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Thin-film evolution equation for a strained solid film 
on a deformable substrate: Numerical steady states

W. T. Tekalign*

School of Mathematical Sciences, Rochester Institute of Technology, 85 Lomb Memorial Drive, 
Rochester, New York 14623, U S A

B. J. Spencer

Department of Mathematics, University at Buffalo, Buffalo, New York 14260, USA

(Received: 15 May 2007; accepted: 6 August 2007; published online: 1 October 2007)

We consider the nonlinear behavior of the thin-film evolution equation for a strained solid film on a substrate. The 
evolution equation describes morphological changes to the film by surface diffusion in response to elastic energy, surface 
energy, and wetting energy. Due to the thin-film approximation, the elastic response of the film is determined analytically, 
resulting in a self-contained evolution equation which does not require separate numerical solution of the full 
three-dimensional elasticity problem. Using a pseudospectral predictor-corrector method we numerically determine the 
family of steady state solutions to this evolution equation which correspond to quantum dot and quantum ridge 
morphologies. ©2007 American Institute of Physics
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INTRODUCTION

Spontaneously formed periodic domain structures of nanoscale islands (quantum dots) in epitaxially strained thin solid films 
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have become a subject of intense theoretical and experimental study. These islands have unique optical, electronic and 
magnetic properties which signifies their importance in quantum dot applications.1,2 These islands are small (a few 
nanometers) in size and hence difficult to prepare by standard lithographic techniques. One promising way is the formation 
of islands by a Stranski-Krastanow growth process, whereby the planar film undergoes a morphological instability.3,4,5,6

During heteroepitaxial growth, the instability of surfaces under strain and subsequent island formation is caused by the 
competition between the surface free energy and the strain energy of the system.7,8,9,10,11

In experimental study of the nonlinear evolution of the stress driven instability of thick films the formation of deep,
cusplike grooves was observed.12,13 In Ref. 14 this instability was studied numerically and they showed that the surface 
instability creates a groove that sharpens as it grows deeper. In Ref. 15 a fully nonlinear bifurcation analysis was performed 
and by tracking the branch of steady state solutions numerically they found that the steady state solution branch terminates 
as the solutions form a cusp singularity.

In a thin film, however, cusp formation is suppressed as the surface approaches the film substrate interface. The different 
stress fields and the different surface energies of the film and the substrate affect the surface morphology, and the 
film-substrate interface is prevented from being exposed when the wetting criterion is satisfied. Stranski-Krastanow islands 
will be formed in this case.16 The steady states of island shapes were studied by many researchers.17,18,19,20,21,22

While the understanding of some of the theoretical and modeling issues is well developed, the implementation of the
models as large-scale numerical simulations is not yet feasible. The central issue is that the dynamics of the surface 
morphology are coupled to the elastic strain in the system, so dynamic models require solving the elasticity problems 
throughout the film and substrate at each time step and are limited by storage limitations for three-dimensional problem. 
Simulations involving the full elasticity problem are limited to one or few islands.23 Only one recent work24 explored a 
large number of islands using a large-scale three-dimensional calculation. This work uses the same elastic constants for 
both the film and the substrate. In Ref. 25 the evolution of a large number of islands was obtained using small slope 
approximation on a rigid substrate.

In Ref. 26 we developed an approximate solution to the elasticity problem which is valid when the film is thin. This 
elasticity solution is valid for arbitrary elastic constants in the film and substrate. The resulting elasticity solution then 
removes the necessity for solving the full three-dimensional elasticity problem numerically, and may provide a means for 
implementing large-scale simulations. Our work here is to apply numerical methods to the evolution equation to study the 
formation of islands. Within this framework, in Ref. 29 a nonlinear evolution equation with a second-order approximation 
for the stress field and a nonlinear wetting potential for the interface was considered, and it was claimed that the combined 
effect of nonlinear stress and wetting can terminate the coarsening process and lead to the formation of arrays of equal-sized 
islands. Levine et al.30 found that wetting interaction can damp the long-wave perturbations and lead to Turing-type 
instability, further a weakly nonlinear analysis showed a possibility for spatially periodic arrays of quantum dots which are 
unstable.

The rest of the paper is organized as follows. In Sec. II we present the full nonlinear model for morphological evolution in 
thin solid films. In Sec. III we present the thin-film scalings and the thin-film evolution equation. In Sec. IV we present
the numerical method used, and in Sec. V we characterize the steady state island-like solutions. Finally in Sec. VI we 
summarize our results.

MODEL FOR FILM GROWTH

We begin with the model from Ref. 6 for the growth of a single-component epitaxial film on a substrate. We specialize the 
model to describe the annealing of a film (no vapor deposition). The film lies in 0<z<h(x,y,t), the vapor in z>h(x,y,t), and
the substrate occupies z<0. The vapor is taken to be at zero pressure and the stress in the film and the substrate are governed 
by isotropic linear elasticity,

where µ is the elastic shear modulus,  is the Poisson ratio, ij
 is the Kronecker delta, and Eij is the linear elasticity strain 
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tensor given by

Here ui is the ith Cartesian component of the displacement vector, where the index i=1,2,3 corresponds to the x,y,z

coordinates, respectively, and j indicates partial derivative with respect to the jth coordinate. Repeated indices imply 

summation from 1 to 3. The quantities ui, ij, Eij, µ, and  are defined separately in the film (F) and substrate (S). Since 

mechanical equilibrium exists within the film and the substrate,

Upon substituting the formulas for stress and strain in these equation, we obtain Navier's equations for the equilibrium 
displacements,

On z=h(x,y,t) the force on the film surface (the traction in the direction of the normal ) is equal to the pressure in the 
vapor,

where

The substrate is taken to be semi-infinite, and so the displacements vanish far beneath the film,

Finally on z=0 (the film/substrate interface), the misfit condition gives

where  is the misfit of the film, and the continuity of normal traction gives

where  is the unit vector in the z direction.

The evolution equation is determined by surface diffusion in response to a chemical potential  according to27
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where  is the surface Laplacian,

and D is a constant related to the surface diffusivity. Here we take

where  is the elastic energy density at the surface,  represent the surface energy, and (h) is the wetting energy. In the 

above, the elastic energy density is

and the curvature of the film  is given by

The model for the wetting potential (h) comes from a surface energy which changes from one value for the substrate to
another value in the film. Using a boundary-layer transition model for the surface energy in which the transition occurs 
over an interfacial width , the corresponding wetting potential is20

where

is the difference in the surface energies of the substrate and the film.

EVOLUTION EQUATION

The evolution equation as given in Eq. (10) is two dimensional, but requires the solution of the three-dimensional elasticity 
problem to determine . The understanding of island formation using this equation is limited in number of islands and 
scale due to numerical considerations. We derive here a self-contained two-dimensional evolution equation based on the 
wavelength of surface undulations being large compared to the characteristic film thickness. This formulation has the 
advantage of requiring only a two-dimensional computational domain.

We define
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where H0 is the characteristic film thickness, and l is the characteristic length scale in (x,y). Then we use the following 

scalings:

where the elastic energy density 0 is given by

In Ref. 26 we developed a systematic solution to the elasticity problem and evolution equation using an asymptotic series
in . At (1) we obtain a self-contained evolution equation

where the nonlocal elastic energy term 1 is given from Fourier transforms,

where the Fourier transforms are defined as

with a= . In the above, the elastic interaction of film and substrate is measured by
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the strength of the wetting energy quantified by

where

is a scaled wetting layer thickness.

The thin-film evolution equation [Eq. (20)] contains the effects of surface diffusion, elasticity, surface energy, and wetting 
energy (for the detailed derivation see Ref. 26). The first term on the right contains the elastic energy. Without the thin-film
approximation the evaluation of this term requires the solution of a three-dimensional elasticity problem. Here, with the 
thin-film approximation, we have determined a self-consistent approximate solution given by the nonlocal term [Eq. (21)]. 
The second term on the right is the effect of surface energy in the thin-film approximation, and finally the last term on the 
right is the thin-film wetting energy.

The thin-film equation can be used to determine the stability of planar films. To determine the stability of planar films of 
thickness , we consider a normal-mode perturbation with wave numbers aX and aY,

We consider , substitute Eq. (27) into Eq. (20), and linearize to obtain the characteristic equation,

The neutral stability boundary is given by

When > s the film is unstable, and when < s the film is stable. See Fig. 1 for plot of s.

Figure 1. 

From the characteristic equation we see that there is a critical film thickness c, below which every film thickness is 

stable,
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and there is a critical wave number ac, above which every wave number is stable,

The evolution equation thus has the property that sufficiently thin films are stabilized by the wetting effect, but thicker 
films are unstable to the stress driven morphological instability.

NUMERICAL METHODS

In order to study the formation of islands in the region of instability, we have performed numerical simulation of Eq. (20) 
on a periodic domain 0 X L and 0 Y L by means of a pseudospectral method. In this approach we implement 
a variable-step predictor-corrector time integration. We use the difference between the predictor and the corrector as a 
measure of relative error at each step, and change the time step adaptively to ensure a local truncation error smaller than a 
prescribed tolerance. Define a=2 /L and let

where jk is the two-dimensional Fourier transform which we approximate by using the discrete Fourier transform (DFT),

where Xp=pL/n, Yq=qL/m, n=L/ X, and m=L/ Y. We use the DFT to solve Eq. (20) in the frequency domain. Taking 

jk of Eq. (20) and using the DFT approximation, we obtain a system of evolution equations for the Fourier modes of the 

surface jk,

where

and

Equation (34) is linear except for jk.

We solve Eq. (34) numerically and apply a predictor-corrector method. We use the explicit Euler method as predictor and for 
the corrector we use the second-order semi-implicit Adams-Bashforth method on the nonlinear part together with the fully 
implicit Adams-Bashforth method on the linear part. Hence using the predictor with the time step of size h we obtain the 
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predictor,

from which we can find ,

The corrector step is

where

The second-order Adams-Bashforth method is locally second-order accurate in h.

We implement Eqs. (37),(38),(39) using a variable time step size and a fixed tolerance . Starting with a large time step 

T, we calculate ,

which is the norm of the difference between the corrector and predictor. The result is accepted if , otherwise rejected 

and recalculated using a smaller time step based on

Equation (42) gives an adaptive scheme for which the local truncation error is bounded by a prescribed tolerance . If  is 

small, <0.01 , we increase the time step according to T 2 T. The numerical method was validated on a number 

of test problems.28

RESULTS

To understand the nonlinear behavior of the thin-film equation we investigate the evolution of different initial conditions at 
the sample points indicated in Fig. 1 for both two-dimensional (2D) and three-dimensional (3D) initial conditions.

A.Two-dimensional initial condition
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Here we use an initial condition corresponding to a sinusoidal ridge,

The parameters we used are E=1.9482 and r=3.1831 10-4 from Ge/Si materials,26 and we implemented different choices of 
 and a in our code as shown in Fig. 1. Figure 2 shows a typical result for the evolution. After a transient period the 

solution converges in time to a steady state.

Figure 2. 

Figure 3 shows the steady state island solution corresponding to the particular choice of the parameters. As we see from 
this result the valley we started with grows deeper but this growth stops when it gets to a sufficient depth.

Figure 3. 

The above result is specific to a choice of a and . To explore in more detail the shape of the islands using the numerical 
method, we fixed  and changed a as shown in Fig. 1. These results are shown in Fig. 4. The height of the islands 
decreases with decreasing domain size (increasing a). For a outside the stability boundary, from linear stability analysis (if
H0 ), we know that the steady state is a flat film. We confirmed this using our numerical method for a=E, a=2.3, and 

a=2.7 outside of the stability region. In fact the decay to the planar state occurs even for a large amplitude initial condition 

=0.16 and H0=0.15. Finally, the point a=1.864 lies on s. In this case as =0 we expect the initial island shape we 

started with neither to grow nor decay. Our numerical result also agrees with this.

Figure 4. 

To illustrate the effect of film thickness for fixed domain size we held a at E/2 and changed  as shown in Fig. 1. We 

obtained the results shown in Fig. 5. As the film gets thicker the height of the island gets larger for  in the instability 
region. In the stable region ( =0.05) the initial ridge evolves to flat film.

Figure 5. 

Figures 6,7 summarize the above calculations in terms of the deviation of the final island shape from . In the case of 
fixed a, Fig. 6 shows that when we increase  the height of the island changes from flat to an island of positive height. In 

the case of fixed , Fig. 7 shows that as we increase the value of a, the island height decreases to a planar film.
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Figure 6. Figure 7. 

B.Three-dimensional initial condition

For the 3D case we consider an initial condition of the doubly periodic sinusoid,

We performed the same analysis as for the two-dimensional case for the parameters shown in Fig. 1.

Figures 8,9 show the steady state island solutions for fixed a and fixed , respectively. As we see from Fig. 8, as we 

increase  the island height increases. We also see from Fig. 9 that as a increases the island height decreases to a planar 
film. The first two figures in the bottom row of Fig. 9 behave as such because the wave number is close to the neutral 
stability criteria, the surface forms an interconnected periodic wavelike structure.

Figure 8. Figure 9. 

Figures 10,11 show the deviation of the steady state island from the nominal film thickness . As we saw in Figs. 8,9, 

the steady state island height increases as  increases for a fixed a, and the steady state island height decreases as we 
increase a for fixed .

Figure 10. Figure 11. 

Finally we implemented our numerical method on an initial condition of the form H=0.16+0.001A, where A is a random 
matrix generated using uniform distribution on [0,1]. The results obtained agree well with the two-dimensional and 
three-dimensional models we used above. Figure 12 shows a representative steady state solution from these calculations, 
illustrating that the convergence to a spatially periodic steady state solution is robust.

Figure 12. 

SUMMARY

In this paper, we investigated the nonlinear steady state island solutions to the thin-film evolution equation for a strained 
film on a substrate. We developed a pseudospectral, predictor-corrector method for solving the evolution problem. Using 
this numerical method we showed that the evolution equation possesses steady state solutions corresponding to island 
formation. We characterized the family of equilibrium shapes in terms of the film thickness and the spatial periodicity for 
both two-dimensional (island ridge) and three-dimensional (quantum dot) morphologies.
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Full figure (10 kB)

Fig. 1. Stability boundary and sample points for simulations. First citation in article

Full figure (10 kB)

Fig. 2. Transient evolution to a steady state. Shown is the norm of the rate of change in the solution for a=0.6, =0.16, 
and H0=0.001. Convergence of the numerical method in T is indicated by the overlap of results for different tolerance . 

First citation in article

Full figure (11 kB)

Fig. 3. The 2D steady state solution for a=1.0, =0.16, and H0=0.001. First citation in article

Full figure (13 kB)

Fig. 4. The 2D steady state solutions for fixed =0.16 and a=0.6, 1.0, 1.4, 1.8, 1.864, E, 2.3, and 2.7. First citation in 
article

Full figure (15 kB)

Fig. 5. The 2D steady state solutions for fixed a=E/2 and =0.05, 0.0875, 0.15, 0.2, 0.25, 0.3, 0.4, 0.7, and 1.0. First 
citation in article

Full figure (9 kB)

Fig. 6. Summary of 2D steady states, ||H- || vs  fixing the value of a at E/2. First citation in article
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Full figure (8 kB)

Fig. 7. Summary of 2D steady states, ||H- || vs a fixing the value of  at 0.16. First citation in article

Full figure (27 kB)

Fig. 8. The 3D steady state solutions for fixed a=E/2 with n=m=64. First citation in article

Full figure (19 kB)

Fig. 9. The 3D steady state solutions for fixed =0.16. Note the different x,y scalings in each plot. First citation in 
article

Full figure (8 kB)

Fig. 10. Summary of 3D steady states, ||H- || vs  fixing the value of a at E/2. First citation in article

Full figure (7 kB)

Fig. 11. Summary of 3D steady states, ||H- || vs a fixing the value of  at 0.16. First citation in article

Full figure (16 kB)

Fig. 12. The steady state solution for a random initial condition (n=m=32). First citation in article
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