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Abstract

In this paper, we consider a non-autonomous piecewise linear difference
equation that describes a discrete version of a single neuron model with a
periodic (period two and period three) internal decay rate. We investigated
the periodic behavior of solutions relative to the periodic internal decay rate
in our previous papers. Our goal is to prove that this model contains a large
quantity of initial conditions that generate eventually periodic solutions. We
will show that only periodic solutions and eventually periodic solutions exist
in several cases.

Keywords: neuron model, difference equation, periodic solution, even-
tually periodic solution.

1 Introduction
In [18], the authors investigated the delayed differential equation

' (t) = —g(x(t — 7)), (1)

that is used to model a single neuron with no internal decay, where g: R — R
is either a sigmoid function or a piecewise linear signal function and 7 < 0 is a
synaptic transmission delay. From (1) the corresponding difference equation was
obtained as a discrete-time network of a single neuron model ([8]):

Tp+1 :anfg(xn% n:07172a"'a (2)
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where 8 > 0 is an internal decay rate and g is a signal function. Several authors
investigated equation (2) (e.g., [5, 8, 17, 24, 23, 22, 25, 21, 20]). In addition, equa-
tion (2) have been investigated as a single neuron model where the signal function
g is the following piecewise constant function with McCulloch-Pitts nonlinearity:

1, z>0,

s ={ 120 3)

In [2, 3], the authors studied models by applying a different signal function (with
more than one threshold). In [14], the authors investigated a discrete neuron
model with periodic solutions. Piecewise difference equations have been used as
mathematical models for various applications including neurons (see [13]).

Furthermore, in [6, 7], we studied the periodic character of the following non-
autonomous piecewise linear difference equation:

Tnt1 = Bnn — g(Tn), (4)
where 5 f
_ 0, if n =2k, B
Bn{ 51; 1fn:2k’+1, k7071’2""’ ﬂo#ﬂlv (5)
and
/BOa lf n = 3k'7

Bn: 61a 1fn:3k+15 k:O71727'”7 ﬁo#ﬁl Or50#627 (6)
By, ifn—=3k+2,

where 8, > 0 for all n > 0, and ¢ is in the form (3).

In [6], the coefficient (8,,),, is a period two sequence (5) and in [7] (8,)7—,
is a period three sequence (6). In [6], we showed that periodic cycles can exist
only with even periods and investigated the stability character of these cycles.
In addition, in [7], we proved that periodic solutions can exist only with period
3k, k=1, 2, 3, ... and examined their stability character.

While studying equation (4) with (5) or (6), we observed that cases appear
only when periodic and eventually periodic solutions exist. The goal of this paper
is to analytically investigate the existence of eventually periodic solutions of (4)
together with (5) and (6).

We give the necessary definitions about stable and unstable periodic orbits (see
[10] or [11]). Let

Tny1 = f(on), (7)

where f : R — R. Then the orbit of a point o € R is defined to be the set of
points

{wo, 1 = f(w0), 22 = f(f(20)) = f2($0)7 oy T = f"(20), -}

Definition 1. A point x* is said to be a fized point of the map f or an equilibrium
point of equation (7) if f(x*) = x*.

For an equilibrium point z* the orbit consists of only the point z*. Closely
related to fixed points are the eventually fixed points.



Definition 2. A point x is said to be an eventually fized point of the map f if
there exists a positive integer r and a fized point * of [ such that f"(x) = x*, but

Foi(a) # .

If = is an eventually fixed point, then the orbit is

{z, 21 = f(x), ..., 21 = [T Y 2), 2, = f(2) = 2%, 2%, ¥, ..}

Definition 3. The equilibrium point x* of (7) is stable if for any € > 0 there
exists 6 > 0 such that |xo — xz*| < & implies |f"(xo) — x*| < e for alln > 0. If z*
is not stable, then it is called unstable.

The stability of an equilibrium z* means that initial condition xg slightly
different from x* generate an orbit that remains close to the equilibrium.

In this paper our goal is not to investigate the stability of equation (4) however
the stability is one of the main objectives in the theory of dynamical systems.
In many studies on solutions of difference schemes, the stability is established
under the assumption that the magnitude of the grid steps 7 and h with respect
to time and space variables is connected. Of growing interest is the study of
absolutely stable difference schemes, in which the stability is established without
any assumptions with respect to the grid steps 7 and h (see, for example, [19] and
).

The concept of periodicity is one of the most important notion in the field
of dynamical systems. Its importance follows from the fact that many physical
phenomena have certain patterns that repeat themselves (for example, the motion
of a pendulum, the motion of planets, the population size of blowflies or other
insects at time n, the price of commodity at time n).

Let T be in the domain of a mapping f.

Definition 4. A point T is said to be a periodic point of f with period k if f*(T) =
T for some positive integer k. Note that T is a periodic point with period k if it is
a fized point of the map f*.

For the periodic point T the orbit consists of k points that repeat infinitely
many times

(Z, 21 = f(T), ..., zp1 = fF7H@)}.

Definition 5. A point T is said to be an eventually periodic point with period k if
T is not periodic, but there exists m > 0 such that f*+(z) = fi(x) for all i > m.
That is, f*(T) is periodic for i > m.

For an eventually periodic point with period k the orbit consists of m points
in the beginning and & points which are repeated infinitely many times.

Definition 6. The periodic point T with period k of f is stable if it is a stable
fized point of f*. If T is an unstable fized point of f*, then it is called unstable.



The goal of dynamical systems is to understand the nature of all orbits and to
identify the set of orbits which are periodic, eventually periodic, etc. Generally,
this is an impossible task. But for some mappings we can can obtain more precise
information about the behavior of solutions than for others. For example, in our
case we can find analytically periodic and eventually periodic solutions.

The existence of eventually periodic solutions of (2) was investigated in [8]
and [12]. Additional literature about difference equations with eventually periodic
solutions is available on max-type difference equations and their periodic character
(1, 9, 16, 15)).

2 Existence of Eventually Periodic Solutions if
the Internal Decay Rate is Periodic with Period
Two

In this section, we consider a difference equation (4) with a sequence of periodic
coefficients (5,,)22, that are periodic with period two.

In [6], we proved that equation (4) with (5) has no periodic orbits of odd period
and that there exist solutions only with an even period. More precisely, we showed
that if the coefficients 0 < 5y < 1 and 0 < By < 1, that is, coefficients are in the
region I (see Fig.1), then there exist solutions only with period two. If coefficients
belong to the the region II, then exist solutions only with period four. If the
coeflicients belong to the the region 111, then exist solutions with period two but
in this case also exist solutions with an arbitrary even period. The surprising
situation is in the case when 3 = ﬂ—lo (except for 1 = By = 1). In this situation,
there exist segments of initial conditions from which period four solutions arise.
In [6], it has not been proved that for all other initial conditions solutions are
eventually periodic with period four.

A
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11

Bo

Figure 1: Existence of cycles depending on coefficients 5y > 0 and 5, > 0.

The first result in [6] is the following theorem.



Theorem 1. ([6]) If0 < By < 1 and 0 < B1 < 1 (one of two coefficients is possible
to be 1), then the periodic orbits

{151 ﬁol}and{ﬂll 150}
1— 601" 1= Bob 1—Bof1’ 1= Bob

are stable periodic orbits with period two.

Now the following theorem will address the question regarding the existence of
eventually periodic solutions.

Theorem 2. If 0 < By <1 and 0 < By < 1, then the initial conditions

2—B4BY (1+81) _

75 0] >0, k=12, ..,
50ﬁ1 (1+Bl)*2ﬁ1 _
“BEBF(I—poBr) <0,k=1,2,..,

o —

o =

produce eventually periodic solutions; precisely, xo = 11_755%1 .

Also the initial conditions

26 -B5BO48) o o f 19

SR T (R Ty
_ BBy (1+4B1)—2 _
To = ﬂgﬁf(l—ﬁoﬁﬂ < 0, k=1 27
produce eventually periodic solutions; precisely, xop = 161[;0[131 .

k ok
Proof. We will only prove the first case, when ¢y = %% The second case
0~1

is symmetric as g is an odd function.

Let k =1. Then zg = %% Therefore we get

_ 4 2=BoB1(A+B1) 1 _ 2—BoB1i—5
71 = foxo — 1 = P {1-5oB) =, AA=saB) >0,
T2 =P - 1= 1—0/301,31 t-1= 1-50%1 ’

2— B4 BY (1+81)

BFBE (= Pob1) produces an eventually
0~1

We will assume that the initial condition xy =

periodic solution and zof = 11,;35;131

. o . 2-gktigk+t1(148))
Now we consider the initial condition ¢ = —F7rt

m > (0. We see that

2 pRHIgE+1 (143 9 gk+1gh+1_gkgh+1
= —1=2Fo /1 TP 1 = 01 071
71 = foTo BEBFTT(1—foBy) BT s O

_ 22B5 BT BOBY _ 2-BoBr(146)

2 = fiwn =1 = —5h5r = 5) = BEBE(1—Bobi)
and hence by induction we see that it is an eventually periodic solution and
_ _1-B
therefore xop40 = W o . .
The proof for other cases is similar and is omitted. O

In [6], we proved the theorem, which shows that there exist segments of initial
conditions from which period four solutions arise.



Theorem 3. ([6]) Suppose that 0 < By < 1, B1 > 1 and BoB1 = 1, then every
initial condition in the following two intervals generates a period 4 cycle. In fact,
if xo €0, ﬁLO — 1], then we get the following period 4 cycle

{z0, Boxo — 1,20 — B1 + 1, Boxo + Bo} -

If o € [—% + 1,0[, then we get the following period 4 cycle

{0, Bowo + 1,20 + 1 — 1, Bozo — Bo} -
In both cases the periodic orbits are stable except when xg = 0 and x¢ = —61—0 +1.

The case where 5y > 1, 0 < B1 < 1 and BygB; = 1 is formulated in a similar
result. Now we will show that all initial conditions that are not in the segments
that are considered in Theorem 3 produce eventually periodic solutions.

Theorem 4. Suppose that 0 < By <1 and f; = %, then every initial condition
1
Bo

produces eventually periodic solution with period four.

o0 ¢ [ +1, 5 1l

Proof. We denote the following interval I = [—ﬂ—lo +1, ﬁilo -1

First we consider case where 0 < 3y < % Then it follows that 81 = Bilo > 2
and [—1, 1[e I.

Our objective is to show that there exists k € IN such that zof € I.

We assume that xo > ﬁ — 1. We devide the segment [—ﬂ—lo + 1, +o0] into
smaller segments

[1 1 1 2 n+1 n—+ 2 n -+ 2 n -+ 2

B DRl pt e M T Ty b T I Ty

(see Fig.2). Then there exists a segment such that zy belongs to this segment.

[ ...

1-L R 2 3 4 s
Bo Bo 1+B0 1+B0 3+60 3+ o

A P U N i N

Figure 2: Partition of segment [1 — i7 +oo[if 0 < By < 3.

Now we show that
1) ifxg € [n—!—"ﬂ—tl, n—l—"ﬂ—tz[, then z3 € [n —1+ 7, n—l—i—"ﬁ—tl[, n=12,.., and

9 )



Ta(nt1) € 1,
)(11“50 € [n:;ﬁ” n+1+ 22 then xp € [n— 1+ 25 n+ 25 n=0,1,2, ...,
and Ta(n+1)

In the first case, we let zo € [n + "B—t’l, n+ "B—";Q[ Then we see that

n+1
1 = Boxo — 1> Po(n+ )—1=nfy+n>0,
0
To = (ﬁoifo -1 —-1=xzy—- ﬁo — 1 and therefore
n+1 1 n—+2 1 n+1
n71+—:n+ —— —1<za<n+ ———1l=n-1+ .
Bo Bo Bo 2 Bo Bo Bo

Now we assume that ¢ € [5— B—[ Then we see that x1 = Byxg—1 > 50 —71 =0.
Thus we get

1 1 1 1 2 1 1
= 1<a=(Boro—1)—l=wp— 5 1< -~ 1=— 1
Bo Bo =7 B, (Bozo —1) " Bo Bo Bo Bo

and consequently z, € [—1, % — 1[C I. This means that if we start with zy €

[n + "*1 n+ "+2[ then z9(,41) € I.
Now in the second case, we let zg € [n+ "*2 ,n+1+ ”B—JBQ[ Then we see that

n+2
x1 = Poxo — 1> Po(n+ 5 J—1=nBp+n+1>0,
0
90225*10(50360—1)—1:960—6—10—1andtherefore
n+1 n+2 1 n+2 1 n+1
n—1+ =n+ ———1<z><n+1+ ———1=n .
Bo Bo Bo g Bo Bo Bo

Now we assume that g € [-1 4+ %, [Tlo[ Then it follows that x1 = Bozg — 1
and

1 1
—Bo=Po(—1+ =) —1<z1 < fyp- —1=0,

Bo Bo

xl<0,xQZ%(ﬁoxo—l)—i—l:xo—%—i—landhence

1 1 1 1
O:—lJr%f%le <%7%+171.

Consequently, we get z2 € [0, 1{C . This implies that if 2 € [n+*; "*2 n+1+”ﬁ—tz[,
then zo(,41) € I

The case where zg < 1 — /3—10 is similar and will be omitted.

Now we consider the case where % < pPop <1 Thenl < 5 = % < 2 and
0 < % — 1 < 1 (therefore this situation is different from the previous where
0 < B < ). In this case we have I = [—ﬂ—lo +1, ﬂilo —1[c [-1, 1]



Now we let g € I1; = [+~ — 1, 2 — 2], then
+ Bo Bo

1312,6’0150—1<60(£—2)—1:1—260<0 (sinceﬁo>1).
Bo 2

In addition, we acquire xo = %(ﬂozo -1 4+1=a9— % + 1 and it follows that

1 1 1 2 1 1
0=——-1—-—+41<2p—-—4+1<—-2——+1=——1,
Bo Bo * Bo Bo Bo Bo
and, consequently, we see that zo € I. Furthermore, if zg € Ioy = [2, ﬁ%[ then

x9 € I. Moreover, in similar symmetric cases where zy € [2 — %, 1-— %[: Ii_ or
xo € [—5—20, —2|=I5_, then x5 € I (see Fig. 3).

2 2 1 1 2 2
R P .
I I I Iy Iy

Figure 3: If xp € Io_ UI;_ Ul Ulyy, then xo € 1 (% < B < 1).

Now let 6—20 —2< x5 < 2. Then

1*250:50(%*2)*1§931:50$0*1<250*1-

If%—Q <z < %, then 1 < 0. Hence we see that xo :xo—ﬂ—lo—i—l and it
follows that
1 2 1 1 1

1= 9 1< - 1=
Bo Bo Bo B Bo

Since I+ = ,éTlo -1, ﬂ% — 2| and ﬂio—l <xg <1, thenzo € I14 only if 1 < 5—20—2
or By < % In this case x4 € I. If, on the other hand By > %, then for all

T € [B% -2, ,6% —3[= I54 corresponding xo € I1 (consequently x4 € I). However,

if we continue further with By > % and

3 1
— —3< 29 < —,

Bo Bo

then we obtain

33'3:ﬂo(l’ofﬁflo+1)71:ﬂo($o+1)72<ﬂ0(%+1)72:6071<0,

I4:%(Bo($0+1)72)+1:£ﬂ0+27ﬁ%

and we get

1 1 3 3+2 2 < < 1+2 2 2 !
——1l=—- —— <y < = - =2-—.
Bo Bo Bo 7 B Bo Bo



Now note that if
2 — L < 3 3 or equivalent [y < —
Bo ~ Bo -5
then x4 € I U I3, and all the initial conditions from the segment [5’—0 -3, ﬁ—lo[
produce eventually periodic solutions. However, if 5y > %, then only the initial
condition zy € [% -3, % — 4[= I44 produces eventually periodic solutions and

we can continue further with 5y > % and

4 1< g0 < 1
— = x —.
Bo =7 B
Since fy is fixed, then In € {2, 3, 4, ...} such that (n—1)— ”6’02 < % —n holds
or equivalent form By < gz:f This implies that all the initial conditions zg from

the segment [6—10 -1, %[ produce eventually periodic solutions.

The case where 1 > 0 (that is, % <z < 2) is similar and is omitted.
We can obtain very similar results if we start with zo € [-2, 2 — %[ and we
can conclude that all the solutions with xg from the previously mentioned segment
become eventually periodic.
Moreover, we remark that if zo, — Topte = 1 + %, Toy > ﬂ%, Topto > 5—20,
then the sequence (z2,)nven is strictly decreasing and there exists k such that
Tok € [—ﬂ%, %[ and therefore for all the initial conditions xo ¢ [—ﬂ—zo, %[ the

corresponding solutions are eventually periodic.

If both periodic coefficients 8y and (31 are greater than 1, then there exist
periodic solutions with period two and other periodic solutions with even periods.
For example, in [6] the authors proved the following result.

Theorem 5. ([6]) If o > 1 and By > 1, then the periodic orbit

{511 1-75 }
BoB1 — 17 Bofr — 1

of equation (4) with (5) is an unstable periodic orbit with period two.

Now we formulate the corresponding result about the eventually periodic so-
lutions.

Theorem 6. If By > 1 and 51 > 1, then the initial conditions

L BEB A+ B) 2
O BEBE (BB — 1)
1—1

produce eventually periodic solutions; precisely, xo = 555171.

>0, k=1,2,..,

Proof. The proof is similar as in Theorem 2. O

Fig. 4 is an illustration of Theorem 6 with & = 4. If 5y = 1.4 and 8; = 3, then
xo ~ 1.247991449 and zg = 0.625 that is the first point of cycle {0.625, —0.125}.
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Figure 4: Solution of difference equation (4), if Sy = 1.4, 81 = 3 and xg =~
1.247991449.

3 Existence of Eventually Periodic Solutions if
the Internal Decay Rate is Periodic with Period
Three

In this section, we consider a difference equation (4) with a sequence of periodic
coefficients (5,,)22, that are periodic with period three.

If the internal decay rate (3,)nen is a periodic with period three, then we
obtain some similar properties of solutions as in Sect. 2. However, different
properties emerge as well.

First of all, if all three periodic coefficients are less than 1, then there are no
periodic solutions with period three, and we acquire periodic solutions with period
six instead. However, if 8y8182 > 1, then we obtain a different result.

Theorem 7. ([7]) If Bof1P2 > 1, then initial conditions

oo Pfetfetl L Bt Bt
0 BoB1B2 — 1 0 BoB1B2 — 1

form periodic solutions of equation (4) with period three; in fact, all points of the
orbit are positive in first case, are negative in the second case and both orbits are
unstable.

In [7], it is shown that if 5p5182 > 1 and zo > %, then the solution is
unbounded - going to +oo (in negative case similar).

This means that in Theorem 7 we cannot find an initial condition, which is
greater than the first point of cycle which forms an eventually periodic solution.
Furthermore, in this situation eventually periodic solutions exist. For instance, see
Fig. 5. In fact, in this case we have 8y = 1.5, 81 =4, B2 = 3 and x¢ is determined
by the following formula

oo 2t 202 + BoB1B2(B1B2 — B2 — 1)
’ BoB1B2(Bof1P2 — 1) '

10
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Figure 5: Solution of difference equation (4) with (6), if By = 1.5, 1 =4, B2 =3
and xg ~ 0,496732026.

Then z3 is the starting point of the period three cycle. This formula, however,
does not always work. In fact, the coefficients [y, £1 and B2 > 1 must satisfy
particular conditions.

Now we will focus our attention on the case when there exists a segment of
initial points such that all points are periodic points with period three.

Theorem 8. ([7]) Let Sof12 = 1. Then the following statements are true
1) if 1—p1B82— B2 = 0 (this equality holds when By > 1, 1 = —_1 and By = ’80 1),

then every initial condition xq € [—1, _%[U[Flo’ 1] produces cycles with period three

which are stable periodic orbits except when xg = é and xg = —1;

2) if Bo—B182—1 = 0 (this equality holds when By > 0, 51 = W and By = ﬂo“)

then every initial condition xy € [—é, Fl()[ produces cycles with period three which

are stable periodic orbits except when xo =0 and xo = —ﬁio;
3) if 1+ Po — B1B2 = 0 (this equality holds when 0 < [y < 1, f1 = 717160

By = 1;50 ), then every initial condition xo € [—1,1[ produces cycles with period
three which are stable periodic orbits except xg =0 and xg = —1.

and

The vital question to address: what will occur with the solution when xy does
not belong to the designated segment of Theorem 8?7 Here we will analyze only
case 1) of Theorem 8 and show that all solutions that start outside the segment
-1 f—[ [— 1[ become eventually periodic with period three.

Theorem 9. Let Bof1B2 = 1. If By > 1, f1 = T and By = BO , then every
initial condition 1 L
T -1, ——[U|+,1
0 ¢ [ BO[ [50 [

produces eventually periodic solution with period three.

Proof. First, we start with zy > 1. We denote I = [-1,— ﬁo[ I, = [ ,1[ and
I =1, UIy. Our goal is to show that there exists k € N such that x3 6 °I. Since

11



Bo > 1 and xg > 1, then it follows that

r1 = Boxo — 1 >0,
— 1= _1_1_50(I0—1)>0
Ty = Bia1 = Bo—1 (ﬁoﬂﬁo ) = T Bp-1 =Y

xr3 = 52x2 —1= Loﬁgl 7’801(3?;0_711) —1= ro — 2.

Note that if mo €[l,2—- %[U[Q—i— %,3[, then z3 € I. Also if zg € [2— ~,2+ 4+,

1 Bo Bo
then z3 € [— Bo il

Now observe that if g > 3, then we determine the next iterations of our
solution
x4 = Po(zo—2)—1>0,
T5 = ﬁ(ﬁo(mo -2)—-1)—-1= /30;:07—13) >0,

_ Bo1folzo=d) _q _
wo= BBy g gy

Hence we conclude that if 2y € [3,4 — ﬁi[ [4+ 51 , 5[, then xg € I; furthermore, if
1

zo € [4— 5 ,4—|— ~[, then z € [— [ Now note that it is possible that zg > 5.
Inductively, We conclude that there exists k € N such that

1 1
xo € 2k — 1,2k — %[U[Qk—k E,Qk—i— 1[ and then x5 € I or
1 1
xo € [2k — iR 2k—|—ﬂ0[andthenx3k€[ ﬁ 50[ k=1,2,3,..

Similarly if we start with g < —1, we conclude that there exists k € N
such that zg € [—2k — 1,—2k — %[U[—Qk + 61 ,—2k + 1[ and then x3; € I or
xo € [—Qk—%7—2k‘+ﬁi[andthenx3k €[- B e L k=1,2,3,.

This means that all initial conditions

xo € U [2i4+— = 2z+2—i[ U[Qzﬂri 2i+2—i[u[—2+i —1[U[1 2—i[
= Bo’ Bo = Bo’ Bo Bo’ T Bo

produce eventually periodic solutions.
Now our problem is with the initial conditions that are in the segment [——-, % [.

Solet 0 < zg < % Then we see that

-

x1 = PBoro — 1 <0,

To = 7601*1 (B()ZL‘O — 1) + 1= 750(?;t11)_2
Notice that the inequality Bo(zo + 1) —2 > 0 holds if 2y > % — 1. Also if
Bo > 2, then 0 > % — 1 and the last inequality is always true. Therefore, if
ﬁ% —1<z< %, then z9 > 0. In addition, we see that

r :Bo—lﬁo(l‘O‘Fl)—Q—l:x _1
’ Bo Bo—1 T By

12



—1l<x3=x9— % < —5—10 and therefore z3 € I.
Furthermore, if 0 < zg < 52—0 —1 (it is possible only if 1 < £y < 2!), then zo < 0

and Bo—1 Bolwo+ 1) — 2 2
o—1po(xo+1)—
T3 = +l=204+2—-—.
’ Bo Bo—1 0 Bo
We now conclude that
2 2 2
0<2——<x =29+2——<——-14+2——=1.
Bo 50 Bo  Bo Bo
Moreover, if 3:0—1—2—% i then x3 € I. Otherwise if 0 < zg < %—2 (it

is possible only when 1 < 50 < ') then z3 ¢ I. In this case we continue with
this iterative and inductive process by determining the next three iterations of the
solution

wy = fololzet=2 _ 1*50(330+2)*3<50(**2+2) 3=0,

Bo
za( 2+3)—4
w5 = 5i7 (Bo(wo +2) — 3) + 1 = BBt o b= -

Now we see that only two cases are possible. In the first case if we let % —-3<
T < 55 — 2, then z5 > 0 and

-1 - 4
_ Bo—1Bo(x0 +3) —1—x0+2——

Te =

Bo fo—1 Bo

Therefore—l—— 3+2— <J;0+2 /3 <%—2+2—ﬁ4—0:—ﬁ—10 and xg € I;.
In the second case, 0 < xo < —0 — 3 (it is possible only when 1 < 8y < 3!) and

x5 < 0. Therefore

 Bo-1Bo(mo+3)—4 4
B Bo—1 tl=go+4 Bo’

From the restriction of zg, we obtain that 0 < x6 < 1. This means that if zg > BL

T6

or xg > B —4, then x¢ € Is. However, if zg < 5 or 0 <z <7z —4 (it is possible

only when 1 < 8y < 2!), then zg ¢ I.
Inductively, we conclude that for every fixed 1 < [y < 2 and every fixed
0<z9< ﬂ there exists M € N, M > 2 such that

2M+1<ﬂ< 2M or 2M <B<2M—1
oM~ T oM -1 oM —1 =" T aM -2
(this means that 21\g+1 2M < 0 or W — (2M — 1) < 0) and there exists

n € {1, 2, ..., M} such that

I (2n—1) < x <2’}31—(2n—2)andthen T3n € I or
% —2n <z < ,Bo —(2n—1) and then 3, € Io.

The case where —6—10 < xg < 0 is similar. O
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The last part of proof shows that if 8y is very close to 1 and the corresponding
xq is close to 0, then it will require many more iterations until x,, belongs to I as
Bp is not so close to 1.

Example 1. For instance, if we let M = 10, then 2%;1 = g—é = 1.05 and

M — 20 5 1.0526. Let By = 1.05. Then % —(2M —2) = 2% —18 ~ 0.0952

2M—1 19 1.05

and QB—A({ —(2M —1) = & —19 ~ 0.0476. If zo = 0.05, then z39 ~ —0.99761 € I,

and if g = 0.03, then x50 ~ 0.98238 € I5. See Fig.6 with z¢ = 0.05.

AR
NEERE

M )

0

Figure 6: Solution of difference equation (4), if Sy = 1.05 and x = 0.05.

4 Conclusion

Our main goal of this paper was to show the existence of eventually periodic
solutions for the single neuron model (4). However, we did not consider all the
possible cases. In fact, the most challenging cases emerge in Theorems 4 and 9
where the solutions of (4) are either periodic or eventually periodic.

In [18], = denotes the activation level of a neuron. First of all, if one neuron
works as the proposed model suggests, we can then interpret a stationary state
as an equilibrium state where the activation level is constant. Second of all, the
periodic orbit indicates the periodic changes of the activation level. On one hand,
a chaotic orbit implies unpredictable changes of the activation level. On the
other hand, we cannot provide an accurate interpretation of the unstable orbit
that gradually diverges to infinity where the activation level increases without
restriction. In this paper, we studied the existence and patterns of eventually
periodic solutions; in particular, we examined the stability character of periodic
orbits where the activation level is bounded.

Finally, we conclude that our model (4) with the signal function (3) and
an internal periodic decay rate (with period two and period three), describe a
substantially different situation in comparison to [5], [8], [17], [20], [21], [22], [23],
[24], [25] and [18]. In the mentioned papers the model has not been studied with
a periodic coefficient.
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