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L Center for Computational Relativity and Gravitation, School of Mathematical Sciences,
Rochester Institute of Technology, Rochester, New York 14623, USA
2 Department of Physics, Kyoto University, Kyoto 606-8502, Japan
(Dated: February 1, 2008)

We formulate and calculate the second order quasi-normal modes (QNMs) of a Schwarzschild black
hole (BH). Gravitational wave (GW) from a distorted BH, so called ringdown, is well understood
as QNMs in general relativity. Since QNMs from binary BH mergers will be detected with high
signal-to-noise ratio by GW detectors, it is also possible to detect the second perturbative order
of QNMs, generated by nonlinear gravitational interaction near the BH. In the BH perturbation
approach, we derive the master Zerilli equation for the metric perturbation to second order and
explicitly regularize it at the horizon and spatial infinity. We numerically solve the second order
Zerilli equation by implementing the modified Leaver’s continued fraction method. The second order
QNM frequencies are found to be twice the first order ones, and the GW amplitude is up to ~ 10%
that of the first order for the binary BH mergers. Since the second order QNMs always exist, we
can use their detections (i) to test the nonlinearity of general relativity, in particular the no-hair
theorem, (ii) to remove fake events in the data analysis of QNM GWs and (iii) to measure the
distance to the BH.

I. INTRODUCTION

Thanks to the recent technological advance, we have almost come to the stage that gravitational waves are de-
tectable. In the 21 century, the observation of gravitational waves will be absolutely a new window to our universe
and also provide a direct experimental test of general relativity.

There are several on-going projects for the gravitational wave detection in the world [1, 12, [3, |4] which are
ground-based detectors. Next-generation detectors, such as the Large-scale Cryogenic Gravitational wave Telescope
(LCGT) [5] in Japan, are also in progress. In addition, as for space-based interferometric detectors, LISA [6] is now
on its R & D stage and DECIGO/BBO [1, I§] is proposed as a future project. Since they are space-based observation,
they will be free from the seismic noise and remarkably sensitive to the low frequency gravitational waves below 1 Hz.

One of the most important gravitational wave sources is ringdown of black holes |9]. The black hole perturbation,
such as in the late stage of a black hole formation, can be described by quasi-normal modes (QNMs) with complex
frequencies. Thus the gravitational radiation is expected as a damped sinusoidal waveform. It is important to study
QNMs because we can determine the mass and angular momentum of a spining black hole by observing the QNM
frequencies, i.e., the normal-mode frequencies and damping rates.

For ringdown searches using data of gravitational wave detectors, the matched filtering technique is useful since
these waveform is well understood. In the paper [10], a data analysis method to search for ringdowns have been
discussed by using an efficient tiling method for ringdown filters [11], and an application to the TAMA300 data has
been reported. Accuracies in the waveform parameter estimations have been found that [accuracy of black hole mass]
< 0.9% and [accuracy of Kerr parameter] < 24% for events with the signal-to-noise ratio (SNR) > 10 [12].

A promising source that excites QNMs is a merger of binary black holes. In these events, we may detect the QNMs
with high SNR, e.g., the SNR ~ 10° for ~ 103 M, black hole mergers at ~ 1Gpc by LISA [13], since a large fraction of
energy (~ 1-5%x [total mass]) is emitted as gravitational waves of the QNMs. Recently, numerical simulations have
succeeded in calculating the entire phase of BH mergers [14, [15, [16], and found that the £ = 2, m = +2 mode actually
dominates, carrying away ~ 1-5% of the initial rest mass of the system [17]. The merger rate is also estimated to be
large enough [18, [19].

Black holes deform appreciably in the merger so that the higher-order QNMs could be prominent. As an order of
magnitude estimate, when the gravitational wave energy of ringdown is ~ 1% x M, i.e.,

Rl

Eow ~ ~1% x M, (1.1)

where (1) denotes the first order gauge invariant waveform function, the dimensionless amplitude of the metric
perturbation is

(1)
’/’W ~10%. (1.2)
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[See the total radiation energy of the first perturbative order in Eq. (Z31)) with w ~ M ~!.] Hence, the second order
amplitude goes up to [¢p() /M]? ~ 1%. This means that the second order amplitude becomes ~ 10% of the first order
amplitude, which is detectable for high SNR events. Reduced to its simplest terms, the SNR of the second order
QNMs is ~ 10 if the SNR is ~ 100 for the first order QNMs.

The essence of higher order QNMs has already been discussed in “Mechanics” by Landau & Lifshitz [20] as an
anharmonic oscillation. In general, an oscillation with small amplitude z is described by an equation,

i+ wir=0 (1.3)
with a frequency w. This gives a solution,
x = acos(wt + @), (1.4)

where a and ¢ denote integration constants. Including the second perturbative order with respect to the amplitude,
the equation has a correction,

i+ wir = —ax?, (1.5)

where a is a constant, and so the solution is 2 = a cos(wt + ¢) + (2, where

2 2
2) aa aa 2

= ——— + —cos2wt xa”. (1.6)

(
v 202 6w?

Here the first term and second term in the right hand side of the above equation have a frequency (w —w) and (w+w),
respectively. The important point is that the second order oscillation always exists and is completely determined by
the first order one. We also note that the frequency does not have a correction at this order.

In a recent paper [21], we have proposed that higher perturbative order of QNMs, generated by nonlinear gravi-
tational interaction near the BH, are detectable and worth searching in observations and simulations of binary BH
mergers. In this paper, we give full details to calculate the second order QNMs of a black hole. Since the previous paper
just put forward an order-of-magnitude estimate, we also perform numerical calculations of the second order QNMs.
Considering a Schwarzschild black hole as a first step, we show that the second order QNMs appear at the frequency
w® = 20 and numerically determine their amplitude by the modified Leaver’s continued fraction method [22].
Since the second order QNMs always exist, their detections can be used as a new test of general relativity. Although
this paper and the previous paper |21] have been the first to study second-order QNMs, the second-order analysis of
general relativity is pioneered by Tomita [23], and the £ = 2, m = 0 case is studied by Gleiser et al. [24, 25, [26, 27].
It is also extended to cosmology |28, 29,30, [31].

This paper is organized as follows. In Sec. [[I, we consider the second order metric perturbation and equations to
be satisfied, i.e., the perturbed Einstein equation. Our strategy to solve this equation will be given in this section. In
Sec. [T, we summarize the tensor harmonics expansion of the first and second order perturbation. In Sec.[[V] we review
the Regge-Wheeler-Zerilli formalism [32,133] in the black hole perturbation approach. Here, the first order QNMs are
also discussed for later use. In Sec.[V], we derive the second order Zerilli equation with a source term. The source term
consists of quadratic terms of the first order wave-function. In Sec. [VI, we regularize the second order source term
so that it is regular at the horizon and spatial infinity. In Sec. [VIIl we discuss how to extract physical information
from the second order Zerilli function when we obtain this function. In practice, the gauge transformation from the
Regge-Wheeler gauge to an asymptotic flat gauge is considered. In Sec. [VIII, we numerically solve the second order
Zerilli equation and calculate the QNM amplitude by implementing a modified Leaver’s continued fraction method.
In Sec. [X] we summarize this paper and discuss some remaining problems. Some discussions on the first QNMs
are given in Appendix [Al We clarify the complex nature of QNMs and the relation between m and —m modes in
the spherical harmonics expansion in this appendix. In this paper, we use units in which ¢ = G = 1 and follow the
conventions of Misner et al. [34] with the signature — 4+ + 4+ for the metric.

II. SECOND ORDER METRIC PERTURBATION

In the black hole perturbation approach, we consider second order metric perturbations,

g;,w = g;,w + h;(,blu) + hLQV) 3

with an expansion parameter A which we can identify as a first order amplitude. Here, superscripts (i) (i = 1, 2)
denote the perturbative order, i.e., h,(},j) and hf,,) are called the first and second order metric perturbations, respectively,



and g, is the background metric. In this paper, we consider the Schwarzschild metric as the background and use the
usual Schwarzschild coordinates,

Gudatde’ = —f(r)dt* + f(r)~" dr® +r* (d6” + sin® 0d¢?) ;
2M

Thus, the Greek superscript and subscript indices denote {t, r, 8, ¢}. In the perturbation calculation, we raise and
lower all tensor indices with this background metric.
The Einstein tensor G, up to the second order is formally derived as

Guwlgw] = GURD]+ DR+ GARD, AV + O((h)2, hWRP) | (h)?), (2.2)

where we have omitted the spacetime indices pu and v of the metric perturbations, hf}l,) and hff,,) , and ignored the third

perturbative order, i.e., O(A4?) in terms of the expansion parameter. Gf}l,) is well known as the linearized Einstein
equation,

1 o o 1 1 . .
GSV) [H] = _§ij;0f + F(u;u) — RappH p— §H;W - QQW(F/\’)\ - H;/\’/\) ) (2~3)
F, = H,,".
Here, H,,, denotes hf}l,) or hff,,) , and semicolon ”;” in the index indicates the covariant derivative with respect to the

background metric. GLQV) consists of quadratic terms in the first order perturbation,

1
G, ] = R, ] = g, ROBD, n V] (24)
1 1
@M M1 = 20 pes ZpMeap 1) 1) 9@
Ruu [h 7h ] - 4ho¢ﬁ;,uh §V+ 2h (haﬁ;,uv—’—h,uu;aﬁ 2ho¢(u;u)ﬁ)
1 1 1 1
_Z(pMas 231G O 25 pMa;p _ 2 (1) 5 (1)85
2(h B 2hﬁ )(2ha(u;y) hul/;a) + 2hp,a;ﬁhl/ 2h,ua;ﬁhu .

Since we consider the vacuum Einstein equation now, we may solve the following equation for the first perturbative
order,

GRRY] = 0. (2.5)

For the second perturbative order, once the first order metric perturbation h(!) is obtained, we may solve the equation
with a source term which can be considered as an effective energy momentum tensor.

Gf}y) [h(2)] = —foy [h(l), h(l)] . (2.6)
Thus, expanding the Einstein’s vacuum equation, we can obtain basic equations order by order |35, 36, 37].

In the following section, we consider the equations in Eqs. (2.5) and (28] by using the tensor harmonics expansion
which is summarized in the next section. Then, the Regge-Wheeler-Zerilli formalism [32, 33] is used for coefficients
of this expansion.

In this formalism, the first order QNMs of a black hole is derived from the first order Einstein equation ([2.5]). We
discuss the first order QNMs and summarize some formulae in the Regge-Wheeler-Zerilli formalism in Sec. [Vl (See
also Appendix [A])

For the second order Einstein equation (Z.8]), we also use the same Regge-Wheeler-Zerilli formalism in Sec. [V], while
there are some differences. The second order equation has a source term which is written by quadratic terms of the
first order wave-function. This source term which is shown in Eq. (4], does not behave well at the boundaries.
The reason of the behavior simply comes from the gauge choice and this has no physical meaning. Hence, we can
regularize this behavior in Sec. [VIl Based on this regularized source in Eq. (6.3]), we numerically compute the second
order wave-function in Sec. [VIIIl

In order to extract physical information from the first and second order wave-functions, we must consider the metric
perturbations under an asymptotic flat gauge condition. The first and second order metric perturbations are obtained
under the Regge-Wheeler gauge at first, but this gauge is not an asymptotic flat one. It is necessary to formulate the
gauge transformation for both the first and second perturbative order. This is done in Sec. [VTIl



IIT. TENSOR HARMONICS EXPANSION

Since the background spacetime has the spherical symmetry, all perturbative quantities can be expanded by the
spherical harmonics Yy, (0, ¢) and its angular derivative. In this paper, we consider the following tensor harmonics.
Almost of all is the same as that of Zerilli’s paper [33]. There are some differences in the notation, therefore we
summarize them in this section. )

For the first and second order metric perturbations, we expand hffl), (i =1, 2) by tensor harmonics,

RO = % [f( VES) (t,7)@0 tm — iV2HE) (£, 7)ay im + o )Hé?m(t,r)am
ém

——\/2£ C+ DR (8, 7)o o + = \/24 C+ DR D 8,1

+J§w+1>w—1>w+2> 047 fom + (ﬂK,F:Z(t, ) - W}”G“ e
_whffzm (t,7)Coem + wh@m(t’ ) eim
LV e+1)2(f2_ DE+2),0 )dem] | 51)

where we should be careful not to confuse Ggl (t,r) in the above equation with the perturbed Einstein tensor G,(f,z
in the previous section. Here, ag¢m, @em , - - - are constructed by the spherical harmonics and its derivative. The ten
tensor harmonics are defined as the following.

Yoo 000
0 000
0 000
0 Yum 00
. Sym 0 00
aiem = (Z/\/i)( % 0 00 ) (33)
0 0 00
0 0 00
[ 0Yy, 00
Qpm = 0 0 00 ) (34)
0 0 00
0 0 (9/00)Yim (9/0¢)Yem
. _ 0 O 0 0
boim = ir[20(0 +1)]71/2 Sym 0 0 0 : (3.5)
Sym 0 0 0
0 O 0 0
_ 0 0 (9/99)Yyn (0/00)Yem
b = 26+ )2 | 0 O (OIOYem (O100 e (5.6)
0 Sym 0 0
0 0 (1/sin0)(0/0¢)Yem —sin0(9/00)Yem
_ 0 0 0 0
Coom = r[20(£+1)] 1/2 Sym 0 0 0 , (3.7)
Sym 0 0 0
0 O 0 0
_ 0 0 1/sin0)(0/00)Ysy, —sin€(0/00)Yym,
con = a2+ G g0 (1/sin6)(0/00)¥: (01060 | (3.8)
0 Sym 0 0



00 0 0
.o B —12] 00 0 0
dpy = —ir 200+ 1)( = 1)(£ + 2)] 00 —(1/sin6)Xpm sin W | (3.9)
00 Sym sin 0 X s,
00 O 0
00 O 0
gm = "IV 00y, 0 : (3.10)
00 0 sin?26Yy,
00 O 0
_ 00 O 0
fom = PROCHDE=DE2V2 | F o (3.11)
0 0 Sym —sin? Wy,

Here the Sym denotes components derived from the symmetry of the tensors, and the angular functions Xj,, and
Wem are given by

g (0
0? 0 1 02
Wem = | 525 —cotl—= — —5—== | Yom - 3.13
¢ (392 Y50 T snZe 3¢2) ¢ (3.13)

From the above definition, the tensor harmonics can be further classified into even (or polar) and odd (or axial)
parities. Even parity modes are defined by the parity (—1) under the transformation (0,¢) — (7 — 60,¢ + 7),
while odd parity modes are by the parity (—1)*'. Thus, the seven coefficents of the metric perturbation,

Héiz)m, Hl(ie)m7 Hézgm, héel)g), hgel)g), GEZZ and Ké;)l are called as the even parity part, and the three coefficients,

h(()i;m, h@m and hggm are the odd parity part.
On the other hand, we consider the right hand side of Eq. (2] as the energy momentum tensor,
1
T3 = ——G@npW M, 3.14
G, h) (314)

nv

Then we define the following tensor harmonics expansion,

7@ = Z [Aoem (t, 7)a0 em + Al em(t, )81 em + Aem (8, 7) @ + Bo em (,7)b0 em + Bem (¢, 7)bem

Im

+QO m (t7 T)CO om T Qfm(t; T)clm + Dfm (t7 T)dfm + gfm (t; T)glm + -7:Em (tv T).ffm] . (315)

Here the seven coefficents, Agem, A1em, Aem, Boem, Bem, Gem and Fy,, are the even parity part, and the three
coefficients, Qg ¢m, Qem and Dy, are the odd parity part.

By using the orthogonality of the above tensor harmonics, we can derive the coefficient of the tensor harmonics
expansion. For example, the coefficient of the energy momentum tensor is calculated by

Aoem(t,r) = /7(2) £ g gy, 2

/5*“5“57;(3) o ap 492, (3.16)

where * denotes the complex conjugate, dQ = sin fdfd¢ and 6** has the component, diag(1, 1, 1/r2, 1/(r?sin?f)).

IV. FIRST ORDER ZERILLI EQUATION

We use the Regge-Wheeler-Zerilli formalism [32, 133] for the first order metric perturbation in the Schwarzschild
spacetime. There are some reviews about this formalism in [38]. Separating angular variables with tensor harmonics
of indices (¢, m) as mentioned in the above section, the equations are divided into the even and odd parity parts. In
this formalism, the master equation for the odd or even parity part arises as the Regge-Wheeler or Zerilli equation,
respectively.



Here, we consider only the even parity mode in the first order calculation. The reason is the following. In the case
of a head-on collision, we have already known that the odd parity perturbation does not arise due to symmetry. When
we treat black hole binaries, the radial motion always exists in order to merge through the potential barrier of the
system. Actually the numerical simulations show that the even parity mode dominates. Thus, the above assumption
for the first perturbative order is adequate as a first step, though it may not be the best approximation. Furthermore,
we should note that it is also sufficient to discuss the even parity part for the second order calculation under the above
assumption.

In order to discuss the metric perturbations, it is necessary to fix the gauge. For the first order metric perturbation,
we impose the Regge-Wheeler (RW) gauge conditions, the vanishing of some coefficients of the first order metric
perturbation:

™ < M = G o,
Here, the suffix RW stands for the RW gauge. It is noted that in the RW gauge the gauge freedom is completely
fixed. Although there are seven equations for the even parity part, introducing the following wave-function,

—2M 0
D (tr) = ALH [KngRW(t,r)+m <H2(1€)75W(t,r)—TEK&ZRW(IS,T))} : (4.1)
—1)+2)
A=

we can reduce the seven equations to a single equation for the function 1/)212. This function 1/157173 obeys the following
Zerilli equation.

0* | 0 (1) _ ).
g+ e~ Vel i) = o

(4.2)

2 2 9 3
Vz(r) = <1__> 2N (A + 1)r® + 6A°Mr? + 18AM?r 4 18M

r r3(Ar + 3M)? ’

where

. = r+2M1 (——1)
r r 4+ n Y0i

All the first order metric perturbations can be reconstructed from the wave-function 1/)2172. The detailed method of
the first order ¢ = 2 metric reconstruction under the RW gauge condition is summarized in the end of this section.

If wéz is Fourier analyzed,

Wit,r) = / e ) (rdw, (4.3)
the Zerilli equation gives a one-dimensional scattering problem with a potential,
82
g+ = V)| i = (1.4

Then, the QNMs are obtained by imposing the boundary conditions with purely ingoing waves,

1/}€ ( ) —iwt e—iw(t—i—r*) ,
at the horizon of a black hole and purely outgoing waves

1/}(1) (r)e —iwt |, o —iw(t—ry)

Imw )

at infinity. Such boundary conditions are satisfied at discrete QNM frequencies. These frequencies are complex with
the real part representing the actual frequency of the oscillation, i.e., the normal mode frequency, and the imaginary
part representing the damping. There is an infinite number of QNMs for each harmonic index (¢, m) which are labeled
by n. Thus, the QNM frequency has three indices, (¢, m, n). We note that the QNM frequencies have some symmetry

shown in Eq. (A3).



In the following, we consider only the £ = 2,m = £2 modes as the first order perturbations. This is because these
modes dominate for binary black hole mergers. Although we can derive all QNMs without fixing the m mode in the
case of a Schwarzschild black hole, we need to specify m mode when we consider the second order perturbations. (See
Appendix [A])

Furthermore, in this paper, we mainly concentrate on the most long-lived QNM in the first perturbative order.
This mode is characterized by the fundamental (n = 0) QNM frequency. Just for comparison, we will calculate the
second order QNM in the cases that only the n = 1 or 2 QNM is excited in the first perturbative order. Although the
QNM frequencies for £ = 2 are given in [22], we calculate them with higher-precision in Table [l that is necessary to
calculate the second perturbative order.

For later use, we show that 1/)51)2 must be the complex conjugate of 1/)2; in order to assure that the metric

perturbation has a real value. For example, the first order metric component h( VW ig written by
D™ = ) (HE™ () Yoo 6, 0) + HSY'SY (.7) Ya2(6,0) )
= 1) (B2 W5 (4.7)) Yar (0,0) + BEY S [0y (8,7)] Vo2 (0, 9))

= 1) (ASE™ [ (4,7) Yoo 6, 0) + v, (8,7) Ya2(6,6)] ) (4.5)

where we have used Eqs. (81) and (82) in the first line, and ﬁég)QRW Hé12)R2W is a real differential operator with
respect to t and r defined by Eqgs. ([@8]). By using

1
Y22 (0,0) = 3
Va(0,0) = <1/ 2 sin?0 e (4.6)
T

we can show
1 1)*
b (tr) = wslst,r)
71@0(1)(1& Ty)
~ Ae 22 ) forr — o0, (4.7)

where the second line represents the most dominant QNM (see Appendix [A]) and A is some complex number. Berti
et al. |39] have discussed that the quasi-normal waveform for each (¢, m) mode has four degrees of freedom, i.e., two
amplitudes and two phases. In this paper, we consider only the even parity mode. This means that we need to
consider two degrees of freedom in our calculation, i.e., the complex number A.

From these wave-functions, the reconstruction of the first order metric perturbation under the RW gauge is given
as the following,

1)RW (1)RW [ , (1
H(gz)ﬂ (t,r) = 02)12 [7/}§:|:)2( 7))
272 —2rM +3M? 9 473 +472M +6rM? +3 M3 (1)
= —_— t’l” 3
r(2r+3M) 8rw 2 () = r2(2r +3M)? v2ia (hr)

62
+(r—2M) —¢;”2 (t,r)
1)RW (HRW [ (1
H1(2)i2 (t,r) = 12)i2 W’éﬁz( 7)]
2r2 —6rM —3M? 0 0 1)
= t
(2r+3M)(r—2M)6t Qﬂ( )+T8t6r 22 (67)
HYE (tr) = A5 ()
RW
= HERE (¢,
K8 ) = KIS s (1)
r—2M 0 (1 2 +rM + M?

= T 7 E¢2i2(t’T)+6(2r+3M)

S, (7). (4.8)

In the above equations, we can derive the first order metric perturbation only from the wave-functions in simple
differential forms. This is because there is no source term in the vacuum Einstein equation. On the contrary, when



we construct a second order metric perturbation, we need both the second order wave-functions and the second order
source which have quadratic terms of the first order perturbation.

We use the above metric perturbation under the RW gauge to derive the source term of the second order Zerilli
equation. But, when we extract physical information, it is necessary to consider a gauge transformation from the RW
gauge to an asymptotic flat (AF) gauge. This will be discussed in Sec. [VIIl

V. SECOND ORDER ZERILLI EQUATION

For the second order perturbations, we also separate angular variables by tensor harmonics and choose the RW
gauge condition. First of all, we have considered the first order metric perturbation only for the even parity part.
The second order source term, which is derived from G,(f,j) [, (] in Eq. @8), has also the even parity. Therefore,
we may discuss the second order metric perturbation only for the even parity part, i.e., the Zerilli equation.

Here if the dominant first order perturbations are the ¢ = 2, m = +2 even parity part, we are sufficient to consider
the £ = 4, m = +4 even parity mode for the second order perturbations as shown below. The second order source term
arises from G,(f,j) [, (W], This contains products, (£ = 2,m = 2)x({ =2,m =2), ({ =2,m = —2)x({ = 2,m = —2),
(=2m=-2)x {=2,m=2)and ({ =2,m =2) x ({ =2,m = —2) of the first order metric perturbation. Then
the source term has m = 0 and +4 modes as a result of the product of the spherical harmonics. We can find that
the m = 0 source term does not oscillate as a function of time, because of the symmetry of the QNM frequencies in
Eq. (A3), and hence this m = 0 mode can not be observed as a QNM wave. Therefore, we consider only £ = 4, m = +4
modes in the following calculation.

In [24, 126, 27], the second order source term of the £ = 2, m = 0 mode which arises from the £ = 2, m = 0
first order perturbations, has been discussed. These discussion is for example, for the treatment in the ”close limit
approximation” of the collision of black holes. Their situation is restricted to the axisymmetric case, i.e., the m =0
mode. Therefore, the second order calculation is also only for the m = 0 mode. In our case, the harmonics of the
second order metric perturbation changes in the m mode as well as in the ¢ mode as discussed above.

Now, we introduce a function for the second perturbative order,

(2 (1) = r—2M r? 8K£i)fw(t,r)
Xa£alh ") = 303 T M) |7 — 2M ot

RW
~H R )] (5.1)

where the functions K ﬁgf Woand H 524)f4w are coefficients in Eq. (3]), i.e., derived from the expansion of the second

order metric perturbation by tensor harmonics as in the first order case. We note that the first-order counterpart
exactly satisfies Xﬁ = 81/1152/(%. Hence, the dimensions are 1/122 (t,r) ~ O(M), xgz(t,r) ~ O(M?) and xgiz(t,r) ~
o(M"Y).

Using the function of Eq. (B.1]), the second order equations for the even parity mode is reduced to the Zerilli equation
with a second order source term,

0? 0? )
~a2 T g V2| xazalt,r) = Saxa(t7), (5.2)

where the potential Vy is the same function defined in Eq. [@2]) with A = 9. The source term Sy, is derived as

4710 (r—2M)* 8w (r—2M)* 8

Saxa(t,r) = 1537+ M) §B4i4(t77°) + W 5~A4i4(fﬂ°)
AN2im(r—2M)? 9 8V2im (r—2 M) (4r — M) M
- - tr) — t
s@ran  or ) 37 (31 + M) Avazaltr)
AV10im (r—2 M) 8 8VEm(r—2M) 9
T 15(3r+ M) g Boaxaltr) = ——— 5 Faza(t,7)
4104w (AM? +TMr+2772) (r —2M
+ ™ ( . ) ( ) Boasalt.r), (5.3)

157 (37 + M)

where the functions Bsi4 etc. are coefficients of the tensor harmonics expansion of GLQV) AV h D] in Egs. (314) and
BI%). Since these coefficients are written by quadratic terms of the first order metric perturbation, we can rewrite



the second order source term Sj44 in terms of 1/1522 by using Eq. [@L8)) as

—2M /
Suzalt,r) = 0y 23 = (2477 +11207°M 4 1052 7°M? — 798 r* M®
2 Vm | r@Br+M)?2r+3M)

25861 M4 — 2396 r2M° — 270 M — 9 M") (%wéﬁz (t, )> — i, (t,7)

1
31+ M)* (2r+3M)>
0? )
—270 7 M® — 9 M) (% &, (t,r)> > $2s (t7)
(787" — 12873M — 2647°M> — 1007 M> +3M*) (9® () (t.7) 9w (t.r)
r(2r+3M)(3r+ M) (r—2M) o3 22 or
(847° — 1227 M — 28173 M? — 6 12 M3 + 237TrM* + 33 M°) (0> 0
+ Sy (61) ) Sty ()
r2(2r +3M)(r—2M)*3r+ M)* o2 ot
(6674 — 106 r3M — 22072 M? — 156 rM3 — 45 M*) (
r(2r+3M)3r+M)?(r—2M)
B 9
S (3r+M)*(2r 4+ 3 M)

(13270 — 136 Mr® + 994 7" M? — 378 r* M? — 2306 r*M*

9
8t28rw2 (t, ))5 912 (£,7)

o (3367° + 366477 M + 10144 M 4 15052 r° M?

0
13444 P4 M* + 7386 73 MO + 2648 12 MO 4 270 rM T + 9 M) S5, (t,7) = = O ()

r— r 2 3 .
( f(f\;:fM+)2M) (gﬁ (¢ ))Mth (t,7) - 3(% 0t )>Mt¢2 (tr)

3
— > = (7207 + 1240750 + 944 r°M? — 12847 M
r@Br+ M) (2r+3M)

+2

2
i, (t,7)

—291073M* — 2396 72 M° — 270 M — 9 M7) 5, (,7) 0

b (L)) L, )
(r—2M) \083 %% or2 "
5 (18207 + 196 M 4 1747502 + 1147°M° 4 287 M* — 3 M°) 0, (t,r) 2 w 2 (L) e (54)
r2(2r +3M)* (3r+ M) (r—2 M) o o8 T2

The second order metric perturbations can be reconstructed from xﬁz 4 under the RW gauge as

0 (2)RW _ 3072 +9rM + 2 M? ) r—2M O 2)
O akd (t,r) = 237+ M) X444 (t,7) + - §X4i4 (t,7)

42 imr (r—2M) 45 dimr (r —2 M)

3 3y Avasq (1) + 15 Y Boata (t,7)
0 __(2)rW o 2)RW M (2 3r+M 9 (o )
srHsits (tr) = ra s KA (1) + 35X (1) = 35— X3, (1) = =5 imr Boasa (7)
2)RW 3r+M (2 0 _(Rrw
HYE () = =37 (6r) + g 2 K (8r)
2)RW 2RW 85
Hc(>4)i4 (t,r) = 2(4)i4 (t7T)+—15 mr® Faza (t,7) . (5.5)

Unlike the first order metric reconstruction, we need the information derived from Gfﬁ,) [, (D], such as A 444 and

Bos+s in Eq. B.I5).
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VI. REGULARIZATION OF SOURCE TERM

Although we show the second order £ = 4, m = 44 source term Sy+4 in terms of 1/’21[2 in Eq. (B4)), the raw expression
Sy+4 does not behave well at infinity. This is not suitable for numerical calculations. We can find Syp14 ~ O(TO) at
infinity because at large r the first order wave-function behaves as

1 1 1 -
o (t,r) = GFY (t = 1)+ ~Fi(t = 1) & — [Fr(t = r.) = MF}(t = 7))+ 0(r™"), (6.1)
()

where F7 is some function of (¢ — r.) and Fj(z) denotes dF(z)/dz. In order to obtain a finite solution xy7,, we

have to make at least the second order source term ~ O(r~2) by some regularization, which is the same order of
the potential Vz ~ O(r=2) in Egs. (5.2)) and (&2)). On the other hand, the second order source behaves well at the
horizon, i.e., ~ O(r — 2M), with

lFH(t—l-’l”*) EFH(t—l-T’*)
4 M 56 M?2

Wida(t,r) = Fiy(t +72) + (r = 2M) + O(r — 2M)?] (6.2)
where Fp is some function of (¢ 4 r.).
We can regularize the second order source term by introducing the following regularized function,
2)re 2 2
XL () = Xt ) — (Rt

2) _ V0 (r=2M)* (D ”
Gzalt,r) = 126 /r . or 9o (t,7) ot 9o (t, 7). (6.3)

The regularized function xfﬁ@l “ satisfies the Zerilli equation (5.2) with a well-behaved source term, i.e.,

o2 2 re 02 0?
—53 T 53 V2 XSt r) = Sagalt,r) — [—@ T35~ VZ(T)} a(t,7)
= Sia(tr), (6-4)

where S;$% ~ O(r=2) at infinity and S;5% ~ O(r — 2M) at the horizon. Thus we can remove an unphysical gauge-
dependent divergence.

It should be noted that such a regularization is not unique, and for example, we can replace 9/9r with —9/0t
in Eq. (63). However the observed quantities do not depend on the choice of the regularization method. This is

because the regularization is equivalent to adding quadratic terms in the first order gauge invariant function 1/1§1i)2 to

the second order gauge invariant function Cﬁ)4, so that it preserves the gauge invariance [40Q)].
The explicit expression for the regularized second order source term is given by

—2M V70 1
Sigtr) = * - > 5 (727° 43936 77 M + 2316 75M — 2030 75 M
42 ym | rS@Br4+ M) (2r+3M)

ot
5 (2477 + 344 75M — 87275 M2 — 77104 M

0 0
—77447* M* — 951273 M® — 35402 M° — 1119 M" — 144 M®) (E oA (t,r)) =8 ()

1
337+ M)* (2r +3M)° (r — 2 M)

0
+12073 M 4+ 77r2M° — 2371 MO — 48 M) (aﬁ oS, (¢, )> &@22 (t,r)

664 — 1063 M — 22072 M2 — 156 M3 — 45 M* [ 93 4 0
Wy (8,7) ) 05l (8 7)
r(M+37r)2(2r+3M)(r—2M) orot2 =2 ot 2

- 5 5 (21607 + 11760 7° M + 30560 77 M?* + 41124 r°M? + 31596 r° M*

T (27 +3M)* (3r+ M)

0
1163071 M5 — 1296 72 MO — 418272 M ™ — 1341 7 M® — 144 M®) 5, (¢, 7) &@22 (t,r)

- 5 (22877 + 87°M — 37077 M? + 1427 M® — 384 r° M*
r5(3r+ M)*(2r +3 M)
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— 51472 M° — 273rM°® — 48 M) (a atwg (t, )) — 5, (t,7)

(19875 — 31814 M — 66473 M2 — 458 r2M — 127 rM* — 24 M) o
+ 2 31/)2 (t,7) —1/’212(1577")
3r2(3r+ M) (2T+3M)(r—2M) ot
2(r—2M)M?

7r+4M( o3

0
337+ M) (6t2¢2 (& >) or 6t¢2i2( LA 6r6t2¢2i2( )> or (f%%ﬂ (&)

— . = (216 7° + 4296 v M + 1992 rM? — 34887 M® — 8716 r* M*
6 (3r+ M) (2r +3 M)

82
—9512 73 M5 — 3540 r2M° — 11197 M7 — 144 M®) S, (¢, 7) 5 &, (tr)
.
1

> 5 (2527 4+ 636 7" M + 6747 M? + 730 P> M? + 524 r* M*
rBr+ M) 2r+3M)" (r—2M)

Tr+4M)r
AT+ 20 0%) 2 (0.7) sl o)+ TS (ol ) vt e )}.(6.5)

In the above equation, we note that the second order source term is quadratic in the first order wave-function wziz

and hence the second order QNMs have a frequency at wa) = 2w22 Since the second order frequencies are different

from the first order ones, we can in principle identify gravitational waves from the second order QNMs.

VII. GAUGE TRANSFORMATION TO ASYMPTOTIC FLAT GAUGE

In this section, in order to obtain physical information from the wave-functions, 1/1522 and xfﬁ@l “. we treat a gauge

transformation in the first and second order calculation. To obtain the gravitational waveform, it is necessary to go
to an asymptotic flat (AF) gauge from the RW gauge. This is because the Regge-Wheeler-Zerilli formalism that we
have employed is under the RW gauge and this gauge is not asymptotically flat.

Here, we consider the following gauge transformation [35, 41],

1
x%w - ‘TZF = x%w + 5(1)# (%) + 3 [5(2)# (%) + 5(1)1,5(1)#,1/ ()| » (7.1)
where comma ”,” in the index indicates the partial derivative with respect to the background coordinates, and
€Wr and €@ are generators of the first and second order gauge transformation, respectively. By using this gauge
transformation, the metric perturbation changes as

1 1 1

hgﬂ)/V,uu hf‘&f)ﬂw = hgﬂ)/l/;w Eﬁ(l)g#l’ ’ (72)
2 2) 2) 1 1 1)

hgﬂ)/Vuu hE4FuV = hg?WuV 5‘65(2)9#1’ + 5‘652(1)9#1’ - Lg(l)h%{WuV 5 (73)

where L¢) means the Lie derivative in the €@ direction. We use the following form of a generator for the gauge
transformation,

1 0
Yo
sin? 6 0¢ ¢
where we have considered only the even parity mode, and hence we have three degrees of gauge freedom for each
order. (Note that the generator for the odd parity part is €% = {0, 0, =Vi” 0y Yem / sin 6, V" sin 6 99Ysm}.) In this
paper, we consider only the £ = 2, m = £2 modes for the first order gauge transformation, and the { = 4, m = +4
modes for the second order one.

The gauge transformation of the metric perturbation is explicitly given as follows. For the first order metric
perturbation, we derive

€8 — (U (1) Yo (0, 8), VI (b 1) Yo (0, 8), Vi (1, 7) 2 Yo (0, 6), VI (£, 7)

00

@,0)}, (74)

1)AF 1)RW 0 M
HYES (tr) = HER5Y () +2 EVO(U (t,r) + 2m%(1) )
1)AF 1)RW (r—2M) 0 r 0
HE (6r) = B () + r EVOO) (t,7) - 2M§V1(1) (t.r),
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%%ﬁﬁw>—fé%?@m—2§yﬁ”wm+2rv_2Mg¢”mm,

K8 () = KRBT (r) =220 (61

P ) = 220 ) - 2 D )

WA () = D (1) 2D (1)

G () = —21 (t,r) . (7.5)

For the second order metric perturbation, we can calculate the gauge transformation straightforward, but obtain very
long expressions. For example, they are written formally as

M

0
B ) = HAE (4r) + =@ (6r) + ————Vi® (4,7) + SH Ly (£,7) (7.6)
ot r(r—2M)
2)AF 2)RW 2
K@ (1) = KEM (1)~ i (1r) + 0K, () (7.7)
RA@AFG T @)y —T—ﬁv ontAe) (¢ 7.8
1ata (1) 2 —2) " (t,r) 2 o 5 (t,7) + 6747 (tr) - (7.8)
A
GO ) = @ () + 06, (1) (7.9)

where 5H0 At 5K 4i 4 5h§24;2 and 5G£ﬁt4 are deﬁned by the tensor harmonics expansion of the last two terms in the
right hand side of Eq. (Z3)), i.e., (1/2)L£2 (l)gu,, ££<1>hRW;w This includes only quadratic terms of the first order

wave-function because hg%l‘)/v v and £M# are the first order quantities written by the first order wave-function 1/)522

after we solve the gauge equations.

A. About first order

First, we consider the asymptotic behavior of the metric perturbation at large r in the RW gauge. Using Eq. (L8]
and the asymptotic expansion in Eq. (G.1), the metric perturbation is given as follows,

1)RW 1)RW
HYE (¢,r) = HSYE (¢,7)

= % (d—4FI(T)>T+2 ( & FI(T)>M+2 & Fr(Ty)

arT,* dT,* 34T,%
d? 11 d3 4 d* 1
——F (1)) +— | —=F/(T,) | M Fr(T.)) M?) =+0(r2
(g ()4 5 (S () M+ 5 (S5 (1)) 312) 4 0.
(1)RW 1 d* 2 d* 2 a3
S ) = =3 (G ()= 3 (S (1)) M = 3 2 ()
4 d* d? 11 d? 1
— (——F/(T,) ) M? - Fi (T, Fi(T,) )| M)=+0@"?),
+( 3(dTT4 g )) ar 2T =% (dT3 g )> )r+ =)
1 a3 1 /1 d? d
KM () = —= ——F (T + = (= (—5F (T, 0 7.10
() = <5 s+ 5 (5 (7B (1)) M g B (T ) 4007, (7.10)
where we introduce T, = ¢ — r.(r) for simplicity. Since we are interested in the asymptotic behavior now and the
m = 2 and m = —2 modes have the same asymptotic behavior, we have used the same notation for the m = 2 and
m = —2 modes.

On the other hand, the metric perturbation in an AF gauge should behave as

1AF 1H)AF 1)(e)AF
2 t,r) = HYA (6,r) = h{99 (1) = 0,

AF _
HyYA (tr) = 00,
e)A _
RS9 () = o( Y,
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KD () = o6,
Gty = o). (7.11)

This asymptotic behavior will be also used for the second order calculation. Then, we can find that the gauge
transformation has the following form.

1/ & 1 d? 1 [/ d&
Vo(l)(tﬂ”) = -z <dT3FI(T)>T—§WFI(Tr)—§ (WFI(TT))M

1 3 d? 2 d3 s 1 d

—I—; (—— (dTTQFI(TT>)M_§ (dTTgFI(T))M 5 4T, (T, )>+O( )

1 d3 1 a2 1 1 d 1 d? _

Vl(l)(t,r‘) = (dT?’FI(T)>T 2dT2F](T)+;(—§ T, (Tr)-‘r (dT2F](T )) M)-i—O(r 2),
(1) __lld_2 11.d LGRS _1

Vo (t,r) = 6rdTT2FI(T) 2dTF (T)+r3 12MdTTFI(T) FI( W) | 060, (7.12)

The above results are obtained iteratively for the large r expansion. Here, we note that the transverse-traceless tensor
harmonics for the even parity part is fg,, in Eqs. (8]) and BI1]). Therefore the coefficient of the metric perturbation

that is related to the gravitational wave is GEQLAF. With Egs. ((9) and (TI2)), we obtain

11 d?

1)AF
G () = 5o

——F (T,)+0(r ?%). (7.13)
This can be shown in terms of @[1522 with Eq. (€1) as

Gty = %ﬂ( r)+0(r ). (7.14)

B. About second order

In order to derive the gravitational wave amplitude for the second perturbative order, we also need to obtain the

coeflicient Gfi)fF under the AF gauge as in the first order case. From Eq. (.9)), it is found that we must derive 5G 4i 4

and V5® which is calculated by using the solution of V; ), In the following, we first obtain Vi@ as Eq. (Z20) by
solving the gauge equation in Eq. (ZZ). Then, V5® is derived from Eq. (Z8) as in Eq. (Z23) and (5G4(524 is calculated
as in Eq. (T25).

First we consider to obtain V1(2) in terms of the asymptotic wave-functions. The equation

AF RW
KO (r) = KM (r) i@ (1) + 0K 2,(0,7), (7.15)

is used as shown in Eq. (Z17). Here Kf) is derived from xﬁép Ai 444 and Bpsrq in Egs. (B8). Since the wave-

function Xé(li)zl is given by xfﬁ@leg and 1/’21[2 in Eq. (63) and the coeflicients Aj; 414 and Bpsaq are also given by

w&)Q with Eqs. (3.14), (310) and ([&8), we may obtain K ﬁgf in terms of wave-functions xfljz Y and 1/’21[2 The

asymptotic expansion of w&g is given by Eq. (6] while the asymptotic expansion of x4i1 i

Zerilli equation (6.4) as

is obtained from the

X2t r) = FP(T,)+ 0™, (7.16)

where F' 1(2) is some second order function. Here we consider only the leading behavior for large r, because this is
sufficient in order to obtain the final gravitational waveform. If we consider the higher order calculation, it should
note that there is a contribution from the second order source term of Eq. (G.3)) in the above equation. Then, we can

calculate the asymptotic expansion of 0K ii)f W /0t in Egs. (B.8]) as

8 RW d
G K () =~ BTy
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5 3 4 2
_34\({27_\0/%«((1? 5FI(TT)) %FI (Tr)+ (%FI(TT)) )M

dd d? d* d3 1
+9 (—dT5F](TT)> dTQFI(TT)_15 (dT4FI(TT)) dTgFI(TT) +O(T_ )(717)
Integrating the above equation with respect to ¢, the second order metric component K DEW 1o comes
g g q P p 4+4
2) RW 2
KD (tr) = —FP (1))
V70 d* d? 3 ?
————— |9 —=F; (T}) | —=F1 (T,) — 12 Fr (T,
34027 (d:ﬂ4 i ( )) ar, 2" (Tr) (dTﬁ 1 ))
d3 d* 1

In Eq. (Im) we also need the asymptotic expansion of § K 42i 4, which is defined by the tensor harmonics expansion of
(1/2)L 5(1)9#1, Lew hRWW in Eq. (Z3). Using the first order metric perturbation under the RW gauge in Eq. (Z.10)

and the generator of the first order gauge transformation in Eq. (T4) with Eq. (Z12), SK 2 4i4 is derived as

V70 d &2 & ?

SK), = — L Fi (T,)) —=Fi (T,) =2 (| —Fr (T, o(r! 7.19
444 504\/7__r dTr4 I( ) dTT2 I( ) dT 3 I( ) + (T )7 ( )
From the above results and the AF gauge condition of K 51)4 in Eq. (TI)), in order to remove the O(r?) terms from

K ﬁgf W and 6K 51)4 in Eq. (ZIH)), we obtain the pure second order gauge transformation AR

Vi@ (t,r) = —r FP(T,)
V70 d & & 2
——1r| 9 | —=F1 (T}) | —s F1 (T, 6 | —=Fr (T,
13608 /7 <dTr4 1 ( )> ar2 (T + (dTr3 1 ))
+4(d3 F(T))(d4 F(T))M +0(r°) (7.20)
— - ). .
ar? ! ar !

Next, we derive V3® from the AF gauge condition of hﬁf_&) in Eq. (ZII). The second order gauge transformation

of this component is given by

2
2)(e)AF T e 0 (2)(e
WG ) = g ) = T () R (k) (7.21)
as shown in Eq. (Z.8). Here we have used the fact that hﬁfﬁRW =0 under the RW gauge. We may also derive

5h§24)j(§z, which is defined by the tensor harmonics expansion of (1/2)£2 (1)9#1/ ‘CE(l)hRWuV in Eq. (73)), by Egs. (ZI0)
and (74) with Eq. (C12) as

2
@ V70 d* d? a3
5h14i4 = 1008\/7?7" ((dTT4F](TT) WFI(TT)—i_ WF](TT) +O('f‘0) (722)

Then, V5 is calculated from the above value and the result of V4 in Eq. (Z20) with the AF gauge condition in

Eq.(CIT)) as

0 1
Yy 2 _ 1 p®
v = LrP 1)
\/% 1 d4 d? 43 2
Fiacosva " <dTr4FI(TT)> ar! 1T+ 88 <dTT3FI(TT)>
+4 < &3 F (T )> <d_4F (T )>M —I—O(’I”72)
dTS 1 dTr4 I r
= S (1) +00). (7.23)

ot
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In the last line of the above equation, we have used the definition of T, =t — r.(r).

At this stage, we can consider the metric perturbatlon related to the gravitational wave amplitude, i.e. Gi@fF.
The gauge transformation of the components G\ 4i4 is given by
2)AF 2
G (1) = W (1) + G, (7.:24)

as shown in Eq. (Z9). Here 5G4i4, which is defined by the tensor harmonics expansion of (1/2)£ E“)g‘“’ Lew hg%\)/V;w
in Eq. ([T3)), is also obtained from Egs. (C.I0) and (74) with Eq. (Z12) as

3 2

Finally, using Eq. (Z23) for V»® in Eq. (ZZ4), we obtain

GERAT @) = LEP (1)

\/% 1 d* d? 43 2
+W r 27 (dTr4FI(TT)) WFI(TT)+24 (mFl(Tr))
d3 4

By using wQﬂ and Xfl )reg , the gravitational waveform is obtained as

aG(2 AF(,T‘) _ 1X(2)Teg(t,’f')

ot A4 XAEd
70 8 2
o 1 (oot it 20 (ot
0
+4M(at St >) Vs (1, )>+O(T2). (7.27)

It should be noted that we can show that all metric components satisfy the asymptotic flat gauge condition.

C. Power of Gravitational waves

In this subsection, we summarize the power of gravitational waves which is derived from the gravitational waveform.
The power P per solid angle is given by [42] as

dpP 1 1 /0 > 1/0 1 8 2
= - —(—(=n “(Shoy — ———h 2
aQ ~ 16mr2 <sin29 (at 9¢) *y (6t %7 sin20 0t ¢¢) > (7.28)

where (- - -) means an averaging over a spacetime region which is sufficiently larger than the characteristic wavelength

of gravitational waves. Therefore, for the £ = 2, m = £+2 modes of the first order metric perturbation, we have the
following equation.

dp™ 72 1 d _()AF 9 ()AF ?
i 64_7r<sm29 (atG22 (1) Xo2(6,0) 5, G2 (’T)XH(H’@)

2
+ (;G(l AE (4, 1) Waa (0, 6) + th(l AF(t’T)W2_2(97¢)) >

0 0 1
2 < <§Gg12)AF(t; T)> (&Gél)é“—‘ (tv T)) > (mX22 (95 ¢)X272(97 (b) + W22 (97 ¢)W272(95 ¢)>

r2

647
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)
< A" (0 >)>(1 (Xz2(97¢))2+(W22(97¢))2>]
i 2 |7

2
1
GH 0| (g P @00 + W (0,007

2
+<<%G§2‘4F(t,r>> >( - (sz(9,¢))2+(W2m(9,¢))2>] , (7.29)

sin” 6
. . . . (WAF _ ~(1)AF %
in terms of the coefficient of the tensor harmonics in Eq. I)). In the above equation, we use G35 = G5 5
and the angular functions Xy, and Wy, are given by Eqgs. B12)), B.I3) and [@6). We note that it is meamngless
to distinguish the power of m = +2 modes since they appear as the cross term in the second equality of the above

equation. It is also noted that the averaging ((8G§2AF /0t)?) does not vanish in this calculation. Integrating the
above equation with respect to the angular directions, we obtain

2

PO (1)AF

87r (%G (t,7)

3 0 (1) 2

= o 9. 2m(t7r)
8m =, ot
3 ) 0 2
arv22 (7)) (7.30)

where we have used the result in Eq. (T.14)) in the second line and the fact that wél_)Q = 512) " in Eq. (@7) in the last
line. The relation between m = 2 and m = —2 modes are summarized in the appendix.

When we set wéé) =A exp(—iw§1:)2 m—o(t — 7)), where we choose the amplitude A of ¢é§) at the origin of ¢t — r,,
the total radiated energy is 1

ED = /dtP<1>

2

_ 3 9 ()
_47r dt}a 5 (t,1)

T 2 AP / dt 238 (t=r0)
7

1
S
IS (wsy)|

For the second perturbative order, we also have the following formula for the power of gravitational waves from the
result of the second order gravitational waveform in Eq. (27,

3 1
= APl P (7.31)

2
P _ 9 G@ar, )‘

8t

re V70 o2 9 2
538 g(t,r>+m 27083 0.1) o e + 24 (udd ) )

2
0 ok
+4M ( 572 r>) 5% (m))

Here, we have calculated the angular integration to derive the first line, and used the relation that the second order

metric components of the m = 4 and —4 modes are complex conjugate, i.e. X(2) reg Xi) 49", This complex conjugate

relation can be shown with Eqs. ([@7)) and ([€4). We should note that when the first and second order perturbations

45

47

(7.32)
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TABLE I: The first order QNM frequencies for the £ = 2 mode. We have calculated them with higher-precision because it is
necessary to calculate the second perturbative order. The QNM frequencies do not depend on m for a Schwarzschild black hole.

n %wéz Sws,,

0 0.37367168441804183579349200298 -0.08896231568893569828046092718
1 0.34671099687916343971767535973 -0.27391487529123481734956022214
2 0.30105345461236639380200360888 -0.47827698322307180998418283072

belong to the same harmonics (¢, m) mode, there are the cross-term contributions even after the angular integration,
such as Gg:iAF X GEQAF* and GEEAF* X GgizAF from Eq. ((28)). However, we do not have these terms in our case
that GngF and GggAF have different harmonics (¢, m).

VIII. NUMERICAL CALCULATION: LEAVER’S METHOD FOR SECOND-ORDER QNMS

In this section, we consider a numerical method to obtain the particular solution Xﬁ) "9 (t,r) for the regularized

second order Zerilli equation in Eq. (G4]). Here we only consider the { = 4, m = 4 mode for the second order

calculation because XE;Z_) %Y may be obtained by XE;Z_) 9= Xﬁ) "®9* In order to solve the second-order Zerilli equation

with several digits, we need to know many digits of the first order QNM frequencies. These are given in Table [l
The following method is basically a modified version of the Leaver’s continued fraction method [22]. We will finally

calculate the second order amplitude at infinity and the horizon as the following forms,
2
Xﬁ) "It,r=00) = Cp [wéé’ (t,r = oo)} ) (8.1)

Xﬁ) "It =2M)

2
Crr [wuly (t,r = 20)] (8.2)
where w denotes the first order QNM frequency wéé) and we consider not only the fundamental n = 0 mode, but also
the overtone n = 1 or 2. And then, we may calculate the energy of the second order QNM as a function of the first
order one,

E®) 1?2
where Eq. ((32)) gives
2
V70
Cg = 20m|C; — ————= (51 — 4iM 8.4
E m™\Cr 1512/ ( iMw) (8.4)
The coefficients, C;, Cy and Cg, are summarized in Table [Tl
By Fourier transforming,
1 1 —iw
Bt = [doviil e,
) = [ e 5)
we may solve the second order Zerilli equation with a source term,
d2 2 2)re Te
[ﬁ + (w(2)) - VZ(T)] X514L(2§7(7°) = 5443(2) (r), (8.6)

where w® = 2w (wﬁ) = 2w§12); n =0, 1 or 2) and the source term is given by

reg B ﬂ E _r(7r+4M)w4
S (1) = 156\ w{[ r—2M
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3 (276 77 + 476 ¥ M — 1470 1°M? — 1389 74 M? — 816 r3M* — 800 r2 M — 555 rM® — 96 M7) w?
3 (3r—M)* (2r+3M)* (r—2M)
9(r—2M)

. - (216077 + 11760 r°M + 30560 r"M? + 41124 ° M + 31596 r° M *
rT(Br+ M) (2r+3M)

+11630 74 M — 1296 173 M6 — 4182 72 M7 — 1341 rM® — 144 Mg)] ( O ))

4(r—2M)2M2w2 6(r—2M)

; 5 = (1447° + 4116 77 M + 215470 M2
r2(3r+ M) 6 Br+ M) (2r+3M)

_l’__

d
—2759 PP M® — 8230 r*M* — 9512 3 M — 3540 P2M® — 11197 M7 — 144 MS)] <% §12L(r)> & (r)

—2M)(Tr+4M)w? 3(r—2M
G J(Tr+aM)w” (r . ) > (22877 + 875 M — 37017 M2
r > Br+ M) (2r+3M)
d 2
+142r4M3—384r3M4—514r2M5—273TM6—48M7)] (d— ;;L(r)) } (8.7)
T

(1)

where w = wy,

We solve the above equation under the boundary conditions with purely ingoing at the horizon and purely outgoing
at infinity. This gives the two-point boundary value problem. However a simple numerical integration like a Runge-
Kutta method does not work because the QNM frequency has a negative imaginary part and hence the QNMs diverge
exponentially towards infinity and the horizon. We need unrealistic precision to resolve the unwanted solution, which is
decreasing exponentially as we approach the boundaries. Furthermore, since the infinity is an irregular singularity [22],
the expansion of the basic equation around boundaries does not behave well, although this method was applied to
the first-order [43]. In the first-order case the most famous method to solve this problem is the Leaver’s continued
fraction method [22]. In the following we modify the Leaver’s method and apply it to the second-order.

In order to use the Leaver’s method, we need to transform the Zerilli equation to the Regge-Wheeler one, and vice
versa. This is possible by the Chandrasekhar transformations [44] for general (¢, m) modes,

M — 1 2 GMQ(T—QM)> (1)RW d_()rRw >
Yimo () = IN2(A+1)2 + 4M2w? <<3A(A+1>Jr r2(\r 4+ 3M) Vi (T)+2Mdr*wm” (), #8)
2 6M2(r — 2M
00 = (a0 + BRI vl - v el ). 89)

We also have similar equations for x, 4) T(z)g (r) with replacing w with w® =20 (wﬁ) = 2wé )in = 0, 1 or 2). With the

Chandrasekhar transformations, the Zerilli equation (8.0) becomes the Regge-Wheeler one,

d2 2 2)reg,RW re
Llr? (w(Q)) — VRw(T):| Xiﬁw(gf’ (r) = 5445’(};)‘4/(7“);

20_&) (A+1)r—3M

VRw(T) = N (810)

r3

where the source term "¢ %
44w (2)
as 5'44 @ (r) in Eq.

2 W\
%ﬁﬂ%%4mw£zw)+«»émm(wﬁ*ﬂ+c»<@%ﬁ§.

Here we can obtain the first order wave-function 1/12;“}( ) from z/J%WRW( ) with Eq. (B8]).
(DRW ()

(r) is also transformed by the Chandrasekhar transformations, but has a similar form

The Leaver’s method provides the first order Regge-Wheeler function 1, in the form,

S (r) = 2MAy(r) > an (T — 2M) , (8.11)

T
n=0
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TABLE II: The coefficients for the amplitude and energy of the second order QNMs in Egs. (81)), (82) and ([83). The first
order QNM has £ = 2, m = 2 with the overtone n.

n Cr Cu Cg
0 0.221 — 0.4897 —0.221 + 1.19: 15.0
1 0.397 —0.384¢ 0.262 — 1.16¢ 12.7
2 0.459 — 0.2267 0.604 — 0.811z 8.97

where
r Py T2
— o o —p(r—2M)/(2M) .
Au(r) (2M 1) (2M> ¢ ’
p = —2iMw. (8.12)
The coefficients a,, are determined by three-term recurrence relations,

agay + Boag = 0,
Qi1 + Brln + YnGn-1 0, n=1,2,..., (8.13)

where ag is arbitrary and o, 8, and ~, are given by

an = n*+(2p+2)n+2p+1,
Bn = —(2n* 4+ (8p+2)n+8p> +4p+2X—1),
Yo = n®4+4dpn +4p* — 4. (8.14)

Similarly the second order solution can be written in the form,

re r—2M
X44iﬁ<§>w( Z < ) ' (8.15)

The coefficients aslz) are determined by the following three-term recurrence relations,

a0a? + foall) = by,
(2 (2 @ _ —
ana +1—|—ﬂa +va, 1, = by, n=1,2, ..., (8.16)

where we replace p with 2p in ay,, 3, and v, in Egs. (8I4) and the source terms b,, are determined by expanding
JRW .
Syls " in Eq. (810) as

rd re r—2M
mslplf)’(gw ('I" Z b < ) . (817)

We can first obtain the source terms b, algebraically, and then evaluate them numerically with the Maple calculator.
Once we have numerical values of b,,, we can solve the recurrence relations. The solution that satisfies the boundary

condition at infinity is determined by adjusting a((f) for which > ag) exists and is finite.

IX. SUMMARY AND DISCUSSIONS
In this paper, we have investigated the second order QNMs of a Schwarzschild black hole, as summarized in the
following.

1. We consider the ¢ = 2, m = £2 even parity modes with the QNM frequencies wéQQ for the first order perturba-
tions because these modes dominate for binary black hole mergers.
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2. We have considered the ¢ = 4,m = 44 even parity modes for the second perturbative order that are driven
by the first order perturbations. We have employed the second order Regge-Wheeler-Zerilli formalism with the
source term written by quadratic terms of the first order wave-function.

3. We have regularized the source term because this does not behave well at the boundaries.

4. Based on the regularized source, the second order wave-function have been obtained by using the modified
Leaver’s continued fraction method.

5. We have explicitly derived the gauge transformation of the metric perturbation into an asymptotic flat gauge
to extract physical information from the first and second order wave-functions. We have also formulated the
power of gravitational waves for the first and second perturbative order.

6. As the result, the second order QNM frequencies are found to be wﬁ)4 = 2w£§22 and the gravitational wave
amplitude could go up to ~ 10%. This means that we can in principle detect and identify the higher order
QNMs since their frequencies differ from any first order ones. The detectability of a two-mode ringdown wave
has been discussed in [45].

The detection of the second order QNMs would have the following advantages.

1. The second order QNMs would provide a new test of general relativity, in particular of the no-hair theorem.
According to the no-hair theorem, the astrophysical BHs are completely characterized by their mass and angular
momentum. Then the mass and angular momentum derived from the second order QNMs should coincide with
that from the first order ones.

2. The first and second order QNM amplitudes include information about the total radiated GW energy E() and
E®@)| respectively. Using these ratio, this could provide distance indicators from a data analysis of only the
QNM gravitational waves, since the observed GW amplitude is h ~ (E/M)'/2(M/r). This is important for the
case that the inspiralling phase is out of the detector frequency range. To be precise, since the observed GW
amplitude also depends on the zenith angle 8, the parameters are degenerated and we can determine only the
order-of-magnitude distances. A possible solution to this problem is presented below.

3. We may also use the first-to-second amplitude ratio to reject fake events in the QNM search in which there are
many fake events [10]. In [10], a method to remove fake events has been proposed by using the overtone QNM
of the same (¢, m) mode. The amplitude of the overtone QNM is determined by two factors, the ‘excitation
coefficient’ of the QNM and the ‘initial condition’ of a perturbation. We can derive the excitation coefficient
theoretically [46, 147, 48, 49, [50], but we must give the initial condition which depends on how QNMs are
excited. Thus, it has been difficult to remove fake events by using the overtone QNM with an undetermined
amplitude. On the other hand, the second order QNMs have the predictable amplitude except for the zenith
angle dependence. This may ease the fake event rejection.

Future problems include

1. It is necessary to formulate the odd parity mode case in the Schwarzschild background. The odd parity mode
appears when BHs have spin before mergers.

2. We also need to discuss coupling contributions between different harmonics (¢, m).

3. As discussed in Sec. [V] the product of £ = 2, m = £2 even modes gives not only the m = +4 modes, which is
studied in this paper, but also the m = 0 mode. Although the m = 0 mode does not oscillate as a function of
time, the amplitude would be comparable to that of the m = £4 modes. Since the metric perturbation of the
m = 0 mode does not return to the initial value, this mode represents the gravitational memory effect [51,152].
If the m = 0 mode can be also detected, the amplitude ratio of the m = 0 mode to the m = +4 modes would
determine the zenith angle to the observer since the zenith angle dependence is different. This could resolve the
parameter degeneracy in the distance measurements with the second order QNMs discussed above.

4. We have to extend the analysis to the Kerr BH case. When BHs have no spin before mergers, the final spin of
the remnant BH is a ~ 0.7 [14] and hence the Kerr effects may not be so large as inferred from the fact that
the QNM frequencies shift by only a small factor. However, the final spin becomes large in the case of highly-
spinning BH binaries [53]. Since the master equation for Kerr BHs also has a source term that is quadratic in
the first order function [54], we may expect similar results.
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5. It is also important to discuss a mathematically rigorous definition of second order QNMs like the first order
ones that use the Laplace transformation rather than the Fourier transformation |9, |46].

6. The third order formulation is interesting. As suggested by [20], the QNM frequencies will also blueshift up to
() /M)? ~ 1% at this third order.

7. In order to proof that the second-order QNMs actually exist and stand out of the GW tail, we have to find the
second-order QNMs directly in the numerical simulations. Such simulations are challenging because the mesh
size should be less than ~ 1% x M to resolve ~ 1% metric perturbations. There are detail analyses of nonlinear
mode-coupling effects on a waveform by using the full nonlinear code [55, 56], but the second-order QNMs have
not been identified.
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APPENDIX A: QNM FREQUENCIES

In this appendix, we consider quasi-normal frequencies of a black hole in the first perturbative order in order to
clarify their complex nature and relation between positive and negative m modes. First, we discuss the quasi-normal
frequencies of a Kerr black hole, and then go back to the Schwarzschild case.

With the spacetime symmetry, we may use the spheroidal (spherical in the Schwarzschild case) harmonics expansion
which has the labels, £ and m. There are infinite overtone frequencies of the QNM for each (¢, m) mode. This is
labeled by n. Even if we fix £, m and n, there exist two quasi-normal frequencies as we can see from Fig. 1 and 3
in [22]. One has a positive real part wypy4) while the other has a negative one wyp,pn(—)-

For m > 0, the QNM frequency with a positive real part, Wy, (), represents more slowly damped modes than that
with a negative real part, wyy,n(—), while for m < 0, wypy,(—) represents more slowly damped modes than wp,,(+)-
Since we concentrate on the most dominant modes, we consider Wy, (4+) and Wy_,n(—) (M > 0) in this paper. For
example, although the integration in Eq. (4.3) picks up the two set of frequencies, Wypn(4+) and Wepn(—), we adopt
the most slowly damped mode as

Yem (t,1) = eiiwm”(*)t?/flmwzmo(ﬂ(r) + eiiwmo(f)tdjlmwmt)(f)(r) (AD)
N e_iwfm0(+)t/l/jlmw[m0(+) (r), for m>0, (A2)
e_iw’"o(f)tdflmwzmo(f) (T) ’ for m <0,

where we consider the fundamental n = 0 mode. We note that the QNM frequencies have the complex conjugate
symmetry,

Wemn(+) = —szmn(f)a (A3)

as discussed in Sec. 4 of [22].
Next, we discuss the Schwarzschild case. In this case, the m modes degenerate due to the spherical symmetry.
Therefore, the label m have no meaning and we may write

Wemn(+) = _wzmn(f) :
This equations means that the frequencies wy,,n (1) and wepy,(—) have the same damping time. The wave-function
Yem (t,7) of the fundamental QNM is formally written by the same equation in Eq. (Al). The two terms in the right
hand side of Eq. (AJl) have the same damping time in the Schwarzschild case, but we do not consider the term with
Wemn(—) for a positive m mode and wyp,,(4) for a negative m mode, because these modes are not the more slowly
damped mode in the Kerr case. Therefore, we have adopted the following wave-function for the first perturbative
order,

i
Yem (t,7) e W[mt%mwﬁ{(r)’ for m >0,

wém(t, 7‘) e eiwx:‘*tw[mfwéz* (T) s for m< 0 , (A4)
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where wéz = Wimn(4+) and we consider n = 0, 1 or 2 for comparison in this paper. These wave-functions satisfy
Eq. () ensuring real metric components.

[1] K. Tsubono, Gravitational Wave Ezperiments,
eds: E. Coccia, G. Pizzella, and F. Ronga (World Scientific) p. 112 (1995),
K. Kuroda et al., Gravitational Waves: Sources and Detectors,
eds: I. Ciufolini and F. Fidecaro (World Scientific) p. 100 (1997).
[2] A. Abramovici et al., Science 256, 325 (1992).
[3] K. Danzmann et al., Proposal for a 600m Laser-Interferometric Gravitational Wave Antenna,
(Max-Planck-Institut fiir Quantenoptik Report) 190 (1994).
[4] The VIRGO collaboration, VIRGO Final Design Report, VIR-TRE-1000-13 (1997),
C. Bradaschia et al., Nucl. Instrum. Meth. A 289, 518 (1990).
[5] K. Kuroda et al., Int. J of Mod. Phys. D 8, 557 (1999).
[6] K. Danzman et al, LISA — Laser Interferometer Space Antenna, Pre-Phase A Report,
Max-Planck-Institute fur Quantenoptic, Report MPQ 233 (1998).
[7] N. Seto, S. Kawamura and T. Nakamura, Phys. Rev. Lett. 87, 221103 (2001) |arXiv:astro-ph/0108011].
[8] S. Phinney et al., NASA Mission Concept Study (2003),

C. Ungarelli, P. Corasaniti, R. A. Mercer and A. Vecchio, Class. Quant. Grav. 22, S955 (2005) |arXiv:astro-ph/0504294].
[9] K. D. Kokkotas and B. G. Schmidt, Living Rev. Rel. 2, 2 (1999) |arXiv:gr-qc/9909058].
[10] Y. Tsunesada, D. Tatsumi, N. Kanda and H. Nakano [TAMA Collaboration], Class. Quant. Grav. 22 (2005) S1129.
[11] H. Nakano, H. Takahashi, H. Tagoshi and M. Sasaki, Phys. Rev. D 68, 102003 (2003) |arXiv:gr-qc/0306082].
H. Nakano, H. Takahashi, H. Tagoshi and M. Sasaki, Prog. Theor. Phys. 111, 781 (2004) |arXiv:gr-qc/0403069].
[12] Y. Tsunesada et al., Phys. Rev. D 71, 103005 (2005) |arXiv:gr-qc/0410037].
[13] E. E. Flanagan and S. A. Hughes, Phys. Rev. D 57, 4535 (1998) |arXiv:gr-qc/9701039].
[14] F. Pretorius, Phys. Rev. Lett. 95, 121101 (2005) |arXiv:gr-qc/0507014].
[15] M. Campanelli, C. O. Lousto, P. Marronetti and Y. Zlochower, Phys. Rev. Lett. 96, 111101 (2006) |arXiv:gr-qc/0511048].
[16] J. G. Baker, J. Centrella, D. I. Choi, M. Koppitz and J. van Meter, Phys. Rev. Lett. 96, 111102 (2006)
|arXiv:gr-qc/0511103].

=

. Berti, V. Cardoso, J. A. Gonzalez, U. Sperhake, M. Hannam, S. Husa and B. Bruegmann, larXiv:gr-qc/0703053.
. Enoki, K. T. Inoue, M. Nagashima and N. Sugiyama, Astrophys. J. 615, 19 (2004).

Ioka and P. Meszaros, Astrophys. J. 635, 143 (2005).

D. Landau and E. M. Lifshitz, Mechanics (Butterworth-Heinemann, Oxford, 1976), 3rd ed.

Ioka and H. Nakano, larXiv:0704.3467| [astro-ph].

W. Leaver, Proc. Roy. Soc. Lond. A 402 (1985) 285.

Tomita, Prog. Theor. Phys. 52, 1188 (1974); K. Tomita and N. Tajima, Prog. Theor. Phys. 56, 551 (1976)

J. Gleiser, C. O. Nicasio, R. H. Price and J. Pullin, Class. Quant. Grav. 13, L117 (1996) |arXiv:gr-qc/9510049].
J. Gleiser, C. O. Nicasio, R. H. Price and J. Pullin, Phys. Rev. Lett. 77, 4483 (1996) |arXiv:gr-qc/9609022].

. J. Gleiser, C. O. Nicasio, R. H. Price and J. Pullin, Phys. Rept. 325, 41 (2000) |arXiv:gr-qc/9807077].

. O. Nicasio, R. Gleiser and J. Pullin, Gen. Rel. Grav. 32, 2021 (2000) |arXiv:gr-qc/0001021].

. Acquaviva, N. Bartolo, S. Matarrese and A. Riotto, Nucl. Phys. B 667, 119 (2003);

. Matarrese, S. Mollerach and M. Bruni, Phys. Rev. D 58, 043504 (1998);

. Tomita, Phys. Rev. D 71, 083504 (2005);

Nakamura, Prog. Theor. Phys. 117, 17 (2007).

. Regge and J. A. Wheeler, Phys. Rev. 108, 1063 (1957).

. J. Zerilli, Phys. Rev. D 2 (1970) 2141.

W. Misner, K. S. Thorne and J. A. Wheeler, Gravitation, (San Francisco, 1973).

Bruni, S. Matarrese, S. Mollerach and S. Sonego, Class. Quant. Grav. 14, 2585 (1997) |arXiv:gr-qc/9609040].
Nakamura, Prog. Theor. Phys. 110, 723 (2003) |arXiv:gr-qc/0303090].

Brizuela, J. M. Martin-Garcia and G. A. M. Marugan, [arXiv:gr-qc/0703069.

Sago, H. Nakano and M. Sasaki, Phys. Rev. D 67, 104017 (2003) |arXiv:gr-qc/0208060)].

O. Lousto, Class. Quant. Grav. 22, S543 (2005) |arXiv:gr-qc/0503001).

O. Lousto, Class. Quant. Grav. 22, S569 (2005) |arXiv:gr-qc/0501088].

BEHSSACAEEONZOREQTSRARACORIIRIRCRE

[39] E. Berti, V. Cardoso and C. M. Will, Phys. Rev. D 73, 064030 (2006) |arXiv:gr-qc/0512160].

[40] A. Garat and R. H. Price, Phys. Rev. D 61, 044006 (2000) |arXiv:gr-qc/9909005].

[41] V. F. Mukhanov, L. R. W. Abramo and R. H. Brandenberger, Phys. Rev. Lett. 78, 1624 (1997) |arXiv:gr-qc/9609026]|.
[42] L. D. Landau and E. M. Lifshitz, The classical theory of fields (Pergamon Press, Oxford, 1975), 4th ed.

[43] S. Chandrasekhar and S. Detweiler, Proc. R. Soc. A 344, 441 (1975).

[44] S. Chandrasekhar, Proc. R. Soc. A 343, 289 (1975).

[45] E. Berti, J. Cardoso, V. Cardoso and M. Cavaglia, larXiv:0707.1202! [gr-qc].

[46] E. W. Leaver, Phys. Rev. D 34, 384 (1986).


http://arXiv.org/abs/astro-ph/0108011
http://arXiv.org/abs/astro-ph/0504294
http://arXiv.org/abs/gr-qc/9909058
http://arXiv.org/abs/gr-qc/0306082
http://arXiv.org/abs/gr-qc/0403069
http://arXiv.org/abs/gr-qc/0410037
http://arXiv.org/abs/gr-qc/9701039
http://arXiv.org/abs/gr-qc/0507014
http://arXiv.org/abs/gr-qc/0511048
http://arXiv.org/abs/gr-qc/0511103
http://arXiv.org/abs/gr-qc/0703053
http://arXiv.org/abs/0704.3467
http://arXiv.org/abs/gr-qc/9510049
http://arXiv.org/abs/gr-qc/9609022
http://arXiv.org/abs/gr-qc/9807077
http://arXiv.org/abs/gr-qc/0001021
http://arXiv.org/abs/gr-qc/9609040
http://arXiv.org/abs/gr-qc/0303090
http://arXiv.org/abs/gr-qc/0703069
http://arXiv.org/abs/gr-qc/0208060
http://arXiv.org/abs/gr-qc/0503001
http://arXiv.org/abs/gr-qc/0501088
http://arXiv.org/abs/gr-qc/0512160
http://arXiv.org/abs/gr-qc/9909005
http://arXiv.org/abs/gr-qc/9609026
http://arXiv.org/abs/0707.1202

23

N. Andersson, Phys. Rev. D 55, 468 (1997) |arXiv:gr-qc/9607064].

N. Andersson and K. Glampedakis, Phys. Rev. Lett. 84, 4537 (2000) |arXiv:gr-qc/9909050].

K. Glampedakis and N. Andersson, Phys. Rev. D 64, 104021 (2001) |arXiv:gr-qc/0103054].

K. Glampedakis and N. Andersson, Class. Quant. Grav. 20, 3441 (2003) |arXiv:gr-qc/0304030].

D. Christodoulou, Phys. Rev. Lett. 67, 1486 (1991).

K. S. Thorne, Phys. Rev. D 45, 520 (1992).

M. Campanelli, C. O. Lousto, Y. Zlochower, B. Krishnan and D. Merritt, Phys. Rev. D 75, 064030 (2007)

arXiv:gr-qc/0612076].

[54] M. Campanelli and C. O. Lousto, Phys. Rev. D 59, 124022 (1999) |arXiv:gr-qc/9811019].

[55] J. G. Baker, S. Brandt, M. Campanelli, C. O. Lousto, E. Seidel and R. Takahashi, Phys. Rev. D 62, 127701 (2000)
|arXiv:gr-qc/9911017].

[66] Y. Zlochower, R. Gomez, S. Husa, L. Lehner and J. Winicour, Phys. Rev. D 68, 084014 (2003).

47
48
49
50
51
52
53


http://arXiv.org/abs/gr-qc/9607064
http://arXiv.org/abs/gr-qc/9909050
http://arXiv.org/abs/gr-qc/0103054
http://arXiv.org/abs/gr-qc/0304030
http://arXiv.org/abs/gr-qc/0612076
http://arXiv.org/abs/gr-qc/9811019
http://arXiv.org/abs/gr-qc/9911017

	Second-Order Quasinormal Mode of the Schwarzschild Black Hole
	Recommended Citation

	Introduction
	Second order metric perturbation
	Tensor harmonics expansion
	First order Zerilli equation
	Second order Zerilli equation
	Regularization of source term
	Gauge transformation to asymptotic flat gauge
	About first order
	About second order
	Power of Gravitational waves

	Numerical Calculation: Leaver's method for second-order QNMs
	Summary and Discussions
	Acknowledgments
	QNM frequencies
	References

