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Abstract

We present a cleaX-body realization of the growth of a Bahcall-Wdif(l EY# (p O r—7/4) density cusp

around a massive object (“black hole”) at the center of dastelystem. OuN-body algorithm incorporates

a novel implementation of Mikkola-Aarseth chain regulatian to handle close interactions between star and
black hole particles. Forces outside the chain were intedran a GRAPE-6A/8 special-purpose computer
with particle numbers up thl = 0.25 x 10°. We compare ouN-body results with predictions of the isotropic
Fokker-Planck equation and verify that the time dependehitee density (both configuration and phase-space)
predicted by the Fokker-Planck equation is well reprodumnethe N-body algorithm, for various choices of

N and of the black hole mass. Our results demonstrate theofligsof direct-force integration techniques for
simulating the evolution of galactic nuclei on relaxatione scales.

Subject headings: stellar dynamics, galaxies: nuclei, black holes

1. INTRODUCTION stant non-zero value. Shapiro & Lightman (1976) and Bah-

The distribution of stars around a massive black hole is a¢@!l & Wolf (1976) criticized the Peebles derivation on the

classic problem in galactic dynamics. Many such distribu- 9rounds that the implied flux is unphysically large, in faet d

tions are possible, depending on the initial state, the modevergent if the solution is extended all the way to the black

of formation of the black hole, and the time since its for- N0l€. A physically more reasonable solution would have a
mation. However, a number of plausible scenarios predict€arly zero flux of stars into the black hole. Bahcall & Wolf
a steeply-rising stellar density within the black hole’see ~ (1976) repeated Peebles's derivation, setting the phasees
of influence,r < r, = GMgy /02, with Mgy the black hole densityf (E) to zero at the black hole’s tidal disruption radius.
mass and? the 1D stellar velocity dispersion outside rof They found thatf evolves, in a time only slightly longer than

Such models receive support from the observed run of steI—Tr’ t_o a steady state in Wh'C.h the flux |si/(:4los.e t.o zero atall en-
lar density with radius near the centers of the nearest galax €'9i€sS. The zero-flux solution hdsl] E¥* within the black
known to contain massive black holes: the Milky Way, M31 hole’s sphere of influence, witg > 0 the binding energy; the
and M32. The nucleus of each galaxy has a density cusp withcorresponding stellar densitygs( r—/4, o

p ~ 1Y, ya~ 1.5 within the black hole’s sphere of influence ~ The Bahcall-Wolf solution has been verified in a num-
(Lauer et al 1998; Genzel eflal. 2003). This is consistetitwi ber of subsequent studies, almost all of which were
the slope predicted by so-called adiabatic growth models, i based on the Fokker-Planck formalism_(Cohn & Kulsrud
which a black hole with small initial mass is embedded in 1978; [Marchant & Shapiro._1980!_Freitag & Beriz_2002;
a star cluster and its mass increased to some final value, oAmaro-Seoane, Freitag & Spurzém 2004). The E¥4 and

a time scale long compared with orbital periods. The final p O r~7/4 character of the solution has been found to be ro-
density in the adiabatic growth model follows a power law at bust, at least at radii where the capture or destructionans st

r <5y, with indexys that depends on the initial stellar distribu-  occurs in a time long compared with orbital periods. But ver-
tion function. If the initial model is a non-singular isotheal ifying the Bahcall-Wolf solution in aiN-body integration is
sphere, they; = 3/2 (Peebles 197Pa; Youha 1980). However also clearly desirable, since &body simulation is free of

a non-singular isothermal sphere seems a rather ad hoc guessany of the simplifying assumptions that limit the applica-
for the initial state, and initial models without flat coresey bility of the Fokker-Planck equation, including the restion

steeper final slopes, 3.5 yr < 2.5 (Merritti2004). ~ to small-angle scattering, and the neglect of spatial infrom
Uncertainties in the initial state are less consequeritineéi geneities in the derivation of the diffusion coefficientsit Bie
stellar cluster is old compared with the tirig for gravita- N-body approach is challenging: large particle numbers are

tional scattering to redistribute energy between starghim required to resolve the cusp, and accurate integratiomsehe
case, one expects the collisional transport of mass andener are needed to follow the motion of stars near the black hole.
to set up a steady-state distribution whose functional fisrm In this paper we combine a sophisticaiédbody code with
indendent of the initial phase-space density. Peeble2{)97 the special-purpose GRAPE hardware and show that the for-
first addressed this problem and derived a power-law indexmation of a Bahcall-Wolf cusp can be convincingly repro-
y = 9/4 for the stellar density within,. Peebles obtained his duced without any of the approximations that go into the
solution by setting the flux of stars in energy space to a con-
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Fokker-Planck formalism. Our results provide a clear demon LY.L N [Ms/m[Ms+/M| tn [INA] Tr | Tres (Tre/Tr)
stration of the applicability of direct-fordgd-body techniques 1/2|250K| 2500 | 0.01 |0.26|8.0|1690 1500 (0.887)
to the collisional evolution of dense star clusters, andhig 1/2/100K| 500 | 0.005 |0.19 6.6 454 | 500 (1.101)
light the usefulness of diredti-body techniques for under- 1/2/100K) 1000 | 0.01 10.26/7.1] 764 800 (1.047)

: . : : o 1 |100K| 1000 | 0.01 |0.17|6.6| 227 | 200 (0.881)
standing the dynamical evolution of galactic nuclei camitag 1/2|150k| 1500 | 0.01 [0.26 7.5|1034 860 (0.832)
supermassive black holes.

2. METHOD

Our N-body algorithm is an adaptation of NBODY1
(Aarseth. 1999) to the GRAPE-6 special-purpose hardware.
Forces for the majority of the particles were computed via
a direct-summation scheme without regularization. Plartic
positions were advanced using a fourth-order Hermite inte-
gration scheme with individual, adaptive, block time steps
(Aarsethi 2003). Time steps of stars near the central massivi
particle (“black hole”) would become prohibitively smalfi i

b wWNPE

less Boltzmann equation. Embedding or growing a massive
particle in a pre-existing stellar system can easily result
éhe formation of a density cusp with slope similar to that
predicted by Bahcall and Wolf (1976), but for reasons hav-

such a scheme. Therefore, the motion of stars near the blaci'9 Nothing to do with collisional relaxation. For instance
hole was treated via the chain regularization algorithm of &5 discussed above, adiabatic growth of a black hole pro-
Mikkola and Aarsethl (Mikkola & Aarseth 1990, 1993). This duces & density profile within the hole's sphere of influence
scheme selects an ordering for theparticles in the chain O_f pr ™, 155 YSP g_z._s, hencﬁe7/:2 cusp _that forms coll-
and then regularizes the— 1 pairwise interactions accord- sionlessly can easily mimic@l r—"* collisional cusp. To
ing to the standard Kustaanheimo-Stiefel (KS) transfoionat ~ @void any possibility of non-collisional cusp formationdnr
(Kustaanheimo & Stiefél 1955), such that motion in Cartesia Simulations, which would seriously compromise the interpr
space with a singular potential is transformed into harmoni tation, we generated initial coordinates and velocitiesnfr
motion in a 4D vector space. the steady-state phase space derfily) that reproduces the
Our chain method differs from the standard one (which is Dehnen (1993) density law in the gravitational potential in
incorporated in NBODY5 and NBODYS6) in two ways. First, cluding both the stars and the black hole. The Dehnen model
the massive body was always positioned at the bottom of thedensity satisfieg(r) L r—¥ at small radii, and thd (E) that
chain; and second, the chain was ordered according to forceleproduces Dehnenjs(r) in the presence of a central point
not distance. The chain subsystem typically consistedef th Mass is non-negative for 3ll> 0.5; hencey = 0.5 is the flat-
black hole plus a small number of stans; 1~ 10— 20. The test central profile that can be adopted if the initial caod
chain’s center of mass was a pseudo-particle as seen by thare to represent a precise steady state. As shown in Table 1,
N-body code, and was advanced by the Hermite scheme irmost of our runs used initial Condlt_lons with this mlnlmu.m
the same way as an ordinary particle. However the struc-value ofy. Henceforth we adopt units such that the gravita-
ture of the chain (i.e. the forces from individual chain mem- tional constanG, the total stellar masdt, and the Dehnen
bers) was resolved as necessary for the accurate intagratioscale lengtta are equal to one..
of nearby particles. Furthermore the equations of motion of ~ Table 1 also gives the other important parameters oNthe
particles within the chain included forces exerted by a list body integrations. The influence radius of the black hgle
of external perturbers. Whether a given star was listed as avas defined as the radius at which the enclosed stellar mass at
perturber was determined by a tidal criterion, with typigal =0 was equal to twice the black hole mass. (This is equiv-
< 107 particles satisfying the criterion. Particles were de- alent to the more standard definition = GMgy /0~ when
noted perturbers if their distanceo the chain center of mass p O r2.) The relaxation timd; was computed adt=0,r =ry,

i o ~ from the standard expression (eq. 2-62 of Spitzer 1987, set
satisfied < Rerin = (M/Men)Y/3y_ Y *Rep,, wheremey, andRen ; 2 exp n{eqg. < . .
represent the mass and spatial Size respectively of the,chai Eg]go:ﬂg\tiigg](rhcth/e zrigginiuhrﬁi?neggéilggggé?e??grlvear:ighn

i . . maxs -
mis the mNassozof one Sf%r’ anfin Was (?hosen to be 16, ters in Chandrasekhar’s theory, with This choice is mo-
thus Ry &~ 10°(m/men)“Ren. The chain was resolved for iy ated by the expectation thake for stars near the center

stars within a distancBerirz = ApRen from the chain’s center ¢ grongly inhomogenous stellar system should be of order

of mass, wheré\, = 100. In the standard chain implemen- ,a radius at which the densit i
k > ; ) y falloff begins to abate, e.qg.
tations in NBODYS and NBODY® (with particles of nearly  he core radius if there is a cofe (MHoz_1993; Méfritt 2001).

equal massRerit1 ~ Reritz, while in our application these two |, oy simulations, this radius is of order the Dehnen scale

radii are significantly different. len _ : ;

] : . . gtha=~ afewxr, att = 0, decreasing to a fraction of
_ The Mikkola-Aarseth chain algorithm becomes ill-behaved | " atier formation of the collisional cusp; hence a choice of
in the case of ext_reme mass ratios bet\{vee_n the part|clesbmaxx rn seems appropriate. We stress that Chandrasekhar's
Meh /m 10° (S. Mikkola, private communicationl). Aarseth |nA is a poorly-defined quantity in strongly inhomogeneous
(20038) advocates a time-transformed leap frog (TTL) tottrea anq evolving systems, and our choice is at best approximate.
such extreme mass ratios. The largest mass ratio in our simunevertheless, we will see that the time scaling determined
lations is~ 103 for Wh|Ch the.standard chain algonthm works by this choice of I\ results in very good Correspondence
perfectly well. Using a minimum tolerance of 1% for the  petween the evolution rates seen in Mibody and Fokker-
chain’s Bulirsch-Stoer integrator allowed us to reach agpi Planck models.
relative accuracies of 10.

3. INITIAL CONDITIONS 4. FOKKER-PLANCK MODELS

A crucial element of our method is the use of initial con-  We compared th&l-body evolution with the predictions of
ditions that represent a precise steady state of the aollisi the time-dependent, orbit-averaged, isotropic Fokkanék
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equation:
[te} Run 1
af  oFe sl ]
PG = o (1a) !
af ‘ ! I I I ! | ]
FE(E,t):—DEEaE —DEf7 (1b) f f f } | f

Dee (E) = 641*G2m?InA x
{q(E)/idE’f(E’)+/EoodE’q(E’)f(E’)] ,

De (E) — —648G2n2InA /E.wdE’p(E’)f(E/) (1¢)

(e.g. Cohn 1980; Spitzer 1987). Herp(E) =

4\/§_f(;maX(E> r2\/E —®(r)dr = —dq/0E is the phase space ‘ ‘ ‘ ‘ ‘ ‘
volume accessible per unit of energy, the upper integration
limit is determined via—®(rmax) = E, andE = —v?/2 —
®(r) > 0 is the binding energy per unit mass (hereinafter the
“energy.”) Since the gravitational potential changes as th
stellar distribution evolves, equatiod (1) should alsotaon

a term describing the adjustment fndue to changes ik

as the gravitational potential evolves (e.g. Spitzer 188y,
2-86). However changes im(r) only take place well within

rn in our simulations, and the potential is dominated by the
(fixed) mass of the black hole in this region. Hence, assuming

log,g M(r<0.1r,)

a fixed potential in the Fokker-Planck equation is an exoelle T,
approximation for our purposes. FiG. 1.— Evolution of the mass in stars within a distancér@ from the
When scaling the Fokker-Planck results to Ndody re- black hole, where, is the influence radius of the black hole measured at time

zero. Noisy curves are from tidé-body runs; smooth curves are solutions to

sults, the only free parameter isfin We used the values given o ¢oyier-planck equation.

in Table 1.

10*

5. RESULTS

As the cusp develops, the density of stansgtr, increases.
This is illustrated in Figure 1, which shows the mass in stars
within a radial distance .Qry, from the black hole as a func-
tion of time for each of the runs. (Distances were defined
with respect to the instantaneous position of the black hole
particle; the latter wanders like a Brownian particle, e t
density peak tends to remain centered on the black hole asit =
moves.) For comparison, we also show in Figure 1 the same
quantity as computed from the Fokker-Planck equation. The
time scaling of the Fokker-Planck equation was set using the
value of InA given in Table 1 — no adjustments were made to
optimize the fit. (We note that integrations like these canld
principled be used tevaluate InA.) While there are hints of
systematic differences in some of the runs, overall theecorr

Fokker—Planck

1000

100
T

0.1

107% 0.01

spondence is very good: clearly, tNebody evolution is quite 107 001 01 1 107 001 01 1
close to what is predicted from the Fokker-Planck equation. r r
The N-body runs in Figure 1 exhibit a range M from FiG. 2.— Evolution of the mass density profile around the bladie hbeft

0.25x% 10° (Run 1) to 01 x 100 (Runs 2-4), showing that the panel: N-body; p(r) was estimated from the particle positions at times
correspondence betweditbody and Fokker-Planck resuits 103209300490 500 1500 via & maximum penalized ieiood agorthn.
remains good over at least a modest range in particle numHimes; scaling of the time unit used the value oflgiven in Table 1. Lower
ber. Figure 1 also suggests that each of the integrations hasashed curves show the density at0; upper dashed curves shpdz r=7/4,
reached an approximate steady state with regard to chamges ithe asymptotic solution to the Fokker-Planck equation.
the density at the final time step.

Having demonstrated the reliability of the time scaling of
the Fokker-Planck equation, we can make a more detailed
comparison with thé-body models. Figure 2 shows the evo- correspondence betwedftbody and Fokker-Planck results
lution of the stellar densitp(r) in Run 1 compared with the  is again quite good; the only systematic difference appatars
Fokker-Planck prediction. THé-body density was computed very small radii ¢ < 0.01rp) where the particle numbers are
from snapshots of the particle positions (no time averaging too small for reliable estimates @f The final cusp is well
using MAPEL, a maximum penalized likelihood algorithm represented bp Or~" atr < 0.1rp, both in Run 1 and in
(Merritl 1994 Merritt & Tremblay 1994). The radial coor- the other integrations (not illustrated here).
dinate was defined again as distance from the black hole. The The large number of particles in ott-body experiments
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6. DISCUSSION

Our results contribute to the growing body of literature
demonstrating the feasibility of direct-forde-body tech-
nigues for simulating the evolution of dense stellar system
E on collisional time scales. Two landmark studies in this
vein were the recovery of gravothermal oscillations ushey t
GRAPE-4 special purpose computer by Makino (1996), and
the computation of the parameters of core collapse by Baum-
gardt et al. (2003) using the GRAPE-6. Our study extends
E this work to the yet more difficult case of star clusters arbun
massive singularities, in which accurate and efficient aomp
tation of the forces is particularly critical. We have shown
that particle numbers accessible to a single special-serpo
computer  10f), combined with a regularization scheme for
02 05 1 2 close encounters to the black hole, are sufficient to teslipre

E E tions derived from a macroscopic formulation of the evalati
FiG. 3.— Evolution of the phase-space density of stars arouedkick equations, and that the two approaches indeed make consis-

hole in Run 5. Left panelN-body; f(E) was estimated from the particle  tent predictions about the formation of a cusp on relaxation
energies at timels= 180,300,600 as described in the text. Right panel: Den- time scales.

N—Body Fokker—Planck

f(E)

sities p_redicte_d from the Fokker-PIa_nck e_zquation at theesames; scaling This success points the way to even more challeng-
of the time unit used the value ofMngiven in Table 1. Lower dashed curves . N-bod tudi f lacti lei. For inst th

show f (E) att = 0; upper dashed curves shdwll E¥/4, the asymptotic so- ‘I‘ng -bo 3{, Studies of galaclic nuciel. —For nstance, he
lution to the Fokker-Planck equation. loss cone” problem — the rate at which a central black

hole captures or destroys stars — has so far been the al-
most exclusive domain of Fokker-Planck treatments. Veri-
fying the Fokker-Planck predictions via diretbody sim-
ulations is feasible but will require particle humbers &rg
enough that loss-cone refilling takes place on a time scale
long compared with orbital periods. This implidé >

10° (Milosavijevic & Merritl 2003), currently achievable via
distributed hardwaré (Dorband, Hemsendorf & Meiritt 2003)
Related problems requiring comparably laiyare the long-
term evolution of binary supermassive black holes, and the
Brownian motion of black holes in dense nuclei.

permits us to go one step deeper in compahhgody with
Fokker-Planck results. It is possible to extract estimates
f(E) from theN-body data sets. We did this as follows. Snap-
shots of the particle positions and velocities were stoted a
eachN-body time unit; such data sets are essentially uncor-
related at radii near,. Roughly 70 of these snapshots were
then combined into a single data file, giving an effective

of ~ 10’. From the combined data set we computed an esti-
mate of the gravitational potential using standard exjwass
then computed the phase-space volume elemp@t defined
above. The particle energies were also computed, and a his-

togram constructed dll(E). Finally, we used the relation

f(E) = N(E)/41®p(E) to compute an estimate of the phase-  We are indebted to Sverre Aarseth and Seppo Mikkola
space density, assuming an isotropic distribution of plerti  who were tireless in their advice and support during the cod-

velocities. ing of the chain regularization algorithm. We gratefully ac
Figure 3 shows the results for Run B & 1.5 x 10°, y = knowledge useful discussions with Marc Freitag and Simon
0.5). While f(E) is clearly harder to estimate thauir) — Portegies Zwart. This work was supported via grants NSF

it is effectively a 32 derivative ofp and hence noisy — we  AST 02-0631, NASA NAG5-9046 and HST-AR-09519.01-A
can see from Figure 3 that thfeextracted from théN-body to DM, and by the German Science Foundation (DFG) via
runs evolves in a very similar way to the computed via  grant SFB439 at the University of Heidelberg to RS and MP.
the Fokker-Planck equation, and that its steady-state ferm MP also acknowledges financial support from the Fundag&o
consistent (modulo the noise) with the Bahcall-Wolf salati  para a Ciéncia e Tecnologia (FCT), Portugal, through grant

f O EY/4 at late times. SFRH/BD/3444/2000.
REFERENCES

Aarseth, S.J., 1999, PASP, 111, 1333 Lauer, T. R., Faber, S. M., Ajhar, E. A., Grillmair, C. J., &®een, P. A.
Aarseth, S.J. 2003Gravitational N-Body Smulations (Cambridge: 1998, AJ, 116, 2263

Cambridge University Press) Makino, J. 1996, ApJ, 471, 796
Amaro-Seoane, P., Freitag, R. & Spurzem, R. 2004, MNRAS &sqr Maoz, E. 1993, MNRAS, 263, 75

astro-ph/04011€3 Marchant, A. B. & Shapiro, S. L. 1980, ApJ, 239, 685
Bahcall, J. N. & Wolf, R. A. 1976, ApJ, 209, 214 Merritt, D. 1994 http://www.rit.edu/ drmsps/inverse.html
Baumgardt, H., Heggie, D. C., Hut, P. & Makino, J. 2003, MNRR8&1, 247 Merritt, D. 2001, ApJ, 556. 245
Cohn, H. 1980, ApJ, 242, 765 Merritt, D. 2004, in “Coevolution of Black Holes and GalagjeCarnegie
Cohn, H. & Kulsrud, R. M. 1978, ApJ, 226, 1087 Observatories Astrophysics Series no. 1, ed. L. C. Ho (Calgér
Dehnen, W. 1993, MNRAS, 265, 250 Cambridge University Press), 264.
Dorband, E. N., Hemsendorf, M. & Merritt, D. 2003, J. Compy®&h 185, Merritt, D. & Tremblay, B. 1994, AJ, 108, 514

484 Mikkola, S. & Aarseth, S. A. 1990, Celestial Mechanics & Dyrieal
Freitag, M. & Benz, W. 2002, A&A, 394, 345 Astronomy, 47, 375
Genzel, R. et al. 2003, ApJ, 594, 812 Mikkola, S. & Aarseth, S. A. 1993, Celestial Mechanics & Dymieal
Kustaanheimo P., Stiefel E.L., J. Reine Angew. Math., 208, 2 Astronomy, 57, 439

Milosavljevic, M. & Merritt, D. 2003, ApJ, 596, 860


http://arxiv.org/abs/astro-ph/0401163
http://www.rit.edu/~drmsps/inverse.html

Cusps around Black Holes

Peebles, P. J. E. 1972a, Gen. Rel. Grav., 3, 61 Young, P. 1980, ApJ, 242, 1232
Peebles, P. J. E. 1972b, ApJ, 178, 371
Shapiro, S. L. & Lightman, A. P. 1976, Nature, 262, 743
Spitzer, L. 1987Dynamical Evolution of Globular Clusters, Princeton Un.
Press



	N-Body Growth of a Bahcall-Wolf Cusp around a Black Hole
	Recommended Citation

	tmp.1392587286.pdf.tVX9i

