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A C* DIFFEOMORPHISM OF R2 THAT HAS A
CANTOR SET THAT IS A MINIMAL SET. - DRAFT
OCTOBER 18, 2001

BILL BASENER AND CARL LUTZER

ABSTRACT. We present a C'*° diffeomorphism of R? that has a
Cantor Set that is a minimal Set. The Cantor Set is contained
inside an annulus.

1. INTRODUCTION

For a homeomorphism f : X — X of a topological space X, a
nonempty compact subset ¥ C X is a minimal set if for every y €
Y the orbit of y is dense in Y. Denjoy showed (see [4]) that any
diffeomorphism of S! that has a Cantor set which is a minimal set
cannot be C?. Our example shows that this restriction does not hold
for a diffeomorphism of the annulus.

This raises the question of whether diffeomorphisms of other mani-
folds can be smoother than C? and have a Cantor set as a minimal set.
We answer this in the affirmative by constructing a C'**° diffeomorphism
of R? that has a Cantor set which is a minimal set. We will refer to a
Cantor Set that is a minimal set as a Cantor minimal set.

We need the following definition

DEFINITION 1. For FF: R — R any j-times differentiable map we
define

d
(@)

+ sup |F(z)].
zeR

|Fllcs = sup

zeR 1<i<;
and we need the following theorem.

THEOREM 1. Let f; : R? — R2, i =1,2,... be a sequence of func-
tions such that:

(1) For every i,f; is C*.
(2) The sum Y .2, ||fi — fixal|lci converges.
Then f; — f :R? — R? such that f is C*.

The map can be loosely described as follows. Let pi,po,... be an
infinite sequence of positive integers which are pairwise relatively prime.
Let D be the unit disk in R?. Let f; be a rotation of D by 27 /p;. For
each 1 = 0,1,...,p1 — 1 let D; be a closed disk contained in D such

that f; takes D@ to D41 mod p;) and such that Dy N Dy = @ for
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i #14'. (See Figure 1.) For each i = 0,1,...,p; — 1 define a closed disk
D_(i) such that D(i) - inttD(i) and D(i) N D(i/) for i # i
Let f2 be a function that rotates each D;) by 27 /py and is the identity
outside of the D_(l) Foreachi=20,1,....p1—1,7=0,1,...,po — 1 define
a closed disk D; j) such that such that f, takes D; j) t0 D j+1 mod ps)-
Hence f5 o f1 takes D(;j) t0 D(it1 mod (p1),j+1 mod (ps))-
Continuing by induction, for every ¢ € N, we define a homeomor-
phism f; : R? — R? such that:
o f; rotates every Dy, 2, ,) by 27/p;, where (x1,...,2;-1) €
Lipy X Lipy X -+ X Lp,_1.
e f; is the identity of off the D, .. ).
Then define disjoint disks Dz, . 2,1 .2.), Where (@1,...,2i_1,2;) € Z,, X
XA XLy, and disks D(m,..-,xiﬂ,xi) with D(‘Tlp--,zi—l,zi) C inttD(;pl,“,,zi,l,zi),SUCh
that
. D(xl,...,xifl,xi)ﬂD(yl,...,yi,l,yi) = ¢ for (551, ceey L1, 371) a (yl, s Yie1, yz)
e fi o fiiix o - o fy o fi takes Dy a2 O
D(a:1+1 mod (p1),..,zi—1+1 mod (p;—1),z;+1 mod (p;))
e f; is the identity of off the Dy, 2. 4.

We show that the map f=---0 f;o f;_10---0 fy0 fj is continuous in
Section 2.

FIGURE 1. The first three steps in creating the Cantor
set C for py =3, po =5, and p3 = 7.

The points in the Cantor set C' = N2, (U,
can be indexed by the group

00
G = X722y,
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using the map

(1, 72,23, ...) = D)y N Dy 20) N Dy zpag) N -
We can now prove that C'is a minimal set for f.
PROPOSITION 1. The set C' is a minimal set for the map f.
Proof. Tt follows from our definition that for (x,z9,z3,...) € C,
(1) f(z1,29,...)=(x1+1 mod (p1),2z2+1 mod (ps),...) €C

For any € > 0 there exists an N such that for two points (z1, x2, 23, ... ),
(Y1, Y2, Y3, ... ) € C, |(z1, 22,23, ...) — (Y1,Y2,Y3,...)| < €if x; = y; for
all i < N. This follows because diamD, . ,) — 0 as i — oo. So
to show that C is a minimal set for f it suffices to show that for any
(x1,m9,23,...),(Y1,Y2,Ys,...) € C and positive integer N there exists
a positive integer k such that the first N entries of f*(xy, 29, 23,...)
agree with the first N entries of (y1, y2,¥s, ... ). This follows easily from
Formula 1 because the p; are pairwise relatively prime. U

2. THE MAP f CcAN BE C*

For convienence we will use C instead of R2. We begin with a tech-
nical but useful lemma.

LEMMA 1. For any positive integers p,k, real numbers 0 < a <
b < 1, and any real number ¢ > 0 there exists a ¢ diffeomorphism
¢ :C — C such that:
(1) ¢(2) = 2e*>™/¥ for all z € C such that |z| < a and for some
prime number p’ > p.
(2) ¢(z) =z for all z € C such that |z| > b.
3) llo(2) = zllox <e.

Proof. Let p: R — R be a C* function such that p(r) =1 for r < a,
p is monotonically decreasing on (a,b), and p(r) = 0 for r > b. For any
prime number p’ > p the function

(2) P(z) = ~e2min(2)/p"

satisfies (1) and (2) from the theorem. We will show that if p’ is chosen
large enough then ¢(z) from Equation 3 also satisfies (3).
Using Definition 1,

) llo(z) = zllex = sup

2eC 1<i<j

d'[p(2) — 7]
dx?

+ sup |ze?™PUN/P _ 4|
2eC
We will show that each of the terms on the right side of this equation
can be made less than €/2 if p’ is chosen small enough.
We first show this for the term sup, ¢ |2e>™?(F)/P" — 2| | Since
p(r) =0 for r > 1, [ze?™12D/P" — 2] = 0/if |2| > 1. So
sup |2627rip(|2\)/p’ — z| = sup |Z€27rip(|2\)/p’ — 2| < sup ’627rip(|2\)/p’ —1].
2eC |2]<1 , |21<1




Since |e2mP(2)/P" — 1| — 0 as p’ — oo, we can choose p’ so that

(4) sup |ze2T U _ 4| < qup |2l _q) < £
2eC j21<1 4
Note that we bound this term by €/4.

Now we show that the term sup,.c j<;; d'19(z)—2]

S| < o2 it s
chosen small enough. As before, ¢(z) — 2z = 0 if |z] > 1 so it suf-

fices to prove that sup|,<;1<<; % < €/2 if p' is chosen large
enough. We demonstrate this by showing that if p’ is large enough

then sup,, < WZ

‘ for every 1 < i < j. For the case i = 1, (using
the triangle 1nequahty and Equation 4.)

oy |€16C) = 2

2I<1 dx*

— sup |2/ 4, (@M) 2ipD 1‘

|Z|S1 p’ dZ
<@M) G2minll=N)/of
RN ATRE

dp(12]) \ 2mipp/
Qi TV ) 2mip(|z]) /p
( T e e

The function ‘ <2mdp(‘zl)> e2min(lz)/p’

< sup |e2miel=D/p _ 1‘
|z|<1

1
< + — sup
4 p |z|<1

is continuous on |z| < 1 so it

achieves its max M = Sup\z|<1‘ (2m (M)) 2mipzD/P"| on this set.
Hence choosing p’ > 2 gives
d’ —
. [cb(Z)‘ 2
|z|<1 dx?
1 , /
<E _|_ _/ Sup z <2ﬂ-flﬂ) 627T’Lp(|zl)/p
4 Dz dz
<ELE_E
4 4 2
For ¢ > 1, we can write
d'[p(z) — = 1
up | TPD=H Ly )
|21<1 xr Pzt

where F': Z — 7Z is a continuous function. Hence |F'(z)| achieves its
max on |z| <1 and if p is large enough,

d'p(z) — 2]| _

€

sup 5"

21<1 dx?
4




This proves that if p’ is large enough then both of the terms on the
right hand side of Equation 4 are less than €¢/2, which finishes the proof
of (3). O

Denote the function ¢ : C — C associate with positive integers p, k,
real numbers 0 < a < b < 1, and € > 0 by

Bp ey(ap)e : C — C.
Denote the n'™ roots of unity by
(o = oy
Define
f1(2) = d11,0,1.1)1/2-

So fi rotates the unit disk by 27/p) for some prime number p} > 1, f; is

the identity outside of the disk of radius 1.1 centered at the origin, and
| f1(2) = 2|]cr < 1/2. Choose 0 < a; < by < 1 such that |fu* —%u§1| >
2by for all i # j. Define the points
1 .
c = §uf1, fori=0,..,p] — 1,
and the disks

(5) Di:Bal(ci)> fOFiZO,...,pll—l,
D; = By, (¢;), fori=0,....p, — 1,
where B,(c) is the ball of radius r centered at the point ¢. Notice that

fl(Dz) = DiJrl mod (p})-
Define
VYi(z) = ¢p'1,2,(a1,b1),1/4(2 — )+
for some prime number pf, > p/, and let
fa(2) =ty 0+ 0 o(2).
So fs rotates each disk D; by 2 /p, for some prime number py > pf,
f2 is the identity outside of the disks D;, and || f2(z) — z||c2 < 1/4. For
each i =0,1,...,p} and j = 0,1, ..., pj, define
_ ar p;
Clg) = €+ 55"
Notice that fi(cij) = 1 mod p).5) a0d fa(Clig)) = Clgrr mod (o))-
Hence, f>0 fi(C(i,j)) = C(i+1 mod (p}),j+1 mod (py))- Choose 0 < ag < by <
1 such that |cq, j,) = Cligja)| > 202 for all (i1,71) # (i2,j2). Define the
disks

(6) Dii, j) = Bay(cijy), fori=0,...ph —1,
D, j) = By, (cuy), fori=0,...,p5 — 1.
Notice that fo(Dj)) = D(ij+1 mod (p,) and hence,

f20 fi(Diij) = Dii1 mod (v)j+1 mod (p))-
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We continue by induction as described in Section 1. Suppose maps
fi, fo, ..., fi — 1 are given with disks D, 2y 2, ) a0d Dz 20 20 1),
with Dy, 2,...2,_,) centered at Cz, oy...2;_1), such that

e Bach f; rotates each Dy, ,,..2;) by 27/p); for some prime num-
ber p > p}_;.

e For every f;, ||fi(2) — 2||cs < 1/27.

e Each f; is the identity outside of the disks D, 4,....2,)-

J

e For (zla X2y ... 7xj) 7é (yl: Ya, ... 7yj)7 D(x1,xz,...,xj)mD(yl,yg,...,yj) -
.

e For every (w1,...,%;) € Zy X -+ X Ly,

fj ©---0 fl (D(Jrl,...,a:j)) = D(x1+1 mod (p}),...,zj+1 mod (pg))

o There exist 0 < a;—1 < bi—1 < 1 such that |cu, 20,2, 1) —
C(y1,y2,~-~,yi—1)’ > 2b; 4 for all (mh T, ... ,%Fl) 7é (yh Y2, ... ,y@-q).
For each (w1,...,2i1) € Zy X -+ X Zyp,_ define

w(zl ..... xi_1)(2> = (bp;_l,i—l,(ai_l,bi_l),1/21' (Z - C(acl,...,:v,-_l)) + C(acl,xz,...,:vi_l)-

for some prime number p; > p._,, and let
fz(Z) = O(xly,,,7g:i71)€Z p/lx-anp;_lw(xl,...,a:i,l)eZ pll (Z)

That is, f; is the composition of all of the ¥, . 4, ,), where (x1,...,mi_1) €
Ly X -+ XLy, and the order of composition does not matter be-
cause for any (z1,...,2;_1) # (y1,...,¥i_1), the set of points for which
Y(ar,...z:y) 15 not the identity is disjoint form the set of points for
which )y, .. ._,) is not the identity. So f; rotates each disk D, .+, )

by 27/p, for some prime number p, > p._;, fi is the identity out-
side of the disks (z1,...,z;_1), and || f;(2) — 2||c: < 1/2°F1. For each
(T1,. -, 2i) €Ly, X +++ X Ly and define

_ Ai—1 P}
C(Ilv"wxiflyxi) - C(x1,.,.,xi,1) —I'_ _Uzi

2
Notice that fi(C(ey,..oi1.0:)) = Cler,vir,zitl mod (p))) - Hence,
f’iof’i—lo' : 'Ofl (C(:El,...,Iifl,xi)) = C($1+1 mod (p;-),...,:ti_l-l—l mod (pg_l),wi—&-l mod (p;))

Choose 0 < a; < b; < 1 such that |c,, . 2, 1) = Cyr,m)| > 2b; for all
(X1, ..., %i—1) # (Y1,Y2, - - -, Yi—1). Define the disks

(7)

D($17---790i—1790i) = Bai(C(m,”_m_hxi)), for each (ZEl, . ,l’i) c Zpll X oo X Zp§7

Dzy zo,ws1.20) = B, (Clar,warws1,00)), fOr €ach (xq,...,13;) € Ly, X+ X L,
Notice that f;(Da,,..z; 1.2)) = D,y 1,241 mod (o)) - Hence,

fiofi—lo’ : 'ofl (D(:cl,...,xifl,xi)) = D(x1+1 mod (p}),...,#—1+1 mod (p;_;),z;+1 mod (p}))-
6
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