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Abstract

We evaluate the Brownian motion of a massive patrticle (‘blacle”) at the center of a galaxy usird+
body simulations. Our galaxy models have power-law ceneakity cusps like those observed at the centers
of elliptical galaxies. The simulations show that the blacke achieves a steady-state kinetic energy that is
substantially different than would be predicted based enptfoperties of the galaxy model in the absence of
the black hole. The reason appears to be that the black rsgdemds to stars whose velocities have themselves
been raised by the presence of the black hole. Over a wide rafrdensity slopes and black hole masses, the
black hole’s mean kinetic energy is equal to what would beligted under the assumption that it is in energy
equipartition with stars lying within a distaneer,/2 from it, wherery, is the black hole’s influence radius.

The dependence of the Brownian velocity on black hole maagjsoximately(V?) [ Mg,i/“*y) with y the

power-law index of the stellar density profilg[J r—Y. This is less steep than tMg,_l, dependence predicted
in a model where the effect of the black hole on the stellamaigks is ignored. The influence of a stellar mass
spectrum on the black hole’s Brownian motion is also evaldand found to be consistent with predictions
from Chandrasekhar’s theory. We use these results to dangivebability function for the mass of the Milky
Way black hole based on a measurement of its proper moti@mtig! Interesting constraints dgy will
require a velocity resolution exceeding®&m s 1.

Subject headingstellar dynamics, galaxies: nuclei, black holes

1. INTRODUCTION have been based on galaxy models with large, low-density

. H ~ 7y B
A massive black hole at the center of a galaxy undergoes aCOr€S; very different from the denge;~ r ¥ nuclei observed

random walk in momentum space as its motion is perturbedat the centers of the galaxies known to harbor supermassive

by gravitational encounters with nearby stars. The expecte plack holes. Furthermore the black hole particle is often

amplitude of this “gravitational Brownian motion” is introduced into the simulations in a non-self-consisteayw
first a black-hole-free model is constructed, then the black

m M -1 hole is added, which causes the galaxy model to evolve away

W) (W) from its initial state as the stellar motions respond to th#-s

5 . denly deepened potential (elg._Chatterjee, Hernquist, &l o

% ( o > 1) (2002&.b)). These practices complicate the interpretatio
100 km st of the numerical simulations and make it difficult to derive

whereM andm are the mass of the black hole and a typical predictions about the expected behavior of black holesdh re
star respectively and is the 1D stellar velocity dispersion; nuclei. For example, the quantitythat appears in equation

. @ is well defined at the center of a low-density galaxy
the brackets denote a time average. Equalibn (1) follows fro_ containing no black hole, but in a real galaxyjs a strong

assuming that the average kinetic energy of the black hole 'Sfunction of radius, due both to the inhomogeneity of the
equal to that of the stars. Gravitational Brownian motion is galaxy and to the r;resence of the black hole itself

gg;irgrt;aillr:yblInat(?lzeﬁglggrzgszgsu r(r;bgr ()Bfarslf‘srogss:r"f‘fr 11??;9593_ These considerations motivated us to undertake a new series
N ¢ \ 'of numerical studies of gravitational Brownian motion. Our

Reid et al. (1999, 2003)); as a mechanism for displacingblac primary goal was to evaluate the validity of the equipaotiti
T o ae e oo o BB aSSUmplon for black foles at th centers ofgaly models
in the rate of supply of stars to the black hole (&g Youn with reahspcally h|_gh ce_ntr_al d_ensmes. We carried oded
rrigrét(;nt o of N-body integrations similar in character to those described

( Th )- imat lidit f i 0 bylDorband, Hemsendorf, & Merfitt (2003), but with a wider
has € beeanppr?:)c()mi?rr?ed V?n' '3; r?umbeerquaolfon nur$1e)r- range of galaxy models and, in some cases, with a spectrum
ical  studies  [(Mildr [1992: Tana & Ve 1998 of stellar masses. All of the _galaxy mc_;dels have a power-law
Milosavlievic & Merritl 20071 Chatieriee Hernquist, & Lcel’) dep_er!qience of stellar _d_en5|ty on radius near the cer_1te_r, and
5009 b- Borband. Hemsendorf & Meritt the initial stellar velocities were generated from a dstri
5003 ’ Chaiteriee. Hernauist & deb ; 5003- tion function that accounts for the grawtatlonal forcenfrt.he.

2 = e ' “black hole”; hence, the models are in a precisely equiloriu
Makino & Funatb | 2004). With  two  excep- i ot time zero.

tions however (Milosavliew: & Merritt 2001; . . - .
Dorband, Hemsendorf, & Merfitt | 2003), these  studies Our results can be summarized in a surprisingly simple

(V2) ~ 330% (0.1 kms1)2 (



2

way: the black hole reaches a state of energy equipartition

with the stars lying at distances r,/2 from it, wherery, is
the black hole’s gravitational influence radius (a precisf-d
nition of ry, is given below). By definition, stars withir, are
moving largely in response to the gravitational force fréma t
black hole; hence, the black hole’s Brownian motion is deter

mined by the velocities of stars which themselves have been

raised by the presence of the black hole! One consequence i
that the black hole’s rms velocity does not drop as steeply wi
black hole mass as thd /2 dependence predicted by equa-
tion (). Another is thatV?) can be substantially different —
higher or lower — than the value predicted by equafidn (&) if
is measured outside of the black hole’s influence radius.

The properties of our galaxy models and the details of the

N-body integrations are presented in 82 and 83. The predic-

tions of Chandrasekhar’s theory of stellar encountersede r
viewed in 84; as we point out there, Chandrasekhar’s theory i
essentially local in character and does not make useful@red

tions about the expected value®f?) in realistic, inhomoge-

neous galaxies. Nevertheless the theory does say something

definite about the relation betweeé¥?) in the single- and
multi-mass cases. Results from tNebody integrations are

presented in §5 (single stellar mass) and §6 (mass spectrum)1.5,1.0,0.5)
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Fic. 1.— 1D velocity dispersion profiles for Dehnen models with-
out central black holes (solid lines) and with central bldxkes of mass
M= 10*3Mga| (dashed lines).y increases downward, from=2 toy =

In 87, we use our results to predict the expected amplitude of

the Brownian motion for the Milky Way black hole, and show
how a measurement of its velocity, or determination of an up-
per limit, can be converted into a probability function ftg i
mass.

2. GALAXY MODEL

Supermassive black holes are observed at the centers of

early-type galaxies and the bulges of spiral galaxies. The

luminosity profiles of these systems are well represented as

TABLE 1
DEHNEN MODEL
PARAMETERS

Op

0.2775
0.3270
0.4164
0.7071

p
0.500

0.330
0.159

MR PROo)<
oumowu

power laws in the radius at distances from the black hole less

than~ ry, the break radius. (So-called “core” galaxies also

have luminosity profiles that are power laws in the space den-

sity, but with indices less than one.) We adopted Dehnen'’s
(1993) density profile for our galaxy models:

~ (3—Y)Mgq a
P =20 warary @

wherep(r) is the stellar mass densitylg, is the total mass in
starsais the scale length (roughly speaking, the break radius)
andy is the logarithmic slope of the central density cusp.

To this galaxy model was added a central point of nidss
representing the black hole. For our purposes, it was drucia
that the initial model be in a steady state, so that any time de
pendence could be attributed to perturbations resultiogn fr
the finiteN realization of the model, and not to ill-defined
departures from equilibrium. To achieve this, the initiat v
locities of the stars were generated from the unique, ipatro
phase-space distribution function that reproduces thanBreh
density law in the smooth combined potential of the stars and
the black hole particle (Tremaine ef al. 1894). This distrib
tion function is non-negative foy > 0.5 in the presence of
a central point mass; we considered valuey of the range
0.5 <y < 2. The black hole particle was given zero velocity
initially.

range 104 <M < 10 1. The lower limit is fixed by the re-
quirement that the black hole particle be appreciably more
massive than the star particles.

Figure[l shows the (1D) radial velocity dispersion profile
a(r) for Dehnen models witt = 0 andM = 103, In the
absence of a black hole and fp# 2, o(r) peaks at a non-zero
radius; furthermore the peak value is nearly unaffectedhby t
presence of a black hole of mass*fmgah Since the am-
plitude of the Brownian motion of the black hole is expected
to scale with the stellar velocity dispersion, it is of irgsr
to define a characteristic value ofnear the centers of these
models. A natural choice isp(Y), the peak value of in a
model without a central black hole. We defingas the ra-
dius at whicho(r) = op. Table 1 gives values af, andrp as
functions ofy.

Most of ourN-body integrations were carried out on models
containing stars of equal mass. We also carried out some in-
tegrations of models in which the stars had a range of masses.
The stellar masses in the multi-mass integrations werergene
ated randomly from the mass function

n(mdmOm A %dm

(3)

Unless otherwise indicated, we present our results in unitswith a = 1.35, the_Salpeter (1965) value. Given a mean mass

such thatG = a = Mgg = 1. In these units,M repre-

M= Mga/N with N the number of particles, the mass spec-

sents the ratio of the black hole mass to the total mass intrum is determined by equatidd (3) andioy/my, the ratio of

stars. In real galactic spheroids, this ratio is approxatyat
103, although with some scattér (Merritt & Ferralése 2001;
Marconi & Hunt[2003). We considered values Mfin the

smallest to largest stellar mass. We usgdm, = 0.01.

3. N-BODY INTEGRATIONS
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o g" ; | M=0.0001 & 3
e » 0.0003 ¢ TABLE 2
[ . 7 0.001 N-BODY INTEGRATIONS WITHN = 10°
—|* & * o o 0.003 %
8 ; A a . @ . 0?60; };)_é M Y Telock T t(rn) <V2> n
F A 0.1 0 ] 1x101 05 2800 6.39 8180 B2x10° 2.68
o FF e o x ] 1.0 2800 342 5460  .95x10° 248
2% lo o o 0o o F a 15 4650 213 3110 83x10%4 351
SF o 3 20 >10" 0.073 1240 D6x10°3  19.77
- =R N ] 3x102 05 2800 6.67 1850 41x107% 1.83
o 5 . 1.0 2800 4.05 1070 28x 104 2.32
v e o © o ° ° 15 4650 1.98 471 43x 104 2.39
=N 8 3 20 >100 021 110 30x 103 6.81
i ] 1x10Z2 05 2600 656 729 B89x10% 1.25
[ ‘ ‘ ‘ ‘ ‘ ‘ ‘ L 1.0 2600 4.08 344 B83x10* 1.41
s 5 2 P o 15 2600 095 110 B2x103 254
10g,q € 20 >10" 017 141 102x10°2 6.81
) 3x103 05 2000 4.01 326 B89x10% 0.831
Fic. 2.— Dependence of the black hole’s mean square velocityhen t 1.0 2000 252 114 B81x 104 0.599
softening length. Each integration usdd= 10° andy = 1.5; the black hole 15 4200 265 239 20x 103 1.16
mass increases downwards, as indicated. 20 >10" 017 156 BAx 102 569
1x10° 05 2600 656 176. 91x10% 0.428
] ) ) ) 1.0 2600 4.18 44.4 23x10°% 0.695
All N-body integrations were carried out using théody 15 2600 1.16 6.08 84x 103 1.56
coded ZMO, a systolic, multi-time-step integrator for parallel 20 >10" 023 0230 @7x102 4.66
computers|(Dorband, Hemsendort, & Meltitt 20033 ZMO 3x10* 05 2000 3.98 97.4 22x10°3 0.250
advances the particle positions using the fourth-order Her 1.0 2000 251 164 87x 152 0.324
mite scheme, with discretized individual time steps chosen 15 4200‘1 186 142 —.30x107" 144
according to the criterion af Makino & Aarseth (1992); we . 20 ~>100 021 00278 B5x 103 371
dopted an accuracy parametenof 0.02. G ZMO rhythmi- 1x10 0.5 3400 841 605 52107 0.283
adopted suracy p n ‘ y 1.0 4300 7.06 6.84  81x103 0.306
cally shifts particles between processors as it computes$o 15 4300 250 0407 86x102 1.15
at each time step, using non-blocking communication to min- 20 >10* 0.36 0.00487 #4x10! 3.10
imize latency. Inter-particle forces were softened usimg t
standard expression,
r{—r
F12 - _Grnlm2 ! 2 3/2 . (4) A .
(Irl—r2|2+£2) awide range ifN (Laun[2004).

The parameters of the variobsbody integrations are pre-
Experiments were carried out with various choices of the sof sented in Tabldd 2 afidl 3 for the single-mass runs, and [able 5
ening length in order to judge the possible effects of a non-for the multi-mass runslgeck is the integration time in min-
zero € on the character of the black hole’s Brownian mo- utes, and is the final time in model units. The length of each
tion. Figurd® shows the dependence of the black hole’s mearintegration was initially chosen to be roughly the same &i re
square velocity om; the integrations useg= 1.5, N = 10° time, with the result that the integrations with the highgst
and various values ofl, and were carried out for a fixed clock — i.e. the highest central densities — were much shorter in
time of 1& minutes. The results are almost independent of the model units. We partially compensated for this by extending
softening length whemn < 10~4; for largere, <V2> begins to the integrations witly = 1.5 and 2 to longer real times.

drop. Based on these and other results, we adapted0—° When evaluating the amplitude of the black hole’s mo-
for our “production runs,” and all the results given belowree 10N, @ possible concern is any steady component of its ve-
obtained using this value &f locity due to a net drift of theN-body system’s center of

Whene was set to zero (no softening), as in the integrations Mass. The amplitude of the drift is expected to be of order
of Dorband, Hemsendorf & Merritt (2003), the time step for Varit & VN~Y2, whereV is a characteristic internal (stellar)
particles near the black hole particle was sometimes obderv Velocity. This may be compared with the expected rms veloc-
to become extremely small. We attempted to deal with this ity characterizing the black hole’s Brownian motion, whish
by introducing a minimum time step; however, when this was ~ GN’l/Z(M/MgaD’l/Z. The latter is larger than the former
done, the black hole particle was sometimes suddenly kickedby ~ an order of magnitude even for the largest black hole
to a large velocity, due to integration errors generatechiey t mass that we considere]/Myq = 0.1. We inspected the
minimum time step. This was never observed to occur in the configuration-space motion of the black hole particles In al
integrations with softening. of our integrations; in few if any of the cases could we see ev-

Integrations were carried out using the 36-processor Sun-idence of a steady drift component to the motion. Hence we
Fire 12000 computer at the Center for Advanced Information ignoreVy;is; in what follows.

Processing at Rutgers University, and a cluster in the Lab- After long times, the macroscopic structure of our galaxy
oratory for Applied Computing at the Rochester Institute of models (density profile, velocity dispersion profile) will
Technology consisting of 52 nodes each with a dual Xeon change due to exchange of energy between stars. Such
2.0 GHz cpu. Integrations typically used 8 processors. Ex-changes, if present, will complicate the interpretation of
periments showed that this is roughly the optimum number of the Brownian motion. In a system with equal masses, the
processors for integrating models with- 1.5,M = 0.01, and shortest such time characterizes the evolution toward a col
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since a single massive particle of magscan spiral into the
N-BODY INTEG;—AéI'?CI)_I\IJESSWITH ARIOUSN center in a time of order (M/m,)tr wherem is the mean

stellar mass. The particle masses in these models were-gener
ated randomly and a massive particle could find itself ithtia

M N Toook T AL V% L on an orbit for which the dynamical friction time is short.
1x107t 1x10* 150 517 425 73x10°% 333 While this effect is a potential source of bias in the multi-
2x10* 30 03 766 04x 10:: 3.99 mass runs, the multi-mass integrations were generallyteshor
gx 182 600 012 1090 30107+ 1.90 than the single-mass integrations, and we found no evidence
ZX 107 750 ~0.33 1690 B2x 10,5 2.90 of a significant time dependence in the Lagrange radii, nor in
x10° 2880 0.33 5750 @5x10°5 248 A2 X
351 3500 017 8260 G5x 105 3.66 the black hole’sV#), that would suggest a systematic change
1x10F — 0.10 24x10* 1.09x10°° 2.10 in the stellar distribution over the course of the integnasi.
1x102 1x10F 30 145 167 D6x 103 153 In any case, the run-to-run variation 4V2> due to different
2x10* 120 244 2838 88x10% 1.88 random realizations of the same model were so large that they
3x10* 300 291 401 B7x10° 1.66 probably swamped this effect (§6).
5x10* 1000 2.05 61.1 24x10°% 215
2x10° 2000 0.33 199 J7x104 145 4. EXPECTATIONS FROM LOCAL THEORY
3x10° 3500 0.19 283 08x 104 2.35 - . e . .
1x16 — 010 817 1B32x 104 254 ~ Existing theories of gravitational Brownian motion are too
X103 1x10® 180 120 155 F6x<102 0730 idealized to make clear predictions about the expectediampl
2x10* 480 1.81 1.86 BOx 102 1.00 tude of the Brownian motion in our models, for several rea-
3x10* 900 3.63 246 B2x102 1.63 sons. First, the black hole is massive enough that it modifies
5x10* 1000 2.05 3.57 B5x10% 1.30 the gravitational potential as it moves. Second, partigies
2x10° 2880 0.024 10.6 98x 10:2 0.76 tightly-bound orbits around the black hole will increases-
i’i 182 3140 8'115‘2 410"."78 £I§ 1874 cl):gg fective mass. Third, the properties of the stellar backgdou

e.g. density and velocity dispersion, are strong functioins
distance from the black hole. Standard encounter theagy (e.
Spitzer 1987) approximates the stellar background as homo-
geneous and time-independent and ignores the effects of a
lisional steady state near the black hole, as described bymassive particle on its surroundings.
Bahcall & Wolf (1976) and Lightman & Shapirb (1977). The  The predictions of idealized theory are nevertheless lisefu
steady-state distribution hapal r~7/4 density profile within ~ as a baseline against which to compare thbody results.
the black hole’s gravitational sphere of influence. Thisdte ~ Using the Fokker-Planck equation, the steady-state wgloci
state is reached in a few star-star relaxation times as meghsu distribution of a massive particle that moves in response to
atry, (Bahcall & Wolt[1976{Preto, Merriftt & Spurzém 2004). perturbations from an infinite and homogeneous distriloutio
The local relaxation time for a system with stars of equalsnas Of background stars is
mis

t— 0065/r3ms (5) f(V) _ foef3vz/2<V2>’ <V2> _ % (6)

"7 pmGInA ,

. . Lo . here(V<) is the mean square (3D) velocity of the black hole

(Spitzer 1987), withvyms the 3D stellar velocity dispersion w : ST
and InA the Coulomb logarithm. Tables 2 and 3 give values andA andC characterize the low-velocity limit of the black

of t;(rp) for the initial conditions in each of the single-mass hole’s diffusion coefficients due to encounters with stars:

N-body integrations. Here and below, we defipas the ra- (Av)) = —AV + BV3..., (7a)
dius containing a mass in stars equal to twice the black hole 2
mass. This definition is identical to the more standard one, <A"ﬁ> =C+Dv*... (7b)

rh = GM/a?, in a nucleus wittp 0 r~2 and is a natural gen-
eralization to nuclei in whicho is a function of radius. We
defined IM\ as inPreto, Merritt & Spurzem (2004). The
values in Tables 2 and 3 show that most of M#ody inte-
grations did not extend for as long as a single relaxatioe tim 32 o gy P2/ G2M?
atry. The exceptions were the models with laygg = 1.5, 2) A= gﬂszan/o Vv (V)lﬂ‘f)?—va (8a)
and smalM (M < 3x 104, for whichT > t,; there are four 16 o ma;z Y

such models in Table 2 and one in Table 3. We note that the C— —TIZGZmZn/ dwf MW In <1+ max ) 8b
initial power-law index of these models is close to the eolli 3 0 L) G2M?2 (8b)

sional steady-state valug £ 1.75); furthermorey, is small . . .
for these modelsty < 0.01, and the Bahcall-Wolf cusp is (Merritl 2004). Herem is the stellar massp is the stel-
lar number density, an@max is the maximum effective im-

only expected to modify the density profile within 0.1r : , .
(Prgto E/Ierritt & Sourze);1 2004) F%rpthese reasons \?ve doPact parameter in Chandraskehars theory. In the special ca
' y : ; of a Maxwellian distribution of field star velocities, (v) =

not expect the results for these models to be appreciably af- 2262 .
fected by the growth of a collisional cusp. We checked this foe ¥/?%", we find
prediction by computing the Lagrange radii of the particles 5 5
expressed as distance from the black hole patrticle, as a func A= @M‘ (R),C = @G men
tion of time during the integrations. We found no signficant 3 o3 3 o )
evolution in any of the runs. 1 /> _ Pmax0

The situation is a little different in the multi-mass runs, G(R):Q/O dze’In(1+4R°7), R= v OP)

(e.g. Merritt 2001). The latter depend on the phase-space
number density of stark. = f,(v,r). If f, is assumed to be
isotropic in velocity space, then

G(R)(9a)
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and

€ _,

my o
2A (M )o*
The predictedV?) is independent opmax in this case and is
equal to the “equipartition” value.
The velocity distribution at the center of the Dehnen mod-
els is not precisely Maxwellian. While it is stra|ghtfor\nziar
to derive expressions f@x andC for non-Maxwellianf.,’s, a

v?) = (10)

5. RESULTS: SINGLE-MASS MODELS

To evaluate the dependence of the black hole’s velocity on
the structural parameters of the galaxy model, we carri¢d ou
integrations withN = 10° particles, and black hole masses
ranging from 10“ to 101 in units of the galaxys mass. All
of the star particles had the same massz N"1 =10 in
model units. For the smallest black hole mass adopted, the
ratioM/mwas only 10. The parameters of thédéody in-

more serious problem then presents itself. The velocity dis tegrations are summarized in Table 2.

persion at the center of a Dehnen modelésoin the absence
of a black hole (in all models excepting those wjtk= 0 or
2); and it isinfinite when the effect of the black hole on the

Figurel3 illustrates the time dependence of the black hole’s
velocity in a representative set of integrations. The blzale
appears to accelerate quickly to its steady-state rms itgeloc

stellar motions is included (Flgure 1). Thus equations like This takes longestit ~ 1 (approximately a crossing time), in

(D), naively applied, predict eithév?) = 0 or (V?) = o, de-

the models with the lowest central densitigs=(0.5) while

pending on whether or not the black hole’s influence on the for y= 1.5 andy = 2, velocity transients appear to die away

equilibrium stellar model is taken into account, and of ceur
neither result is physically reasonable. The local theaitg f

almost instantaneously.
In the low density modelsy(= 0.5,1), the black hole

because the Dehnen models (like real galaxies) are innomoexhibits what might be described as two-component mo-
geneous, both in their density and velocity structure, amd b tion, consisting of high-frequency noise superposed on low

cause the presence of the black hole strongly influences evefrequency, more coherent motion. As the central density is
the equilibrium stellar velocity distribution in its vidiy. In increased, the motion tends more and more toward what ap-

a real galaxy, the black hole will be perturbed by stars that pears to be pure noise. This is consistent with the change in

are not at the center, and the velocities of such stars are neithe character of the stellar potential: ygicreases, the fre-
ther zero nor infinite. But Chandrasekhar’s theory gives no quency of small oscillations about the center increases.

hint about how to weight the contribution of these non-cantr
stars to the black hole’s motion. In such a situatiNFhody
simulations are an indispensable guide.

Local theory does make one potentially useful prediction.

If the massive particle’s diffusion coefficients are reided

Brownian motion of a particle in a classical gas obeys a
Maxwell-Boltzmann distribution. As shown above (84), the
same is predicted by the Fokker-Planck equation for a mas-
sive particle moving in response to gravitational perttidves
in an infinite homogeneous background of stars, as long as the

for the case of a spectrum of perturber masses, one can relatdynamical friction coefficient obeys Hooke’s law at low ve-

the predictedV?) to its value in the case of a single perturber
mass. Let the mass function ngm), such thain(m)dmis
the number density of stars in mass ramgéo m+ dm, and
assume that the velocity distribution is the same for allsnas
groups. We find in the multi-mass case

= ? GM [/: mn(m)dm}

Jo 1+ pral?/G*M’

Cmm_ﬁG2 {/ m?n(m dm}

/ duu (u)log (1+

Amm=

(11a)

Phatd ) (11b)

G?M?2

The mean square velocity of the black hole in the multi-mass

case is therefore predicted to be

V)= (;)mm— (7)o

where(V?) refers to the single-mass case, and the variable
is

(12)

[ n(m)mPdm

M= T (mymam /n(mmdm’

(13)

locities. However the equations derived above embody many
approximations that are violated in thebody models and
in real galaxies. Hence it is interesting to directly congput
the time-averaged velocity distribution of the massiveiplar
in the N-body integrations. Figurel 4 showgV) for inte-
grations withM = 10~2 and four different valueg. Two of
these integrationsy(= 1.5,2) were taken from TablEl 2 and
hadN = 10°. Fory = (0.5,1), we carried out additional inte-
grations (not included in Tabld 2) extending to much longer
times, T = (28956), but with a smaller particle number,
N = 3x 10*. The purpose of the longer integrations was to
increase the statistics: in the lopintegrations from Table 2,
the black hole particle experienced relatively few updates
its velocity due to the low density of particles. The velgcit
of the black hole particle was sampled at a fixed interval of
=10%in each of these four mtegratlons

The empirical velocity distributions in Figufé 4 are com-

pared with the Maxwell-Boltzmann distribution,

N(V)dV = 4rv2 (2r(v2)/3) " exp(—3v2/2(v2)) dV.

(14)
The quantity(V?) in equation [T¥) was computed directly
~from the time series of stored velocities; it was not adjdiste
to increase the goodness of fit of equatibal (14) to the mea-
suredN(V). Neverthless, the fit of the measuridV)’s to
the Maxwell-Boltzmann distribution is clearly very good in

each case, and nearly perfect in the case-ef2, for which

Brownian motion results in a time-dependent displacementthe black hole particle experienced the largest number of ve

of the black hole from its otherwise central location in a

galaxy. TheN-body integrations presented here were mostly

too short to extract useful information about the amplitatie
this displacement. We will return to the question of Brownia
displacements in a subsequent paper.

locity updates £ 5 x 107).

If we assume that the time-averadeV/ ) is well described
by the Maxwell-Boltzmann distribution, then the only quan-
tity required to specifiN(V) is (V2). We expectV?) to be
close to the “energy equipartition” value at which the time-
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averaged kinetic energy of the black hole equals the mean ki-
netic energy of nearby stars. We write this as

V3 = an o2 (15)
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FiG. 5.— Mean square velocity of the black hole particle for ody

integrations listed in Table 2, witN = 10°. Lines show the “equipartition” TABLE4
relation,n =1 logyon =
' ’ A+ Blog;oM
% A B
whereay, is the peak value of the 1D stellar velocity disper- 05 0.885 0.411
sion, as defined in §2, angis a parameter whose value is ex- 1.0 0.826 0.362
pected to be close to one. Values(wf) for the integrations %g g-ggg 8-%23

with N = 10° are given in Tabl€l2, and plotted in Figuids 5
and[® as functions dfl andy. These values were computed
as above by taking unweighted averages over the stored ve-
locities. However, in the case of tihebody integrations with

y= 0.5, we omitted data prior tbo= 1.0 to eliminate the pos-  (@H) as defining the parameigrwhich then measures depar-
sibility of bias due to transients (see Figliie 3). The limes i tures from “equipartition” as a function ® andy. Figure§¥

Figurel® show the “equipartition” relation,= 1. and 8 plotn, so defined, for these integrations. As the two
Several results are apparent from Figliles S[and 6. previous figures indicated, increases systematically wit
1. There is a clear dependenceg?) on M, although less  andy, reaching values as large 20 for (M,y) = (0.1,2.0).
steep than the expectéd?) 0 M~ dependence. For small M,y), n drops below one, to values as low-a$.2
2. For a galaxy model with given density structure (i.e. a when(M,y) = (10~4,0.5). _ . _
giveny), the discrepancy betweev?) and the “equiparti- The dependence of lagon logM is nearly linear for fixed
tion” value increases ad is increased. y (Figure 8). We carried out least-squares fits to find the coef-
3. For a fixed black hole mass, this discrepancy is an in- ficients of logn ~ A+ Blog; oM. We omitted the data points
creasing function of. for M = 104, since the black holes in these integrations are

Another way to present these results is to interpret equatio only a factor 10 more massive than the stars. We also (fairly
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arbitrarily) omitted theM = 0.1 point fory = 2 since this

point appears to lie well away from the best-fit line defined

by the other points. The results of the fits are given in Ta- gne-half that due to the stars. We retain that definition iatwh
ble[. Fory= 0.5 andy =1, ~ M%4; fory= 1.5 andy = 2, follows.

n ~ M%%, These results imply that — in a galaxy with other- 2. Above we define@? as the mean value @f within some
wise fixed properties — the mean square velocity of the blackradius, including the effect of the black hole’s gravity die t

hole scales as M~% in low-density nuclei and- M~98%in stellar motions. However foy > 2, this quantitydivergesas
high-density nuclei. Ignoring the effect of the black hole o  a function of the lower integration limit, due to tio8 O r~*
the stellar motions would lead to the predictigf?) OM~1. increase in velocities near the black hole. Nevertheless th

There is a natural way to understand these results. Thedivergence is only logarthmic as a function of the lower in-
steady-state velocities of the stars in these galaxy madels tegration limit wherny = 2. In ourN-body models, a natural
influenced by the presence of the black hole (Figlire 1), verychoice for the lower integration limit i the softening length.
strongly at distances< rn. The Brownian motion of the  We made this choice in what follows.
black hole depends in turn on perturbations from these fast- We tested the hypothesis of equatibi (16) against the data in
moving stars. The more massive the black hole, the hotter theFigured¥ and 8. Figure 9 shows the results when0.5, i.e.
surrounding stellar fluid, and the greater the expected-devi whend? is defined as an average withirsg,. In this plot, the
ation of the black hole’s Brownian velocity from the value ordinate is the value af that would have been measured if the
that would have been predicted based on the properties oblack hole’s Brownian velocity were given by equati@nl(16).
a model with the same density structure but lacking a black The agreement with the data (Figure 8) is remarkable, given
hole. These deviations should also be an increasing functio the simplicity of the prescription, the wide range in depsit
of y, since for largey, the number of high-velocity stars near structure of the models, and the fairly arbitrary definitiin
the black hole is larger. o _rh. The model appears to fail for= 1.5 at low black hole
~ Suppose we assume that the black hole’s kinetic energy ismassesNl < 10-3). However the point-to-point fluctuations
in equipartition with the stars in some region around it. Befi  in Figure 8 are so large that it is not clear whether this fails
&2 to be the 1D, mean square stellar velocity within this re- real or due to the limited accuracy of tNebody integrations.

gion, which has radius The black hole’s Brownian velocity Other definitions of Were tried (e.g., a fixed value in model
would then be units) but none was found that reproduced the measured val-
2 me.o
(V) =3-0°, (16) ues ofn so well.
M We carried out least-squares fits against the data of Figure

It is understood thad? in equation[[Ib) includes the effect of 8 to determine the best value Bffor eachy. As in the fits

the black hole on the equilibrium stellar motions. We might described earlier, we omitted the data pointsbe= 104 as

guess, based on thi¢-body results, that the best choice for well as theM = 0.1 point fory= 2. Fory= (0.5,1,1.5,2),

f is some multiple of the black hole’s radius of influenge we found best-fif’s of (0.67,0.70,0.59,0.44). The fit to the

f=F xrh. y = 2 data was nearly perfect when the optifRalas used.
Before testing this hypothesis, we make two remarks. We conclude that the black holes in our simulations are in

1. The standard definition of, is GM/a?. This definition approximate energy equipartition with the stars that li@in

is adequate for galaxies whesér) is approximately constant  sphere of radiug0.57+ 0.13)r, around them. The amplitude

near the center. For the Dehnen models, this is only true forof the black holes’ Brownian velocity is critically affectdy

y= 2, and itis never true in models containing a central black the influence of their own gravitational force on the veliesit

hole. In 83, we generalized the definitionrgfto be the radius  of nearby stars.

containing a mass in stars equal to twice the black hole mass. We can develop a simple model that reproduces these re-

Thus, atr = ry, the gravitational force from the black hole is sults. We suppose that the black hole’s motion can be broken
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into two pieces:
(VZ) = (Vf) + (V5). 17

The first piece(V?), refers to the motion of the center of mass
of the system consisting of the black hole and the stars bound
to it. The second piecéV?), is the mean square velocity of
the black hole with respect to the center of mass of the bound
system.

Our model requires that we first identify which stars are
“bound” to the black hole. Clearly, stars with apocenter dis
tancesr . < ry are bound to the black hole, and stars with « I
r. > ry are not. However stars with. ~ r, can neither be ot
said to be bound or unbound. We will call a star “bound” if Tk

0.1

0.01
Frr

%)

1073
i

¥ | L
r. <F'rp. (18) 107* 1073 0.01 0.1

HereF’ =~ 1 is a free parameter similar to the fackodefined M
above. According to this definition, the gravitational fexan FiG. 10.— Predicted values @¥2) based on the model of §5. Symbols
the “bound” stars comes predominantly from the black hole. show theN-body data, as in Figure 5.

Let the mass in bound stars bk. Then the effective mass

of the bound system (black hole plus stars) is SE AP
Meff =M + My, (19) Eoa A 4 Oc?l g) 3
The remaining (unbound) stars define a core with some char- oL N “ R y=1.5 ]
acteristic density and velocity dispersion. Define theelatid i 0 E
beay. We compute, by taking an average over the unbound i 0, A
stars within a region of radius2ry,. L e 0 i
Given these definitions, the contribution to the black reole’ Z —F e
motion from the unbound stars is given by Chandrasekhar’s F °© o o 0 A
theory (84): m T i © o]
(V) = 3—ap. (20) - ° o
Mett
In other words, we expect the bound system, of niMss:, m‘o L o
to act like a single particle in energy equipartition witleth B SR
unbound stars in the core. 10 10 N 10

The motion of the black hole with respect to the center of

mass of the bound system can be computed by setting Fic. 11.— Dependence of the black hole’s velocity on particlenber.

Lines show the “equipartition” relat'ionsl =1. The points aN = 1Cf are
MV, +m vi =0, (21) from Dorband, Hemsendorf & Merritt (2003).
bound

whereV; andv; are the velocity of the black hole and of a . .,
bound star with respect to the center of mass of the bound sys- Our N-body models have far fewer “stars” than real galax-
tem. Ignoring correlations between the motions of the bound'des- Itis therefore of interest to check as well as we camthe

stars, we find ependence of the black hole’s velocity, as a means of gralin
3Mym toward realistically larg®\’s. Table[3 summarizes the param-
2 pMm o . X . ;
(Vz) = vz Ob (22)  eters of a set of integrations witk-values ranging from 0

to 1°. The galaxy model was fixed for these rugs; 1.5,
and three values d¥l were tried (101,1072,10°3). For the
largest values of, these runs were generally shorter than

with oy, the velocity dispersion of the bound stars.
Combining the two pieces gives

5 3m M » Mp those in Table 2. We also include in Table 3 tW¢) values _
vty YT VIR (23)  for three integrations from Dorband, Hemsendorf & Merritt
) o (2003) withN = 10°. The results (Figure 11) confirm the ex-
SinceMy = M, this is roughly pected(V?) [0 N~ dependence.
2 3m(oh 6. RESULTS: MULTI-MASS MODELS

Stars in real galaxies do not all have the same mass. We car-
ForF’ ~ 1, 0y is of the same order or greater thapfor most ~ fied outa set oN-body integrations based on the same galaxy
(Y.M), hence the quantity in parentheses on the right handModels as before, but generating the mass of each "star” par-
side of equation[24) is comparabled. Thus our model ticle from a.Salpetei (1955) mass function,
naturally reproduces the dependenceé\tt) observed in the
N-body simulations.

Figure 10 shows predicted values ®f) for F’ = 1. The with a = 1.35. We chosemy/m; = 100; the values ofm
match with Figure 5 is quite good. andmy are then fixed by the requirement that the mean stellar

n(mdmocm M %dm  m<m<m,  (25)
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TABLE 5
MULTI-MASSN-BODY INTEGRATIONS

(v2)

110x 1073
133x 1073
388x 1073
7.96x 102

02 ratio

59x 104
81x 104
20x10°3
7.6%x 102

3.79
2.94
2.94
7.81
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FIG. 12.— Mean square black hole velocity in the multi-massgragons.
For each value df1, tenN-body integrations were carried out using different
seeds for the random number generator used in computingetier snasses;
the results for each integration are indicated-hyThe mean of these values
is indicated by, and the® symbol shows the predicted value based on the
theory in §4.

mass equaN~1. Each of these integrations usktl= 10?2
andN = 10°. Because these galaxy models contain a small
number of massive stars (those at the high-mass tail of th
n(m) distribution), we expect the statistical variance of the re

sults to be greater than in the single-mass runs. Hence we ca

ried out 11 integrations of each model using different s¢eds
initialize the random number generator for the stellar regss

The (V?) values given in Tabl]l5 are means over these 10

runs. Typical integration times wefe= (5,3,0.5,0.02) for
y=(0.5,1,1.5,2) respectively. We also give in Taﬂ]lad?\,z>,
the variance in the measuréd?) values for the 10 runs, and
ratio between the meafv?) and the value measured in the
single-mass runs for the samgNI, N).

As shown in 84, Chandrasekhar’s theory allows us to pre-
dict a relation between the black hole’s mean square vglocit

11

The final column of Tablgl5 gives the measured values of
this ratio, and Figure 12 shows the 10 measured valugsof
for each value of, compared with the measured value in the
corresponding single-mass run. While the variation from ru
to run is large, the mean increase(W?) is reasonably close
to the predicted factor.

7. DISCUSSION

OurN-body integrations show that a black hole at the center
of a dense stellar system responds to perturbations frosa pas
ing stars by achieving a time-averaged kinetic energy given
by

1

2

3.2
>Mo

M(V2) ~ (27)
whered? is the 1D, mean square stellar velocity within a re-
gionr < 0.5r, around the black holey, is the black hole’s
influence radius (defined as the radius containing a mass in
stars equal to twice the black hole’s mass), amé an ef-
fective stellar mass defined via equatibnl (13); in the case of
delta-function mass spectrum,i$ equal to the stellar mass.
Equation[(2FF) was found to provide a reasonably accurate de-
scription of theN-body integrations in galaxy models with
power-law nucleip Or~Y, 0.5 <y < 2, and for black hole
masses in the range 10< M /Mgq < 10-1. A more accurate
description of theN-body results is given by equatiof{15)
(with m replaced bym) and Table 4, or simply by the mea-
sured values in Tables 2, 3 and 5. The detailed distribution o
black hole velocitieaN(V), was found to be essentially indis-
tinguishable from a Maxwell-Boltzmann distribution (Figu

4).

As discussed above (85), equatibnl (27) has a simple physi-
cal interpretation: the presence of the black hole deepens t
galaxy’s central potential and increases the velocitiestanfs
in its vicinity, and these high-velocity stars provide imrtihe
dominant perturbations that determine the amplitude of the

®lack hole’s Brownian velocity. The dependencesf) on
rM is therefore less steep tham 2, since increasingyl also

increases the velocities of nearby stars.

If we accept equatior[27), it is straightforward to derive
simple analytic expressions for the dependencéVah on
M/Mga andy. For the Dehnen models studied here, the black
hole’s influence radius is given by

(2m )@Y

1
=T ampey S EMEY, Ml

h (28)

in model units G = Mgg =a=1). The quantityd? that ap-
pears in equatioi (27) is defined as a number-weighted mean

in the multi-mass and single-mass cases. The former is prewithin a distancé x ry, from the black hole, wherg ~ 0.57

dicted to be larger than the latter by a faciofni, wherent
is defined in equatior{13). Substituting equatibd (25) into
equation[IB) gives
2—a
M -1
) my (%)

()] Gy

Settinga = 1.35 andmy/my = 100 yieldsni= 12.7my =
4.10m wherem = N1 is the mean stellar mass. Hence, in
the multi-mass integrations, Chandrasekhar’s theoryigied

a mean square velocity for the black hole that is roughly four
times larger than in the single-mass integrations.

1-a
2—a

(26)

(85). Here we can make use of the analytic expressions for
0?(r) given by[Dehnér{ (1993) ahd Tremaine étlal. (1994). We
write

o%(r) = o2(r) + Maj(r) (29)
wherea? is the contribution tay? from the stellar potential,

ando% is the additional component due to the presence of the
black hole. For k y < 2 and at radii< rn, we have

r2-y

2(y-1)’
Averaging over a sphere of radifs;,, and expressing the re-

M 1

1+y)r

2

o1(r)

1

2

o5(r)

2

~
~

(30)
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sult in physical units, we find Table 4 or Figure 8, we then hage~ 1.5 and
= N\ 1/2 -1/2
. GMgal M\ -2/0-3) ~ _1( M M
gal
H(y,F)=2Y0-33_yF1 <L) 34
(v.F) 3-v) “\ 50km &1 (34)

— 3-y — _
[(1+y)(2 W=D 2y)} (31b) The characteristic stellar masgéquatiol.IB) depends on the

(Y -1(5-2y)(2-y) poorly-known mass function for stars in the Galactic nusleu
(Note the divergence whepn— 2, discussed in §5.) Setting butriis probably of ordeM, (Genzel et al. 2003). Hence we

k - 1
F = 0.6 (85) givesH ~ 2.3+ 0.4 foryin the range 2 < y < predictVims~ 0.2 km s =, . . .
1.8. The black hole’s mean square velocity is then predicted The characteristic time over which the velocity of the Milky

: : Way black hole changes due to gravitational perturbatisns i
to be, via equatior{27), probably not shorter thar 107 yr, the orbital periods of the
GMya i Maal 1/(3—y) stars nearest to it (Schodel etlal. 2003). Hence for thederse
(V?) ~ 7( 9a > ( > < 9a ) , 15ys2 able future, the velocity measured for the Milky Way black
Mgal M hole will be essentially constant. Such a measurement can be
, , i ) interpreted as a random sampling from the full velocityritist
When translated back into model units, this (&%) ~  pytionN(V). Given thatN(V) is expected to be a Maxwell-
7N~IM~YG=Y), which is a tolerable fit to thév?) values  Boltzmann distribution (equatiofiil4), we can use the esti-
plotted in Figures 5 and 6. The analytic expressiongVai mate ofVyms to compute the probability that a random velocity
wheny is in the range & < y < 1 are more complicated but measurement will exceed any valMg We first convert the
still imply (V2) O M-V for smallM/Mgq. velocity d_i;tributipn of equatior{14) into a distributiaver
The fact that/V'2) falls off less steeply tham~ with in- 2D velocitiesVpm in the plane of the sky, since the best con-

creasing mass is perhaps the first clear indication thai-grav straints on the velocity of the Milky Way black hole currgntl

tational Brownian motion differs in a significant way frorg it ~ COMe from proper motion measurements of infrared images

fluid analog, for whichV2) 0 M~L. It would be of interestto ~ Of Sagittarius A (Vom < 8 km s~ Reid et al.(2003)). Trans-

refine theM-dependence. Extending thebody integrations ~ forming, we find

to longer times would reduce the noise but increase the pos- — (2 -2 —3VZ./2(V3)

sibility of systematic errors due to collisional evolutiofithe N(me)d\,/r_’m (V5/3) .mee " dVom-(35)

models. An alternative would be to carry out a large number The probability of measuring/pm to be greater tharvy,

of shorter integrations and average the results, as was don@iven (V?), is then just exp-3vZ/2(v?)). If (V?) =

here in the multi-mass studies (86). (0.17 kms1)?, the expected value for the Milky Way
When making predictions about the expected amplitude ofblack hole, the probability thaw/p,m will exceed Vo =

the Brownian velocity of black holes in real galaxies, an ex- (0.1,0.2,0.3,0.4,0.5) km s 1is (0.60,0.13,9.4 x 10 3,25 x

pression like equatioff {B2) is not ideal since it contaires th 104,2.3x 10°6). In order to have a reasonable chance of

termsMga anda that depend on the large-radius properties jeiecting the black hole’s motion, a velocity resolutioftée

of the galaxy. A less model-dependent way to present thesgna 03 km s will be required.

results is in terms of the central properties of the galaxereH Once a bona fide measuremenMf, has been made, the

we return to equatioiiL{15) and to the empirical relationtesta. ¢ hole's velocity can be converted into an estimatesof it

lished betweem andM: mass. Here we make use of Bayes’s theorem:

o  P(M)P(VprM)
V2 =3n a3, (33a) PMINom) = GNP P (V)

logion ~ A+ Blog;oM (33b) whereP(a|b)da denotes the probability, givem of measur-

where the best-fit coefficients andB as derived from the  Ing a in the rangea to a+da, and P(M)dM is the prior
N-body integrations are given in Table 4. Equatidn3 (33) give Probability thatM lies in the rangeM to M +dM. Here
(V) in terms ofayp, the peak value o6 measured outside “Prior" means “given all knowledge prior to the measurement
of the black hole’s influence radius (Figure 1, Table 1). This of Vpm” A completely uninformed prior would b®(M) =
quantity is easily accessible via ground-based obsenatay constant; another standard choicePigM) 0 M~%; and of

(36)

many galaxies. course one could use information abMifrom other sources
As an example, we consider the nucleus of the Milky (e.g.LSchodel et all (2003)) to construct even more informed
Way. The peak velocity dispersion s, ~ 150 km st priors.

(Kenk{199P). For the stellar density profile at the center of Adopting the maximally-uninformed prior, and using equa-
the Milky Way bulge Genzel et hl. (2003) firpdd r~Y with tions [33) and[(35) to writ®(Vym/M), we find the probability
y= 1.4+ 0.1, consistent with the valug= 1.5 used here in  distribution ofM given a measured,m = Vo to be

some of theN-body integrations. Finally, the black hole mass V4
is 344 0.5 x 10°M, (Schodel et dl.2003). Since the Milky P(M|Vo)dM = ~7°24
Way black hole falls on the tight scaling relations defined 4ienZoy
by the other secure black hole masses (Ferrarese & Merrittand the probability thavl > Mo is

2000; [Marconi & Huntl 2003), we assume thilt/ Mgq ~ )

1.25x 103, the mean ratio of black hole mass to bulge mass ~ p(M > Mo|Vp) = | 1+ M e MoVg/2maf  (3g)
defined by these galaxies (Merritt & Ferratése 2001). From 2fno3

MeMV§/2maggm  (37)
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FiG. 13.— Probability distribution for the mass of the Milky Wajack
hole, based on measurement of a proper motion velocityd(snlives),
or based on determination of an upper limit to the properianotelocity

(dashed curves), for four values \gfm in km s 1. Tick marks indicate me-

dian values.

(In deriving these equations we have ignored the relatively
weak dependence of on M, Table 4. Including that depen-
dence is straightforward but results in non-analytic egpre

sions forP.) We define the “best estimateal? of the black

hole’s mass to be the median value from this distributioris Th

is .
_ 3.36mn0p.

V2 (39)

We propose to call this the “Brownian mass estimator.” For

the Milky Way black hole ¢p, ~ 150 km s1, n =~ 1.5), the
estimated mass is

m Vo -2
M ~2.8x 10°0M.. . 40
% O<1M@) <O.2 kmsl) (40)

The 90% confidence intervals on the mass are given by th

values ofMg for whichP(M > Mg|Vp) = (0.05,0.95), or
0.211v <M <2821 . (41)

Unlike mass estimators based on the statistics of a large
sample, the uncertainty associated with Brownian mass es
timators is irreducible, and it probably makes more sense
to interpret a measuredym as defining a probability dis-

Figure 13 plotd>(M|Vp) in the case of the Milky Way black
hole (Op = 150 km s1, n = 1.5) for four values ol. Also

shown (by tick marks) are the median valugs
If we adopt instead the “informed” pria®(M) OM~1, then

P(M|Vo)dM V6 o Mv3/amo} (42a)
0 = A =_ 3

2fno3
P(M > Mo|Vp) = & MoV¥6/2Map (42b)

and the Brownian mass estimator becomes

1.39fn 02 ¥ V, -2
M = 72[) =~ 12>< lOGM@ < m ) < 0 1) .
Vs IMs / \0.2km's

(43)
The median mass is how smaller due to the prior which disfa-
vors high masses.

Finally, we ask what can be learned about the black hole
mass if only an upper limit on its velocitypm < Vyp, is avail-
able. We consider the determination of an upper limivgr
to be equivalent to the statement that any velocity in therint
val 0 < Vpm < Vypis equally likely, and that velocities greater
thanVyp have zero probability. The probability distribution
for the mass is then

o P(M|Vo)dVo

P(MV < Vyp) = - (44)
o I3k gy

Again adopting the uninformed prior f&{M), we find

1 (V Vup 7\/2 /’V2
< = __ ) oe Vi
P(MV < Vyp) M Vup{3\/ﬁerf< ” ) 2e Vip

V2
x V%”(suq/%’) } (45)
with
21N o2
V2(M) = Y P (46)

This function is plotted in Figure 13 for variolg, using the
same values ahando, given above for the Milky Way. The
ow-M tail of the distribution is similar to that dP(M|Vp),
but there is a more extended tail at highcorresponding to
the fact that low values d¥y, are (by assumption) equally
as likely asVyp. The current upper limitV,p ~ 8 km st
(Reid et all 2003), places no interesting constraintion
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tribution for M via equation[[38) than a most-likely value Rochester Institute of Technology and the CAIP center at

via equation[(Z0). For example, ¥fm for the Milky Way
black hole were measured to belOkm s, the prob-

ability that its mass exceedd(®,10’,10°)M., would be
(99.0%, 56.4%, 0.00058%.
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