X]/<m1j,m2j,m3j, ...,m(j,l)j),t - dj).
j=2

Proof. (By Induction)

e Base case r = 1 then this hold by the corollary 1.0.1.
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e Suppose r > 1 and

HFE(k[X]/(p1,p2, P3, s Pr-1),t) = Fl(a,t) — F(a,t —dy)

= Y HE(K[R)/ (mag, maj, mag, o mg ), t = dy).
e We show that

HE (k[X]/{p1, P2, p3, -, 0r)s 1) = HF(K[X]/(p1,p2, 03, -, Pr—1), 1)

_HF(k)[i]/<m1ra mMor, M3py ..y m(rfl)r>a t— dr)

A monomial g € k[X], of degree t represent a nonzero element in k[X|/(p1, p2, P, -, Dr—1)
and is zero in k[X|/(p1, p2, p3, ..., pr) if and only if p; 1 ¢ for all

1 <i < rand p.|qg. If we call the set of all such monomials I'(¢) then we have that

HF(k[X]/(p1,p2, 3, - Pr), t) = HE (K[X]/(P1, D2, P35 ooy Pr—1), 1) — [T (2)].

A monomial g € k[X] satisfies ¢ € I'(t) < ¢ = a - p, where a is a monomial in k[X]
of degree t — d, and p; { a - p, for all 1 < i < r. This is equivalent to m;,. { a for all

1< <.

Since a is a monomial we have that,

a ¢ (my), forall 1 <i<r-—1
~a ¢ <m1r7 Moy, M3y, "'7m(7"—1)r>

< ac k[}_(]/<m1'r7 mMor, M3py -y m(r—l)r>'

Finally, to finish the proof and establish that

|F(t>| = HF(]C[)?]/(TTL”, M2y, T3y vy m('r—l)r>7t - dr)
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we only need to observe that a is uniquely determined by ¢ € T'(¢) and every
a € k[X]/(mir, Mar, M3y, ..., M(—1),) uniquely determines a monomial g.

[]

Example 4.0.6. Both the lcm-lattice-method and the Syzygy method produce similar for-
mulas for computing the Hilbert function. We apply the Syzygy method to establish that the
lem-lattice method holds for a monomial ideal with three monomials. The reader should

observe that this will confirm of that result without the use of inclusion-exclusion.

Consider I generated by three (not necessarily distinct) monomials py, pa, p3 with degrees

dy,ds, d3 respectively. We need to show that

HE{K[X)/(pr,p2,pa)} = Fla,t) = Fla, b — deg(p1))
—F(a,t — deg(ps)) — F(a,t — deg(ps))
+F(a,t — deg(lem(py, p2))) + F(a, t — deg(lem(ps, ps)))

+F(a,t — deg(lem(py,p3))) — F(a,t — deg(lem(py, p2, p3))).

By the syzygy method we obtain the following equality which we call the syzygy equality

HE{EX]/(pr,p2,p3)} = Fla,t) — Fla,t — dy) = HF{k[X]/(m12)(—d2)}

—HF{k[x]/(m13, mas)(—d3)}

Applying the syzygy method to the third and fourth summands on the right hand side

we have

HF{k[X]/<m12>(—d2)} = F(a, t— dg) — F(CL, t— d2 — deg(mlg))

= F(a,t —dy) — F(a,t — deg(lem(py, p2)))
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and

HF{k[i]/(mlg, m23>(—d3)} = F(a,t — dg) — F(a,t — d3 — deg(mlg))

—HF {k[i{]/ <1CIH(TI’L137 m23)m2_31> (—d3 — deg(mgg))} .

and

HF{R[x)/(2tmsman)) (g — deg(mag))} =

m23

1
= Fla,t —ds — deg(mas) — F (a, t — ds — deg(masz) — deg (M))

ma3

= Fl(a,t — deg(lem(pz, ps))) — F(a,t — ds — deglem(mas, ma3))

= Fl(a,t — deg(lem(ps, p3))) — F(a,t — (ds + deglem(ms, mas))

= F(a,t — deg(lem(ps, p3))) — F (a, t — (deg(ps) + deg <10m <1cm(§;,p3) | lcm(ﬁj,ps))»

= F(a,t —deg(lem(ps,p3))) — F (a7t N (deg(pg) + deg (M)))

p3

= F(a,t — deg(lem(py, p3))) — F(a,t — deg(lem(py, pa, p3))))-

Back substituting the iterated results of Syzygy method into the Syzygy equation we get

the same alternating sum produced by lem-method.
Thus providing the lem-lattice method valid.

The following examples are based on the Syzygy method.
Example 4.0.7. Find the Hilbert function of M = R/(x* y>), where R = k[x,y, .

We will only need the syzygy mis = lcm(zf# S —— Computing the Hilbert

function in this case requires only one use Theorem 4.0.1, which yields the following:

HF{M} = HF{R} — HF{R(—deg(z"))} — HF{R/{ma>)(—deg(y"))}

= HF{R} - HF{R(~2)} — HF{R/(z*)(~3)}. (4.1)
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Based on the Corollary 1.0.3 we see that the last term in 4.1 it is shifted by 3, so we have

HF{R/(z*)(=3)} = HF{R(-3)} — HF{R(—deg(2?))(-3)}

— HF{R(-3)} — HF{R(-5)}. (4.2)

Therefore, by substituting 4.2 into 4.1, we have

HF{M} = HF{R} —HF{R(-2)} — [HF{R(—3)} — HF{R(-5)}]

— HF{R} - HF{R(~2)} — HF{R(—3)} + HF{R(-5)}.

The Hilbert function of M shows in the last column of the following row-generating table

HF{R} | —HF{R(-2)} | -HF{R(-3)} | HF{R(-5)} | HF{M}
1 0 0 0 1
3 0 0 0 3
6 -1 0 0 5
10 -3 -1 0 6
15 -6 -3 0 6
21 10 6 1 6
28 15 -10 3 6
36 21 15 6 6
45 28 21 10 6
55 -36 -28 15 6
66 45 -36 21 6
78 -55 45 28 6
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Now apply the Syzygy method to quotient rings whose monomial ideal consists of three

monomials.

Example 4.0.8. Finding the Hilbert function of the quotient ring M = klz,y, 2] /(xz, yz, 2%y).

_ lom(azyz) _ aye

mpp =0 =0 =T
_ lem(zz,2?y) _ z?yz

miz = 22y =2y =5
_ lem(yza?y) _ x?yz

M3 = Tary T T Ry T A

Let R = k[z,vy, z].

Using now the syzygy method we can express the Hilbert function of M as follows

HF{M} = HF{R}—HF{R(—deg(zz))} — HF{R/(mi2)(—deg(yz))}
—HF{R/(ma3, mas)(—deg(2?y))}

= HF{R} - HF{R(-2)} - HF{R/(z)(=2)} — HF{R/(z)(=3)}. (4.3)

Observe that the last two terms of 4.3 are equal to the second row of the Pascal table just

shifted since

HF{R/(x)(-2)} = HF{k[y, 2](-2)}
and

HF{R/(2)(=3)} = HF {k[z, y|(=3)}.

By that way, we have that the Hilbert function of M is shown in the last column of th

row-generating table below.
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HF{R} | -HF{R(-2)} | -HF{R/(z)(-2)} | -HF{R/(2)(-3)} | HF{M}
1 0 0 0 1
3 0 0 0 3
6 -1 -1 0 4

10 -3 -2 -1 4
15 -6 -3 -2 4
21 -10 -4 -3 4
28 -15 -5 -4 4
36 -21 -6 -5 4
45 -28 -7 -6 4
55 -36 -8 -7 4
66 -45 -9 -8 4
78 -55 -10 -9 4

Example 4.0.9. Compute the Hilbert function of the module
M = klz,y, 2]/ (2?2, 22°, vy'z, 2%y°2).

As before let R = k[z,y, z]. By finding now the syzygies, we have

M2 = 3 Z,
mig = 24 = 1z,
Moz = 3;1542; = Z27
miq = 2;322yy33z; =%
Moy = :fzfszj = 2%,

22yt




Based on the syzygy method we have

HF{M} = HF{R} — HF{R(—deg(2?z%))} — HF{R/(z)(—deg(xz*))}
—HF{R/(xz, 2*)(—deg(xy'2))} — HF{R/(z, 2%, y)(—deg(z?y’2))}
= HF{R} — HF{R(—4)} — HF{R/(x)(—4))} — HF{R/(xz,2*)(—6)}

—HF{R/{z,2* y)(—6)}. (4.4)

From 4.4 we can see that

HF{R/(x)(—4)} = HF{kly, 2](—4)} (4.5)

and

HF{R/(z,2*,y)(—6)} = HF{R/(y, z)(—6)} = HF {k[z](—6)}. (4.6)

Therefore, 4.5 is given by the 2"¢ row of the Pacal table shifted down by four and 4.6 is

given by the 1% row shifted down by six.

Moreover, in order to find Hilbert function of M we need to find the HF{R/(xz, 2?)(—6)}.
Applying again the syzygy method to the fourth summand on the right hand side of 4.4
we have that

2
_ Xz __
m12—z—2—x.

Observe that the shifting is equally distributed in all the terms as follows

HF{R/(zz,2*)(—6)} = HF{R(-6)} — HF{R(—deg(z2))(~6)} — HF{R/(x)(—deg(*))(-6)}
= HF{R(-6)} - HF{R(=2)(-0)} — HF{R/(z)(-2)(-6)}
= HF{R(-6)} — HF{R(=8)} — HF{R/(x)(-8)}

= HF{R(-06)} — HF{R(-8)} — HF{k[y, z](-8)}
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This way we have the following row-generating table

HF(R(-6)} | ~HF{R(-8)} | ~HF{kly, 2|(-8)} | HF{R/(rz, 2%)(-6))
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 1
3 0 0 3
6 1 -1 4
10 -3 2 5
15 -6 -3 6
Substituting now 4.5,4.6,4.7 into 4.4 we have
HF{R} | ~HF{R(~4)} | ~HF{kly, 2|(~4)} | ~HF{R/ (22, 22)(~6)} | ~HF{k[z](~6)} | HF{A}
1 0 0 0 0 1
3 0 0 0 3
6 0 0 0 0 6
10 0 0 0 0 10
15 1 1 0 0 13
21 -3 -2 0 0 16
28 -6 -3 -1 -1 17
36 -10 -4 -3 -1 18
45 -15 -5 -4 -1 20
55 21 6 -5 -1 22
66 -28 -7 -6 -1 24

Finally, the Hilbert function of M is shown in the last column.
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Chapter 5

Syzygy method via homological

algebra

The short exact sequence that involves ¢, := multiplication by z, (see [5] page 98) works
well with the assemblage row-by-row of a Hilbert function table. That is because the key
homomorphism in the short exact sequence is multiplication by a variable followed by
natural projection. Consequently the last non-zero object of the short exact sequence is
the cokernel of ¢,,. This cokernel (we saw in chapter 2) turns out to be the quotient
ring corresponding to the row in the Hilbert function table immediately preceding the
introduction of the variable z,. In other words, of the two Hilbert function sequences that
the short exact sequence needs to generate the the Hilbert function of k[xy, s, ..., 24]/ I,
one of them (the right-most) is the Hilbert function of k[z1,xs,...,24_1]/I4—1. Therefore

any remaining difficulty would be confined to finding the Hilbert function for the kernel
of ¢y, .

In this chapter we make use of the same set up as in chapter 2. Let S = {p1, p2, p3, ..., D+ },

where pq, pa2, p3, ..., p, are monomials in the variables xq,xo,...x4y. Extend this set of
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variables to an infinite set of variables zq,xs, ..., x4, 24:11,.... For integer value a let

Se ={pi € S :p; € k[x1, 29, ...,2,]}. Re-index if necessary the set S such that
1. 8! cS,ifd > aand ..
2. For p;, pj € Sa, j > 1 only if the highest power of z, dividing p; also divides p;.

The reader should observe that the first requirement of this re-indexing of the generators
of I has the purpose of introducing the generators for the ideals I, in consecutive order as
the variables x, are introduced one-by-one. The second criteria for the re-index ensures
that, as the set S,_; is enlarged to S,, the new monomials are ordered in (non-strict)
increasing order of the power of x,. This second criteria is done to ensure that the
variable x, does not appear in the syzygies we might need compute as we generate the
a"-row of the Hilbert table. Also observe that if S, = () then set I, = 0; otherwise set
h

I, = (pi|pi € S.). Let M, = k[x1, 22, ...,24]/1,. Construct an infinite array whose a’

row is the sequence of Hilbert function values of M,.

Consider the following short exact sequence where ¢,, is multiplication by z,, the module

M, = kl[zy,x9,...,24]/ 14, and (0 : z,)p, = ker ¢y,
0= (0: za)ar, (—1) = My(—1) 2% M, — M, /waM, — 0.

Set Sop = () and for a > 1, if S,_; € S, set

a:{%’:% :piesa\sa—l}'

a

Uz

If S,-1 = S, then set U,, = 0.

Lemma 5.0.1. (0: ), = (¢ : ¢ € Us, ), -

Proof. t U,, =0 < x,1p; for all p; € S, & Vg € M,, g # 0 then x,9 # 0.
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If U,, # 0 the following equivalence holds:

a9 =0 in M, < p; | z,g for some p; € S, \ Su_1
< q; | g for some ¢; € U,,

Sgelq: qeU,,)

Remark 5.0.1. Observe that if U,, =0 then from the above lemma follows that
(O . $a)Ma = 0.

lem(pi,p;)

Using the same notation for syzygies as in the previous chapter, namely m;; = >
J

we now state the following lemma.
Lemma 5.0.2. A non-zero monomial g € (0 : x,)pn, can be written as follows for one

and only one q; € U,
1. g=aiq if @ € Uy,
2. g=qayq; if ¢j € Uy, and mij{a; for all1 > < j

and conversely any g satisfying one of the equations above, belongs to (0 : x4), -

Proof. By the previous lemma all we are left to show is uniqueness.
Suppose g € (0 : x4)u,, let i be the smallest index such that ¢; | g. Then for any 1 > ¢ < i,
g cannot be written as g = ay/qyr.

If i < jand ¢; | g then

g
o = q_ but ¢; | g and ¢; | g = lem(qi, ;) | 9
j

1 iy Yj
o mln ) | 9
d; d;

Therefore ; does not satisfy condition 2. O
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Theorem 5.0.2. With the notation of the two lemmas above, the Hilbert function of the

annihilator of the homomorphism ¢, satisfies the following formula,

HF{(0: z,)n, } =0(a)HF{k[z1, 29, ..., 24-1](—degq1)}

+ Z HF{k:[:z:l,:cQ,...,:Ca,l]/<m1j,m2j,.. .,m(j_l)j)(— degqj)}

1<j€ Index Set Uy,

where §(a) =0 for ¢ ¢ U,,, and §(a) =1 for ¢ € U,,.

Proof. If ¢y € U,, and ¢ | g then oy € k[zq1,21,...,24-1]/14—1 and deg(a;) = b — deg(q1)-
But since U,, , = ), then I, ; = 0 which gives us the summand with §(a) = 1.
If ¢ ¢ U,, then §(a) = 0 and the first summand is irrelevant.

Moreover, for all g € (0 : z,)a, expressible as g = ajq; with m;; { a;, 1 > i < j, then

Q; € (k‘[fbh To, ... ,ZL‘a_l]/Ia_l) /<m1j, maj, ... ,m(j,l)j)
= k[l‘l, T, ... ,Ia_l]/<m1j, mgj, Ce ,m(j,l)j).
The last isomorphism being due to the second and third isomorphism theorems. ]

Remark 5.0.2. Observe that if Uy, = 0 then the sum in the theorem is zero,

i.e. HF ((0: z4)as,,b0) =0 for all b > 0.

With the Hilbert function for the annihilator (0 : z,)a, and the Hilbert function for
M,/x M, = M,, in hand it is straightforward to implement the procedure outlined in
chapter 2 to generate the Hilbert function of M,. For that reason we only show in the
next example how to write the Hilbert function of the annihilator in terms of the Hilbert
function of simpler quotient rings.

Example 5.0.10. Use the above theorem to write a sum equivalent to the non-trivial

3

annihilator ideals (0 : z4)n,, where I = (yb x3y° x%y?22 232, 2%yz3) where the variables

are ordered y,x, z, Wy, Wa, . . ..
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Before embarking in the computations we consider if the set of generators of I needs
re-indexing given the order we have chosen to introduce the variables (this order is quirky
in that the variable y is introduced before the variable x — and was chosen to illustrate
we are free to select the order in which the variables are introduced). The criteria that
S! C S, if @ > a is satisfied by the order in which the monomials generating I are
listed. However the second criteria; namely, that for p;, p; € S,, 7 > ¢ only if the highest
power of x, dividing p; also divides p;, requires that the order of the monomials z%y?z?
and X3z be swapped. Observe that adjusting the indexing to satisfy the second criteria
does not interfere with the first criteria. In other words, after swapping the third and

3

fourth monomials we get I = (y5, 23y°, 232, 2%¢y?2?, 22y23) which satisfies both re-indexing

criteria. The first annihilator is (0 : y)a,, where M, = k[y]/(y°).

In this case U, = {y°} and

HF{(0: y)ar, } = HE{k(=5)}.

The second annihilator is (0 : z)ys, where M, = k[y, x]/(y®, 23¢®). In this case

U, = {2?y°} and there is only the syzygy m;s = y to consider. Therefore,

HF{(0: #)ar, } = HF{K[y]/(y)(=T)} = HF{k(=T7)}.

The third and last non-trivial annihilator is (0 : z),/,, where
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In this case U, = {23, 2%y%2z, 2%yz?}. The syzygies to consider are

6 5
miz3 =Y Moz =Y
4 3
mis =Y Moy = Y mzy =T
5 4
mis =Y Mos = TY mgs =T Mys =Y.
Therefore,

HF{(0: 2)ar. } =HF{k[y, 2]/(y°,y°)(-3)}
+HF{kly, =] /(y*, z¢*, x)(—5)}
+ HF{k[y, =] /(y°, zy", 2, y)(=5)}
=HF{k[y, 2]/ (y°)(~=3)}

+HF{k[y]/(y")(=5)} + HF {k(-5)}.

As the reader can see this approach is quite close in spirit to the Syzygy method discussed
in the previous chapter. The only significant difference is in the tools used to prove
it. All the information about the Hilbert function was obtain from the syzygies. We
must conclude that we have developed two different approaches to computing the Hilbert

function of a quotient ring: the lecm-lattice method and the syzygy method.
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