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An FIO calculus for marine seismic imaging:
folds and cross caps

Raluca Felea and Allan Greenleaf *

Abstract

We consider a linearized inverse problem arising in offshore seismic
imaging. Following Nolan and Symes [27], one wishes to determine a
singular perturbation of a smooth background sound speed in the Earth
from measurements made at the surface resulting from various seismic
experiments; the overdetermined data set considered here corresponds
to marine seismic exploration. In the presence of at most fold caustics
for the background, we identify the geometry of the canonical relation
underlying the linearized forward scattering operator F', which is a Fourier
integral operator. We then establish a composition calculus for general
FIOs associated with canonical relations having the same structure, which
we call folded cross caps, sufficient for identifying the normal operator
F*F. In contrast to the case of a single source experiment, treated by
Nolan [24] and Felea [5] and for which the normal operator belongs to a
similar class, here the resulting artifact is % order smoother than the main
pseudodifferential part of F*F.

1 Introduction

This article deals with a linearized inverse scattering problem considered by
Nolan and Symes [23]. Acoustic waves are generated at the surface of the earth,
scatter off heterogeneities in the subsurface and return to the surface. The
full inverse problem would use the pressure field at the surface to reconstruct
an image of the subsurface. We instead consider the linearized operator F
which maps singular perturbations of a smooth background sound speed in the
subsurface, assumed known, to perturbations of the resulting pressure field at
the surface. The goal is to left-invert F'; standard techniques suggest studying
left invertibility of the normal operator N = F*F. To start, we make two
assumptions: (i) no single ray connects a source to a receiver; and (i7) no ray
originating in the subsurface grazes the surface. Under these assumptions, in the
case of a single source and receivers ranging over an open subset of the surface,
{zs = 0}, Rakesh [28] showed that F' is a Fourier integral operator (FIO).

*The second author was partially supported by NSF grant DMS-0138167.




Beylkin [T] showed that if caustics do not occur for the background soundspeed,
F*F is a pseudodifferential operator (VDO).

For more general data acquisition geometries, the canonical relation of F
depends on the sets of sources and receivers. Nolan and Symes [27] proved that,
if both sources and receivers vary over open, bounded subsets ¥, and 3 of the
surface, then under the traveltime injectivity condition (TIC), generalizing the
no-caustic assumption, F*F' is still a WDO. The same result was stated by ten
Kroode, Smit and Verdel [I7] and their proof was completed by Stolk [29], who
also relaxed the TIC condition in low dimensions.

For applications in three spatial variables, an important problem is to un-
derstand the nature of F' and F*F for the marine data acquisition geome-
try [27], where measurements are made on the codimension one submanifold
Yrs = {(r1,72;81,82) € X X X : s2 = ro}. This arises as follows: a seismic
vessel trails behind it both an acoustic source and recording instruments. The
point source consists of an airgun which sends acoustic waves through the ocean
to the subsurface. Reflections occur when the sound waves encounter singulari-
ties in the material of the subsurface. The reflected rays are received by a linear
array of hydrophones towed behind the vessel. The vessel then makes repeated
passes along parallel lines (say, parallel to x; axis).

The purpose of this paper is to consider the marine geometry under the
assumption that only the simplest, most prevalent type of caustics, namely
fold caustics, occur for the background soundspeed. Fold caustics are initially
defined as follows: A ray departing from a source s in the direction « reaches
at time ¢ a point denoted z(¢,«) in the subsurface. If there is a source s,
such that the spatial projection map (¢,«) — x(¢, ) has a fold singularity and
only singularities of this type, then we say that the background soundspeed
exhibits a fold caustic. By the stability of folds, the maps (¢,a) — z(t,«)
also have at most fold singularities for all nearby sources s’. However, it seems
that the natural notion of a fold caustic in the context of the overdetermined
marine data set considered here is the requirement that the analogous spatial
projection be a submersion with folds, which is the simplest singularity in the
non-equidimensional setting. This will be elaborated on in §2 and §4.

We now introduce the linearized scattering operator F' considered in [27],[T7].
The model for the scattered waves is given by the wave equation:

== (@, t) = Ap(z,t) = 6(t)é(z —s) (1)
p(z,t) = 0, t<0,

where z € Y = R3 = {z € R® x5 > 0} represents the Earth, p(z,t) is the
pressure field resulting from a pulse at the source s and c¢(z) is the velocity
field. The linearization consists in assuming ¢ to be of the form ¢ = ¢ + dc,
where ¢( is a smooth known background field. The associated pressure field pg
is also assumed known. The linearization of () then becomes



_ 20c(x) 0%p
@)= 2p(e) = DR 2

op = 0, t<0,

1 0%p
cd(x) o2

where p = pg + d0p. Now, for a given data acquisition submanifold 3, s C
dY x 9Y and appropriate time interval (0,T'), we define the linearized scattering
operator I : ¢ — 0pls,  x(o,r)- The assumption (1) ensures that F'is an FIO
([T, [17),128], |21 ) and the second assumption ensures that the composition F*F'
makes sense.

In the case of the single source model, with only fold caustics appearing,
Nolan [24] showed that F' is an FIO associated to a folding canonical relation
in the sense of [20] (also called a two-sided fold), and stated that the Schwartz
kernel of the operator F*F belongs to a class of distributions associated to two
cleanly intersecting Lagrangians in (7*Y \ 0) x (T*Y \ 0). This was fully proved
in [A]. The corresponding canonical relations are the diagonal A and a folding
canonical relation, different from the original one and lying in T*Y x T*Y.

In this article we show that, for the the marine geometry, the linearization F'
is an FIO associated to what we call a folded cross cap canonical relation. We
then prove that the Schwartz kernel of F*F belongs to a class of distributions
similar to that in the single source geometry, but with the order of the non-
pseudodifferential part of F*F being % lower than in the case of a single source.
This means that the artifacts arising in the seismic imaging from the presence
of the fold caustics are % derivative smoother for the marine geometry than for
the single source geometry.

Composition of FIOs under other singular geometries arising in integral ge-
ometry and inverse problems has been previously studied in, e.g., [12],[]],[I0],
[10,124] and [5].

The article is organized as follows. In §2 we review some C*° singularity
theory and define the submersion with folds and cross cap singularities. §3
is a review of the distribution classes associated to two cleanly intersecting
Lagrangians, I”!(Ag, A1) and the operators which have these as their Schwartz
kernels. In §4 we show that submersions with folds and cross caps appear
microlocally in the marine geometry in the presence of the fold caustics, and
we formulate a general class of canonical relations exhibiting these singularities.
85 is dedicated to analyzing a model folded cross cap canonical relation, Cp,
in T*R™ x T*R™!. In this section, we establish the composition calculus for
F*F and show that F*F € IP!(A, C’o) where Cj is a folding canonical relation.
Finally, §6 provides the extension of this to the general class of folded cross
caps. We find a weak normal form for any folded cross cap canonical relation
C C T*X x T*Y which allows us to show that F*F € IPY(A,C), with C a
folding canonical relation in T*Y x T*Y.

We would like to thank Cliff Nolan for explaining the calculations in [24]
to us, including helpful discussions at the Institute for Mathematics and its
Applications, Minneapolis, in October, 2005.



2 Fourier integral operators and singularity classes

Let X and Y be manifolds and I"™(X,Y;C) denote the class of m-th order
Fourier integral operators (FIOs), F : £'(Y) — D'(X), associated to a canonical
relation C' C (T*X\0) x (T*Y '\ 0). We will focus on the composition calculus of
two FIOs. Let Cy C (T*X\0)x (T*Y'\0) and Cy C (T*Y'\0) x (T*Z\0) be two
canonical relations and Fy € I"™ (X,Y;Cy) and Fy € I™2(Y, Z;Cs). If C1 x Cy
intersects T*X X Ar«y x T*Z transversally, then Hormander [T5] proved that
FioFy € I'™*™ (X, Z;Cy o Cy) where Cy o Cy is the composition of C; and
Cy as relations in T*X x T*Y and T*Y x T*Z. Duistermaat and Guillemin [3]
and Weinstein [30] extended this calculus to the case of clean intersection and
showed that if C; x Cy and T*X x Ap«y X T*Z intersect cleanly with excess
e then Ao B € [™*mzte/2(X 7.Cy o Cy). In each of these cases, C; o Cy is
again a smooth canonical relation. However, in many interesting problems, these
assumptions fail, and it is important to analyze the composition and understand
the resulting operators. It turns out that the geometry of each canonical relation
and the structure of their projections play an important role.

Let 7, and wgr be the projections, to the left and right, from C to T*X and
T*Y | respectively. If either one is a local diffeomorphism, so is the other one and
then C' is a local canonical graph. In the case of two canonical relations, if at
least one of C; and C% is a local canonical graph, then Cy x Cs intersects T*X x
Ap«y X T*Z transversally and the transverse composition calculus applies.

Now consider the case when the projections are no longer local diffeomor-
phisms. When one of the projections is singular, i.e., when the rank of its
differential is nonmaximal, then the other one is, too, and C is called a singular
canonical relation. (Note: C' is still assumed to be smooth.)

Although corank(drr)=corank(drr) at all points, the two projections, 7r
and 77, may have quite different singularities. The singularities considered in
this article are folds, submersion with folds and cross caps, which we now briefly
describe.

Let f be a smooth function f : V — W, dimV = dim W = N, and
S:=S8(f) ={z €V :det(df(z)) =0}.

Definition 2.1. f hasa (Whitney) fold singularity along S if d(det(df)) # 0 on
S, so that S is a smooth hypersurface, df drops rank by 1 there, and Ker df (z)
intersects T, S transversally for every z € S.

Any map which has a fold singularity can be put into a local normal form:
f(z1,29,...,2n) = (z1,22,...,2N_1,23% ) With respect to suitable local coordi-
nates in the domain and codomain [6].

Whitney folds are the singularities denoted by Sy ¢ (in the Thom theory [6])
and by X1 (in the Boardman-Morin theory [22, 23]) in the equidimensional
case. The non-equidimensional versions of Whitney folds are submersions with
folds and cross caps. We note the difference in notation: when dim V <
dim W, the singularity classes S, o = X, 0, while, if dim V' > dim W, then
Sro =Xrik0, Wwhere k = dim V — dim W.



Let f be a smooth function f: V — W, dmV =N, dmW =M , N > M.

Definition 2.2. The map f is a submersion with folds if the only singularities
of f are of type S1,0, i.e., of type X n_nr41,0-

One checks that f is a submersion with folds as follows. At points where
rank df > M — 1, by [23] we can choose suitable adapted local coordinates
on V and W such that f has the form: f(z1,20,...,20m-1,Z0m,...,ZN) =
(x1,22,...xp—1, f1(x)). The set S1(f) where f drops rank by 1 is described

by Si(f) = {z : g—ﬁ =0, M <i< N}. Then f is a submersion with folds
if S1(f) is a smooth submanifold, i.e., {d (g—mfi) r M <i< N)}, is linearly
independent, and if the (N — M + 1)-dimensional kernel of df is transversal to
the tangent space to Si(f) in T'V. These conditions can be combined [22] into
02 fy

8wi8:cj :| M<ij<N

det { # 0. (3)

and this is independent of the choice of adapted coordinates.
There are a finite number of local normal forms for a submersion with folds,
determined by the signature of the Hessian of f [6]:

flz1,22,...,2N) = (xl,xg,...,xM_l,x?w:I::vﬂH + .. £23%).

In the case relevant here, N = M + 1 and the last entry is a quadratic form in
two variables, which is either sign definite or indefinite; we refer to these two
possibilities as elliptic and hyperbolic respectively.

We now define the third singularity class of interest; like the class of submer-
sions with folds, it is stable under small C? perturbations. It is now assumed
that dimV =N, dim W = M with N < M, and g : V — W is a smooth
function.

Definition 2.3. We say that g is a cross cap if the only singularities of g are
of type Si 9, i.e., of type X1 .

To identify a cross cap, we use the description of [22]. At a point where
dg has rank > N — 1, we can find suitable adapted coordinates such that
g(x1,x2,...,N-1,2N) = (1,Z2,...,EN-1, 91,92, - - . gq), Where g = M —N+1.
The set Si(g) where g drops rank by 1 is given by
Si(g) = {z: 2% =0, 1<i<q} Assume that there is an io, such that

or N
2,
885210 (0) # 0. Then, g has a cross cap singularity near 0 if the map y : RY — R?
N
given by x(z1,22,...2N5) = (g;’;, 86;’12\7 ey ggq ) satisfies rank dx(0) = ¢q. (No-

tice that this forces N > g, i.e., M < 2N — 1.) These conditions can be refor-
mulated as: (i) S1(g) is smooth and of codimension g; (ii) the N x N minors
of dg generate the ideal of S1(g); and (iii) Ker (dg) N T'S1(g) = (0).



As for folds, there is a local normal form for cross caps, due to
Whitney [BI] and Morin [22]:

g(x1,22,...,xN) = (T1,%2, ..., TN-1, T1TN, - - .xM,Na:N,x?V). (4)

3 Distributions and operators associated
to two cleanly intersecting Lagrangians

Classes of distributions associated to two cleanly intersecting Lagrangian mani-
folds were introduced by Melrose and Uhlmann [21] and Guillemin and Uhlmann[13].
We briefly review their definitions and properties.

First, one proves that any two pairs of cleanly intersecting Lagrangian sub-

manifolds are (micro)locally equivalent. Thus, one can consider the model pair
(Ao, A1) where Ag = TiR™ = {(x,€) : . = 0} and A} = N*{z" = 0} = {(=,¢) :
' =¢ =0} with o' = (x1,22,...,2), and 2”7 = (Tr41,Tpt2,--.,Ty). One
defines a class of distributions given by oscillatory integrals whose amplitudes
are called product-type symbols. Let z = (z, s) be coordinates in R™ = R" x R*
and (&, o) the dual coordinates.

Definition 3.1. SP!(m,n, k) is the set of all functions a(z,&,0) € C®(R™ x
R” x R¥) such that for every K CC R™ and every o € B e Zi,'y SVl
there is a cogyx < 00 such that

1080701 a(z,€,0)| < capyic(L+ NP1 (1 + |o)' 717, (2,6, 7) € K x R* x R".
(5)

Definition 3.2. [[3] Let I7!(R"; Ao, A;) be the set of all distributions wu such
that u = w1 + up with u; € C§° and

us(w) = / =€ g (1, 5) €, o) dEdods

. L o _n k —_7_k
with a € S (m,n, k) where p’ =p -4 + 5 and I' =1 — 3.

At this point, if X is a manifold of dimension n, we can define the class
IPH(X; Ag, Ay) for any pair of Lagrangians in 7*X \ 0 cleanly intersecting in
codimension k. The oscillatory integrals we use are oscillatory integrals in sense
of Hormander [T5, p.88].

Definition 3.3. [[3] u € IPY(X; Ao, A1) if u = uy +uz + Y. v; where uy €
TP (Ao \ A1), ug € IP(A1 \ Ag), the sum v, is locally finite and v; = Fuw;
where F is a zero order FIO associated to x~! where x:7T*X \ 0 — T*R"\ 0
is a canonical transformation such that x(A;) C ]Xj, 7 = 0,1, microlocally, and
w; € Ip’l(Rn;[N\o,]\l).



We say that a distribution v € I"(X; Ag \ A1) if, microlocally away from Aq,
u € I"(X; Ao), the standard Hérmander class of Fourier integral distributions
on X associated with Ag.

Remark 3.4. [[3] If u € IPY(X; Ao, A1) then u € IPY(X;Ap \ Ay) and also
u e IP(X;Al \AQ)

We will also use the notion of nondegenerate phase functions which
parametrize two cleanly intersecting Lagrangians, introduced by Mendoza [15].
Let Ao € AgNA; and I C X x RF x (RN \O) an opern, conic set.

Definition 3.5. [I8] A phase function ¢(z,s,0) defined on T is a
parametrization for the pair (Ag, A1) if

i) do(x,0) := ¢(x,0,0) where ¢g is a nondegenerate phase function parametriz-
ing Ay near \g; and

it) ¢1(x, (0,0)) = (=, ﬁ, 0) is a nondegenerate phase function parametriz-
ing Aj near ).

We also refer to ¢1(x;0;0) as a multi-phase function for (Ag, Aq).

For simplicity, we now focus on the case of codimension 1 intersection rele-
vant here, i.e., k = 1. Let us consider the following example: If A = N*{z’ = 0}
and A, = N*{z = 0}, with 2’ = (x2,z3,...,2,), then ¢(z,s,60") = 2’ - ¢
+215 | 0’| is a parametrization for (Ao, A1) since ¢o(z, ) == ¢(x,0,0') = z’-¢',
which is a parametrization for Ay, and ¢, (z, (¢, 0)) = ¢(z, ﬁ, 0)=12"-0+x10

is a parametrization for Aj.

Proposition 3.6. [I8] Let p; be a homogenous function of degree 1 such that
p1(Xo) = 0 and H), (the Hamiltonian vector field associated to p1) is not tangent
to Ag. If ¢o is a parametrization for Ay and A; is the flow out from AgN{p; = 0}
by Hp, , then there is a parametrization ¢ for (Ao, A1) which can be found by

solving the initial value problem ¢(x,0,6) = ¢y , %(:1:, $,0) = p1(x,d.9).

Remark 3.7. [15] If ¢(x;0;0) is a multi-function for (Ag, A1) near Ag € AgN
Ay, then, for u € D'(X) with WF(u) contained in a small conic neighborhood
of Ao, then u € Ip’l(X;Ao,Al) iff

u(x) = /ei‘b(w;e;a)a(a:;@;a)dad&

where a € Sﬁ’i(X x (RNV\ 0) x R), the space of symbol-valued symbols of order
P, 1, defined by: for all K CC X,a € Zf,ﬁ €Zy,yeZl,

050207 a(w;050)| < capqrc(1+16] + o)1) (1 + o) =7, (6)
with p=p+i+¥ =] 1

Finally, we define the classes of generalized (or paired Lagrangian) Fourier in-
tegral operators, to one of which we will show the normal operator F”* F' belongs.
Recall that a canonical relation C C (T*X \ 0) x (T*Y \ 0) is a smooth, conic



submanifold such that C’ := {(z,y;&,7n) : (z,&;y, —n) € C} is a Lagrangian sub-
manifold of (T*(X X Y),(UT*(XXy)), i.e, C is a Lagrangian with respect to
WrsXx — W=y

Definition 3.8. If Cy,Cy C (T*X\0) x (T*Y \ 0) are smooth, conic canonical
relations intersecting cleanly, then IP{(X,Y’;Cy, Cy) denotes the set operators
F:&'"(Y) — D'(X) whose Schwartz kernels are in IP!(X x Y;C},C}).

4 Fold caustics in the marine geometry

In three spatial dimensions, let s be a fixed source on the surface,
oY = {z5 = 0}; H(z,&) = i(co(x)™? — |€|?) the Hamiltonian associated to
the smooth background sound speed co(x) in ([@); and A, the image of TXR3\ 0
under the bicharacteristic flow associated to H, which is a Lagrangian subman-
ifold of T*R3\ 0. The assumption of a (point) fold caustic means that the only
singularities of the spatial projection 7y : A; — Y are folds. We make use of
the description of A in Nolan[24]. It can be parametrized by t;n., the time
travelled by the incident ray, and the takeoff direction (p1,p2,p3) € S?. We can
change these coordinates to (z1,x2,p3) [24]. Hence on Ay, x3 = f(x1,z2,p3)
and (p1,p2) = (g1(x1,z2,p3), g2(x1, 22, p3)). In this new setting, det drg =
g—pr(UCl, x2,p3) and fold caustics occur where Ba_zi =0 and gipg # 0.

In the marine geometry, the source s = (s1, s2,0) is subject to the restriction
S9 = 19, but we now consider s; as an independent coordinate. Fix an s € R,
i.e., consider a single pass of the vessel, and let Ag, be the union of the flowouts
{A(SMS%O) 181 € R}, so that A,, C T*R3\ 0 is an involutive submanifold. We
say that fold caustics (and no worse) appear for the background sound speed
if, considering s; as a variable, the spatial projection my : Ag, — R? is a
submersion with folds. By the structural stability of submersions with folds, this
condition will then hold for all s/, close to s2. The presence of fold caustics may
be characterized as follows. The variables x5 and (p1,p2) are functions of the

other four: x3 = f(x1,22,51,p3), (p1,p2) = (91(21, T2, 51,p3), g2 (w1, T2, 51, P3)).
The differential dmy then becomes:

1 0 0 0
dry = 0 1 0 0
of of of Of
Oz z2  Os1  Ops
We have
k d { 2, i g_sfl - Bapfs =0
ran Ty = of of
3, if F5#0Oor5-#0

Suppressing s, let SP* 1= S (7y) = {g—zf; = g—i = 0} be the critical set of

Ty, where rank dry drops by 1. At points of S*, Ker dry is two-dimensional



and spanned by {(0,0,ds1,0p3)}. The tangent space to Si* is

of of
A a5 .
TSI = Ker (d$1;12;173;51 (8p3)) N Ker (dml,wzm&sl(asl ))
where
d R e N A |
Z1,%2,P3,51 ps B 8$18p37 8x28p37 3p§ ’ 0s10p3
and

d 2Ly *f _of  _*f &f
PSR gg ) N 0x1081 " Ox00s1 Opsdsy’ Os3

Then, 7y is a submersion with folds if

~—

SA is smooth, i.e., the gradients in () and (@) are

linearly independent, and TS{\ is transversal to Ker drg,

ie., if
2*f 2*f
op2 Os10p3
9 92 f #0.
Op30sy 052

(7)

(10)

(11)

Next, we parametrize the canonical relation C of F in terms of s1,x1, T2
and ps ; (a1, a2,4/1 — |a|?), the take off direction of the reflected ray, writing
a = (a1, a2); and 7, the variable dual to time. Following [24], the canonical

relation C' C T*(%,,s x (0,T)) x T*RY. is parametrized as

C={( s1 ri(),72()stine(-) + tres(-); (), p1 (), p2(-), 75

w1 o, (), =7(eg  (Jar +g1(), —7(cg (Jaz + g2()),

—7(cg (), a)v/1 —[af? +p3)}
where

= f(x1,22,51,p3);

ri(x1, 2o, f(21,20,51,p3),5 = 1,2;

= tinc(®1,22,p3);
tref(®1, 2, f(T1, 72, 51,p3);

o(w1,x2, f(21,22,51,p3);

pj(x1, w2, f(x1,72,51,p3), ), 5 = 1,2;
= gj(x1,22,51,p3),j = 1,2;and

= ¢ (w1, w2, ().



It was proven in [27] that F : & (RY) — D' (3., x (0,7)) is a Fourier
integral operator, F' € Ii (.5 x (0,7),R3;C); we now show that the presence
of caustics of fold type (and no worse) imposes certain conditions on C', namely
that =g : C — T*R3> \ 0 is a submersion with folds and
7w C — T, 5 x (0,7))\ 0 is a cross cap. In fact, with respect with the
coordinates above, 7 : R” — RS is given by

7TR(331,$2,p3751,041702,7’):($17$2,f('); - T(Cal(')al‘Fgl(')),
— 7(cg (a2 + g2()),

= (g (V1= [al? +ps)).

Thus,
1 0 0 0 0 0 0
0 1 0 0 0 0 0
of of of of
d o 8LE1 8LE2 81)3 851 0 1 O 1 0
TR = A1 AQ Ag A4 —TCS O —(Ca (5] + 91)
Bl B2 B3 B4 O —Tcal —(60_10[2 —|— 92)
—1 —1
C, Cy C3 Cp ——2 T2 _(ci'\/1—]a2+
1 2 3 4 il i-lal (co laf? + p3)
5, if 2 =0 =
Th k drg = ’ oP3 Slop b th tri
us, rank dng 6. if g_gg 20 or g_gl £0 ecause the matrix
—7cyt 0 —(cgten + 1)
0 e —(cptaz + g2)
:/Tlcf\oj; :/TlcflojZ _(Cal 1 —[al? +ps3)
is nonsingular [24]. Hence, the critical set S := S;(7g) is a smooth, codi-

mension two submanifold. (Recall that by general considerations [I5], this
must equal Si(7r), and drg and dry, must drop rank by the same amount at
each point.) At these points, Ker drg = {(0,0,dps, ds1, a1, das, §7)} where
Saq, 6z, 7 depend on &ps, §s1. The tangent space to S is

of of
TSC:K dww s1,001,02, T\ N K dww s1,a1,02, 7T\ )
1 er ( 1,22,P3,81,01,02, (8[)3)) er ( 1,22,P3,81,Q1,02, (881))
with
2 2 2 2
ory - 2f of oF Of ,0,0,0) (12)

d . ) — ) ’ 92
$17$27P37517011;0¢27T(8p3 3$13p3 8$28p3 ap% 8518[)3

and

of . O*f  f  f anOOO) 13)

d 95y 97
ml’wz’ps’sl’al’az’T(asl 021081 Ox90s1’ Op3ds1’ Os3’

10



and so we see that Ker drg is transversal to TS because of the condition ([T).
Hence, mg is a submersion with folds. Note that without further restrictions on
f, the projection wr can either an elliptic or hyperbolic submersion with folds.

Similarly, with respect to the above coordinates, reordered for ease of display,
7z, : R7 — R8 is given by

TL(s1, @1, T2, 00, a2,p3,7) = (51,71(:),72()s tine () + trep (); (), p1 (), p2(-), 7),

and thus drp, =

1 0 0 0 0 0
ory Ory 4 Ory Of Ory 4 Ory Of ory ory ory Of
o miEL Rimy n on mp
Ora Ory | Ory Of Ory 4 Ory Of T T Ory Of
(951 6:61 + axg 6:61 8:62 + axg 8:62 (9041 (9042 8:63 8;03
atref 8tinc + 6t7“ef a_f 8tinc + 6t7“ef a_f atref atref 8tinc + 6t7“ef a_f
851 8LE1 8LE3 8LE1 8LE2 8LE3 8(?@ 80(1 80(2 81)3 %Ifg 81)3
do do do do do do do do
9s1 w1 T 93 Bu; 9z; | Qzs Oz 9ar  Baz 9z3 Ops
9p1 9p1 4 Op1 OF Op1 4 9p1 OF P1 dp1 9p1 Op1
(951 6:61 axg 6:61 8:62 axg 8:62 (9041 (9042 8:63 8;03
9p2 Op2 y Op2 OF Op2 y Op2 OF dp2 dp2 9p2 Op2
851 611 8LE3 611 612 8LE3 612 80(1 80(2 613 81)3
0 0 0 0 0 0

Since t;,. and ps are independent coordinates, we have %ngc = 0. Also,

because of the choice of the coordinates =1, z2, x3, it follows that aa—fl = g—zé =0

at the caustic points [25].

. if of _ of _
From this, it follows that the rank of drj, = 7t %6; 0 O?g_f 40

because the matrix

91 O9r1 O Om
axl axz (9041 60(2
Ory  Ora  Ora  Ory
axl axz (9041 60(2
9p1 9p1 Op1 Op1
axl axz (9041 60(2
Opy  Opz  Op2  Opz
axl axz (9041 60(2

is nonsingular [24]. Furthermore, S(7z) = 8¢ = {g—pfg = g—sfl = 0} is smooth
and the 7 x 7 minors of drr;, generate the ideal of SC. Finally, it also follows

that

Ker drg, = {(0,0z1, 622, a1, daa, dps, 0)},

where davy, §aa, 671, 6z2 depend on dps, and thus Ker drp NTSE = (0). Hence,
7y, 1s a cross cap.

This leads us to formulate a general class of canonical relations with this
structure.

11
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Definition 4.1. Let X and Y be manifolds of dimensions n and n — 1, re-
spectively, and let C be a canonical relation in (T*X \ 0) x (T*Y \ 0). C is a
folded cross cap canonical relation if:

a) mr : C — T*Y \ 0 is a submersion with folds, with singular set Sy, and
mr(S1) is a nonradial hypersurface in 7Y \ 0; and

b) m, : C — T*X \ 0 has a cross cap singularity along S and 7 (S;) is
a nonradial submanifold. We say that C' is an elliptic, respectively hyperbolic
folded cross cap if wg is an elliptic, respectively hyperbolic submersion with
folds.

Remark 4.2. We will see in §6 (see discussion following Prop. 6.2) that 7z (S1)
is necessarily mazimally noninvolutive, defined after ([IH) below.

Here, as usual, a conic submanifold I' C T*Y \ 0 is nonradial if for all
(y,m) € T, the canonical one-form Y n;dy; does not vanish identically on
T(ymD. Since 7r(S1) is the immersed image of Si, mr(S1) is nonradial at
mr(c) iff Y (mgn;)dnf(dy;) # 0 as an element of T)C. We can understand the
significance of this for the canonical relation arising in the marine geometry as
follows. Using the fact that df = 0 at the caustics, the expressions for 7 and
dnr computed above imply that, at ¢ € Sy,

3
Z TRn;)drg(dy;) = —7 ((cg "o + g1)dzy + (5 ' + go)dao) . (14)
=1

In order to be 0 on T,.S1, this must be a linear combination of ([[2) and ([3J).
By (), the only possible linear combination is the trivial one; however, by the
expression for mg, this forces n = (0,0,n3) for some 73 # 0. That is, the fold
caustic surface in Y must be horizontal at this point. While there certainly exist
background soundspeeds ¢y(+) for which this happens, the most basic examples
of fold caustics arising from refraction about a low velocity lens (see Nolan and
Symes [26]) have fold surfaces which are not horizontal.

Similarly, since 7rls, is an immersion, 7(S1) C T*X is nonradial iff
Y (ni&)dms (dzj) # 0 in TFC. The interpretation of a radial point, i.e., a
point ¢ € &1 where this fails, for the marine geometry is less clear and, to
proceed, we will simply need to assume that such points are absent.
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5 Model case

We showed in the previous section that the canonical relation C' arising from the
marine geometry in the presence of fold caustics is a folded cross cap. To help
understand the nature of the normal operator, we first consider a model folded
cross cap canonical relation, Cp, in (T*R™\ 0) x (T*R"~1\ 0), parametrized by
the phase function

Po(x,y, 9”) = (35” - y”) 0" + ((Ii - 3531—1)%71 + $ny721—1) 01,

where (z,y,0") € R" x R"~! x (R"~2\0), in the region {|61| > ¢|6”|}. Here and
at various points below we use the notation x = (21, ...,2,) = (&”, xp_1,2,) =
(21,2, 20), y = (5" Yn-1) = (W1, yn—1) and 0" = (61,0,

For simplicity, in this section and the next one we will make the choice that
C' is a hyperbolic folded cross cap. This corresponds to the choice of the (—)
sign in the (22_; — x2) term of ¢g. There are no significant changes needed in
the calculations for the elliptic case.

One easily calculates that

Co={(a", n-1,2n,0", =200 _1yn—101,y2_161 + 23,yn_161;

y//, Yn—1, 91/7 - (2xnyn—1 + (LL'% - x?zfl)) 91)
2|01 = |0, xi=yi, 2<i<n-—2,
xy =y 4 (@) — 2% yno1 + 2ayn_ =0}

We will verify that the projections of Cy to the left and to the right have
the desired singularities. Note that (x,y,—1,60") are coordinates on Cy. Hence,

TR(Z, Yn—1,0") = (21 + (22 — 22 _1)yn-1+ Tn¥o_1, 2" Yn-1:0", — (2znyn—1 + (2} — 22 _1)) 61)

and
1 0 A 0 0 B D
0 I,—3 0 O 0 0 0
drp = 0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 Ih_3 0 0
0 0 E F 0 217”,191 _2yn7191 — 217"91

where A = (27, — 27 _1) + 22nYn—1, B = —2Tp_1yn—1,D = 2TpYn-1 + Y1,
E = —-22,61, and F = —2x,y,_1 — (22 —22_;). Thisisa (2n —2) x (2n — 1)
matrix, with

2n — 3, if Tpn1=12Tn+Yn—1 =0

rank dmg = { 2n—2, if x,_1#0o0rz, +y,—1 #0.

13



Let Slcf’ = S1(mr) = {(,yn-1,0") : Tn_1 = @y + yn—1 = 0} be the set
where drg drops rank by 1. Off of this smooth, codimension two submanifold,

TR is a submersion. The kernel of 7z at S° is spanned by {8‘2—71, gT} and

thus intersects the tangent space TSlc ° transversally. We also note that the
Hessian, (z,-1,7,) — —(22 — 22_,)01, is sign-indefinite. We thus conclude
that mg is a hyperbolic submersion with folds.

As for 7, we have

TL (‘Tu Yn—1, 6”) = (:I;; 9”7 _2xn—1yn—1917 (yi—l + 2xnyn—1) 91) )

so that
I, 0 0 O 0 0
0 1 0 0 0 0
0 0 1 0 0 0
drp = 0 0o 0 1 0 0
0 0 0 0 I3 0
0 Al 0 B/ 0 —217",191
0 0 D FE 0 Q(l'n + yn—1)91

where A’ = =2y, 161, B’ = =22, _1Yyn—1, D' = 2y,_101, and E' = 22,y 1+y>_;.
This is a 2n x (2n — 1) matrix and

dn = 22 Tno1 = Tn +Yn-1 =0
rank arny, = 2n—1, if a1 #0o0r &y +Yn_1 #0.

Thus, drp drops rank by 1 at Slc © and off of this set is an immersion.
d

The kernel of 7y, is spanned by {5/—} and intersects the tangent space T8
transversally. Also, the rank of the differential of (z,y,-1,0") —
(—22p—101, (2yn—1 + 22,,) 01) is 2 at Slco. We conclude that 77 has a cross
cap singularity.

We note for future use the images of Slc ° under w; and wgr. Since
TR(SE0) = {(2”, —2n; 0", 2201)} and 7. (ST°) = {(2”,0,z,;0",0,—226;)}, one
has

TR (3100) C {M-1—yo_ym =0} (15)

and
71 (S0°) € {@n1 = 1 = &0 + 2261 = 0}. (16)

One sees that 7g (Slc “) is a nonradial hypersurface in T*R"~!\ 0, while

71(S%) is a nonradial, codimension three submanifold of T*R™ \ 0, given by
defining functions p; = &,_1,p2 = &12n—1,p3 = & + 22 €1 with Poisson brackets
{p1,p2} = 1,{p1,p3} = 0,{p2,p3} = 0. This is mazimally noninvolutive in the
sense that wp«gn|x, (s,) has the maximal possible rank for a codimension three
submanifold of T*R™ \ 0, namely 2n — 4.

14



Next, we calculate the composition

CioCy={(z,&y,m) € TR x T*R™™ . I(2,¢) € T*R" such that
(z,&2,¢) € Cj and (z,¢;y,m) € Co}-
One sees that (z,&;2,¢) € Cf iff (2,(;2,€) € Cp iff

21— a1+ (20 = 2 1)Yn—1 + 2ty 1 = 0;
G=& 1<i<n—2
Cn = 22n@p—1&1 + 25, Enm1;
Cn-1 = —22p_12,_1&1; and

gn—l = _(2727, - 272171)51 - 2znxn—1§17

with (z,(;y,m) € Cy being determined by the same equations, but where
(y,n) replaces (z,&). Thus, Cf o Cy consists of (z,&;y,n) such that, for some
(anla Zn) € R27

(-1 — Yn-1)22n + Tp—1 + yYn—1) = 0;
Cno1=—((22 — 22_1) + 22p20-1) &1
-1 = — ((z = za_1) + 22nyn—1) m; and
y1— 21+ (22 = 22_1)(@Tp—1 — Yn-1) + 2u(z2_1 —y2_,) = 0.

If tp—1 = yn—1 , then 1 = y; and &,—1 = np_1, so this contribution to
CtoCy is contained in A, the diagonal canonical relation in T*R"~1 x T*R"~1.
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If, on the other hand, x,_1 # yn—1 , then

Ty =Y, 2<1<n—2;

(xn—l + yn—l)(?’xn—l - yn—l)

§n—1= 4 Sk
n— n— 3 n—1 7" 4n—
T (Tn—1 4 Yn—1)BYn—1 — 1)51;and
4
Tp— + n— 2 Tn—1 — Yn—
£E1—y1+( 1+ Yn—1)%( 1-Y 1):07

4

giving a contribution to Cé o Cy contained in C’o, where C’o is the twisted conor-
mal bundle,

(xn—l + yn—1)2($n—l - yn—l)
4

’
COZN*{$1—y1+ =0,xi—yi=0,2§i§n—2}.

In conclusion C§oCy C AU C’o, from which it follows that Cy is symmetric,
ie., C’é = Cy. Tt is easy to see that both projections from Cy have Whitney
fold singularities. Such canonical relations were introduced in [20] and called
folding canonical relations; they are also referred to as two-sided folds [7] and
we will use this latter terminology. One also sees that Cj intersects A cleanly
in codimension 1, and furthermore, A N Cy is in fact the fold surface of Cy. As
described in §3, one has a well defined class of distributions associated to the two
cleanly intersecting Lagrangians (A, C4), namely I?/(R"~1 x R"~1; A’ (%), for
p,l € R. A distribution is in this class iff it has an oscillatory representation,

Ty 1 — — T — Yn — 2 1" " 1"
u(x,y) :/ ei{(mlfylf( n—1"Yn 1)5171 1+tyn—1) Yer (" —y'" )€ }a(x,y;é”;fnq)df
Rn—1
where a is a symbol-valued symbol, satisfying the estimates:

002,07 alw, y,€)] < (1 + &)1 (1 + [gu )7,

with p=p+1+3,0=—-1—1.
Next we will show that if F/ € I"™~1(Cp) then F*F € I"(A,Cy), ie.,
Kpep € IPYR L x R*1 A/ CY), for some p,1 € R. We have:

Ffz) = /ei{(xn7yu)_9ﬂ+((xflfmfl,l)yn71+mny§71)91}a(x’yj 0) f(y)dody,
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where a € S™+z. Thus,
Kpep(z,y) = /ei{%(z’y’e”)_‘z’o(z’w’"”)}a(z,y, 0"a(z,z,n")dzd0" dn" .

After a stationary phase in the variables z”, n”, the phase function becomes:

(@, y,0" 2n—1,2n) = (@ —y") 0"+ (zh — 22 1) WYn—1 — Tn-1)01 + 20 (Yo — 7 _1)01

= (33” - y//) 0" + (Yn—1— xnfl)[(zi - 2721—1) + 2n(Tn—1 + Yn-1)]01

and the amplitude becomes a(x,y, 2,1, 2n;0") € S+,
Following an idea from [I1],[5], we now make a singular change of variables,
T:R* =R T(0" 2, 1,2,) = (£",&,-1), given by:

1 = — ((2721 - 2721—1) + zn(Tn—1 + ynfl)) 01

The kernel of F*F' can then be rewritten as

Kpep(z,y) :/ MO T D (a, y, ),
Rn—1

where, using the coarea formula [4, p.249],

- dv
b(z,y; &) = / a(@,y, 2n—1,2n; ") ——
{((22

222 )01+zn(@n—1+Yn—1)01)=—En_1} Jn-1

with Jp,—1 the (n — 1)-Jacobian of T and dv the arc length measure on
{((22 = 22_1) + zn(xn-1 + Yn—1)) h = —&x—1}. The Jacobian is given by

Jnfl == |vz€n71|
|(2Zn7191; _(2Zn + Tp-1 + ynfl)o

=

)|

Tp—1+ Yn—
= 2 <Z7211 + (Zn + %)2) |91|7

[N

which vanishes to first order at z,_1 = 2z, + wn%ﬂ/”’l = 0. Note that, at

2
these points, &, 1 = ng_ Thus, b is of order 2m in £ and has a

2
conormal singularity of order —1 at {&,_1 — Wﬁl = 0}; thus, it has
an oscillatory representation

. (zp_14yn_1)? P\~
b(z,y,€) = /R61{(5"*1‘%5“5’}17(%y;ﬁ;p)dp-

Finally, the kernel of F*F becomes
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. 2
KF*F(x y) _ / ei{(m,,*y”)'flq’(mnfl*’yn—l)fn71+(§n717ng)ﬁ}

x bz, y; & p)ddp, (17)

where one can check that bis a product-type symbol, be §2m—1 (2n—2,n—1,1).
We now introduce a conic partition of unity in (&, p), with supports in {|p| <
2]} and {|p| > 1[¢[}, resulting in a decomposition Kp.p = K° 4+ K. Letting

Tpo n—1)>
U(x,y:&p) = (2" —y") &+ (@n-1—Yn—1)n—1+ (n—1— %&)gﬁl,

one easily sees that on the region {|p| < c|¢|}, this is a multi-phase function
for (A, C’é) in the sense of Def. B i.e., ¥o(x, y; ) := ¥(z, y; &; 0) parametrizes
the diagonal Lagrangian A’ and ¥4 (z,y; (&, p)) := ¥(x,y;&; p) parametrizes the
Lagrangian C’é Furthermore, on this region, the amplitude is a symbol-valued
symbol, belonging to 2"~ 1(R?"~2 x (R"~1\ 0) x R). In view of Remark B
KO ¢ PR x R"‘l;A’,é{)), for some p,l € R. The orders may also be
found by applying Remark B2 to (). We see that

n=1)+1 2n-—2 1
=2m -1 - =2m — =
p=02m-1)+ 5 1 m= 3

and 1 .

l:——l——:—,

Hence, this contribution to F*F' is in 2m=33 (A, C’o), with Cy a two-sided fold.
Next, we show that K1 € IQm_%(CQ). First, let s = §,—1/&. Then we can
express K'(z,y) = [ L(x,y, s)ds , where L has the phase function
Tp-1+ Yn—1)*
(Ty—1 . 1) )

and amplitude ¢ € S~12mHL(R2n =1 x (R\0) x R*~!). Note that Wo(z,y, s;p) :=
U(z,y,s; p;0) parametrizes

U(x,y,s:08") =@ —y") - &'+ (Tn-1 — yn—1)&15 + (s —

(:En—l + yn—1)2
4

and Uy (z,y,s;(p, ")) == V(x,y,s; p; ")) parametrizes

[o:=N*{s— =0} CT*R* 1\ 0

2
Iy :—N*{xi—yi—0,2§i§n—2, xl—y1+5(xn1—yn1)—s—w—0}-

4

Thus, ¥ is a multi-phase function for (I'g,T'1) in the sense of Def 3.5. Introduce
a cutoff function, x € C§°(R"), x = 1 near 0, set

W (z,y,s:p,E" 5//
LOz,y,s) = /6“’( e )X(%)C(xvy;p;é”)dé”da
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andlet L' = L—L°. We have L° € 2™~ 12 (R2"~1; [y, I';), L* € 1?3 (R2"~1.T)
and W F(L") is contained in the complement of a neighborhood of T'y.

Since K2 is simply 7. L, the pushforward of L by 7, the projection 7 (z, y, s) =
(z,y), which is a submersion, we compute the pushforwards of the Lagrangians

[y, T;. It follows from standard results about pushforwards [I5] that, for u €
Pl (R2n—1)7

WF(mau) C{(z,y:6&n) | 3(&,9,5,69,0) € WF(u) st
(z,y) = n(,9,5), (£, 7,0) = dr' (&,m)}.

Using drt(€,m) = (£,71,0), it is then an easy calculation that the push forward
of T'y, and indeed any neighborhood of 'y on which ¢ # 0, is empty, so that
m.(L%) € C*, while 7, (1) C C). In fact, m, is a FIO of order —1, and the
application of 7, to I'(I'1) is covered by the transverse intersection calculus.

Hence 7, : I"(I'y) — 1"~ (C}), so that
K'=m,(LY) mod C™ € 1> 3(Cy),

and thus Kp.p = KO+ K' € 12"~ 22 (A, C)).

In conclusion, F*F € [*~3:3 (A, C’o). For the single source data acquisition
geometry, in Nolan|24] and Felea[d] it was shown that F*F e I2™0(A, C), with
C a two-sided fold. In that situation the artifact, i.e., the part of F*F on
C'\ A, has, by Remark B the same strength as on A\ C. However, it follows
from what we have shown here that for the microlocal model Cy of the marine
geometry, the artifact is % order smoother then the pseudodifferential operator
part. In the next section, we show this in full generality for FIOs associated

with folded cross caps.
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6 Composition calculus in the general case

By a well known result of Melrose and Taylor[2(], any two-sided fold can be
conjugated, via canonical transformations on the left and right, to a normal
form. Unfortunately, even if folded cross caps could be conjugated to a normal
form, such a result would presumably be difficult to prove. However, we will
be able to avoid this problem by finding a weak normal form for the canoni-
cal relation and thus for a phase function parametrizing it, adapting a method
originally developed by Greenleaf and Uhlmann [0, [TT] for some canonical rela-
tions arising in integral geometry, for which 7 belongs to a class containing the
submersions with folds and 7, is maximally degenerate. This will be sufficient
for establishing the composition calculus for general folded cross cap canonical
relations.

Theorem 6.1. If F € ™~ 1 (X,Y;C) is properly supported and C is a folded
cross cap canonical relation, then F*F € I2m=2:3 (A, C’) Furthermore, Cisa
symmetric, two-sided fold in (T*Y \ 0) x (T*Y \ 0), and ANC equals the fold
surface in C.

Before establishing a weak normal form for a general folded cross cap, we
first need to find separate weak normal forms for each of the two projections,
7 and 7. For the next two propositions, we write ¢ € R” as 0 = (0", 0(")) =
(6", 0n-1,0n), etc..

Proposition 6.2. Let f: V — W be a smooth, conic map, with V' a smooth,
conic manifold of dimension 2n — 1 and (W,ww) a conic symplectic manifold
of dimension 2n — 2. Assume that f is a submersion with folds at vo € V
and f(V) is nonradial in W. Then, there exist local homogeneous coordinates
(8", sp_1,0",00)) € R"2 x R x (R"2\0) x R? on V near vy, and local
canonical coordinates (y',n') € T*R"™1\ 0 on W near wo := f(vo), such that
vo = (0,0,e3,0), wo=(0;e}), and

f(’l)) — f(SN,Sn_l,UH,U(iv)) — (SN,Sn_l;U”,AS’U(U(iv),U(iv))) , (18)

where A” € C(R?*"~1, S2R2") is homogeneous of degree -1 in - and takes values
in the nonsingular quadratic forms of the same signature as Hess f(vg).

Proof. In the terminology of [T1], a submersion with folds has clean folds of
multiplicity one. Propli is then a special case of [I1, Lem.3.A.1], with slight
change of notation, and (N, m,n) in [I1] being (n — 2,1,2) here. O

Applying [[¥) to mg : C — T*Y \ 0, one sees that S = Si(ngr) =
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{o(™) =0} and 7x(SE) = {n,_1 = 0}. Furthermore,

n—1
we = (Y dn; Ady;)
j=1
n—2 . .
= Y dojnds; +d (AS"’(O—(”), a<w))) Adsn_1. (19)
j=1
Hence,
3]
Ker (we|rs,) =R - (8 —i—) (20)
Sn—1

Also, as in the case of the model canonical relation, Cy, we see that we has rank
2n — 2 on C'\ 8¢, and has rank 2n — 4 both at S¢ and on S, i.e., restricted
to TSE. Thus, since we = miwr«x as well, the image 7, (S1) C T*X \ 0,
which is smooth, conic, nonradial and codimension 3, must also be maximally
noninvolutive. Finally, recall that, as a general fact about canonical relations,
for all co = (20,%0,0,m0) € C, the subspace drr(T:,C) < Tz, (T7X) is
involutive; in particular, for ¢y € 81, dnr, (T, C) is a codimension 2, involutive
subspace. We are thus led to establishing a (very) weak normal form for cross
cap maps into symplectic manifolds reflecting these extra conditions. Note that
this would apply to a more general class of maps than cross caps, since at this
point we are only using information concerning the first derivatives.

Proposition 6.3. Let g : V — U be a smooth conic map, with V a smooth,
conic manifold of dimension 2n — 1 and (U,wy) a conic symplectic manifold
of dimension 2n. Assume that g has a cross cap singularity, with critical set
S1. Let vy € S1,ug = g(vg). Assume that dg(Ty,V) < Ty, (U) is involutive
and dg (Ty,S1) = Ty, (9(S1) < Ty, U is mazimally noninvolutive for all vy € Sy.
Then, there exist local homogeneous coordinates

t,7) = (" ty, 7", 7)) € R"2 x R x (R""2\ 0) x R?

on V near vy, and local canonical coordinates (z,£) € T*R™\ 0 on U near ug :=
g(vo), such that vy = (0,0,¢5,0), ug = (0;e¥), and, writing 7" = (1,_1,7),

g(tv 7-) = (tllv gnfl(tv 7-)7 tn; T/Ia ’Yn*l(ta T)a 'Yn(t, T)) ; (21)
Ogn-1 #0; and (22)
aTn—l

i .
"yi|.,_(iv):0 = ai|T(iv):0 =0, n—-1<14,5<n. (23)
Tj
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Note that, with respect to these coordinates, S C {r(®") = 0},
¥21=3 = g(S1) CH{an_1 = &1 =&, =0} and

Ker (welrs,) = R- ((%fl +> (24)

Proof. By assumption, ¥2"~3 C U is nonradial, codimension 3 and maximally
noninvolutive. By an application of Darboux’s Theorem ([I6, Thm. 21.2.4]),
there exist local canonical coordinates (z,£) € T*R™ \ 0 such that %273 C
{Zn-1 = &1 = & = 0} and up = (0,€7). Letting t; = g*(z;), 75 = g"(§)
for 1 < j<n-2, and t, = g*(z,), these functions have linearly independent
gradients at vg. If 7,_1, 7, are any two defining functions for S;, homogeneous of
degree 1, then (t,7) := (¢, tn, 7", Th—1, T ) are local homogeneous coordinates
on V, with §; C {7,—1 = 7, = 0}. With respect to these coordinates,

g(ta T) = (t”a Infl(ta T)a tn; Tllv é'n,l(t, T)a gn(ta T))
and rank dg(v) = (2n — 3) + rank D(v), where

OTn_1 OTpn_1

87-",1 BTTL
_ 0&n— 9&n— _
D('U) = 8Tn,1 Tnl = (Dn_l, Dn) , Dn_l, Dn (S TuU
o2 Oz y
OTp—1 OTp

Since g is a cross cap, rank D(v) = 1,Vv € 81, so that by interchanging 7,1
and 7,, if necessary, we can assume that D,_1 # 0 and D, € R- D, for
v € 81 near vg. Furthermore, rotating in the x,_1,&,—1 plane, if necessary, we

can likewise assume that gi”—‘:(vo) # 0 and %‘:(vo) =0, so that
aJ:n—l 6571—1
v)| >> v Vv near vg.
Tt > | ), !

Let
_ _ 0 n—2 9 0 n—2 .
I(v) = dg(T,V) = span {{—8%_ = g {_8§j Y=t Dn—l} ;

by assumption, TI(v) < Ty, U is a codimension 2, involutive subspace. We

have 9 9 9
D, 1(v) = b .
1(6) = a(0) g + o) g + )
with |a| >> |b| near vy. A simple calculation shows that a vector

X = Z;;l o % + ﬁja%- € Ty(yU is in the symplectic annihilator dg(T;,V')* iff
J J “

aj:ﬂj:(), 1<j<n—2,6,=0, afpn-1—ban_1—cap =0.
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Thus, {bazil + aagf,lvcamf,l —i—a%} forms a basis for dg(T,V)*¥. Since
dg(T,V) is involutive iff dg(T,V)* < dg(T, V), we must have b(v) = ¢(v) = 0.
Hence, g—fj|7<iu):0 =0, n—1<14,7<n. Relabeling, this finishes the proof of
PropE3 O

Now, let C C (T*X \ 0) x (T*Y \ 0) be a folded cross cap canonical relation,
and apply both ProplE2 to g : C — T*Y \ 0 and PropE3 to 71, : C —
T*X \ 0 near ¢g € C. As in [0, [TT], we now attempt to reconcile the two
resulting coordinate systems on C, (s”,s,_1,0",0@)) and (t”,t,,7",7()). On
TS; (which is the same for both projections), we has rank 2n — 4. By 20) and
E&4), since the hypersurface {7,_; = 0} is transverse to Ker (w¢), it must be
locally expressible as {s,_1 = F(s",0")} for some smooth F. Now set F(s,0) =
— A% (o) o)) E(s" 0"); then F = 7k f, where f(y,n) = —nn_1F(y",7").
Using (@), we can find a vector field Y on C which satisfies

~ 0

i(Y)we = dF = —F(s",0") + O(|le™)?) - (ds”, do”).

aSn—l

Thus, exp(Hy) is a canonical transformation of T*Y \ 0, while exp(Y) is an
we-morphism of C, mapping {7,_1 = 0,7(®) = 0} into {s,_1 = 0,00 = 0}.
Applying these simultaneously on T*Y and C, respectively, we see that one can
assume that L := {7, 1 = 0,70") = 0} = {s,_1 = 0,0(") = 0}. Restricted to
this (2n — 4)-dimensional submanifold, we is symplectic, so by Darboux there
exists a canonical transformation ®(y”,n") = (®,», ®,) of T*R"~2\ 0 such
that
(I)*(S// L) _ tI/|L and (I)*(UH L) _ H|L-

Extend @ to ® : T*Y \ 0 — T*Y \ 0 by
Oy yn—131" 1) = (Pyr (", 1"), Yr—15 Py (", 11"), 1h—1)

and compose C' on the right with the graph of ®. Then,

77 (@) =t" = §" 7] (xn-1), 7L (Tn) = tn1, TR (Yn—1) = sn—1 and 7R(1") = 0"

form coordinates on C' near cg.

In summary, we have so far shown that if C' is a folded cross cap, we may
assume that (z,y,—1,7") form (micro)local coordinates on C. Therefore there
is a generating function S(z,y,—1,60") for C, where S is C*° and homogeneous
of degree 1 in 0” ([I6, Thm.21.2.18]). Hence, C' can be parametrized as

C = {(:v,de;d(;nS, yn_l,—H”,—dy%IS)} (25)

and the phase function x(z,y,0"”) = S(x, yn—1,0") —y” - 0" is a parametrization
for the Lagrangian C’. We now show that the properties of 7y, and 7mr impose
several conditions on .S and its derivatives, forcing the phase function to be very
similar to the model phase ¢ considered in §5.
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To prepare the canonical relation C, we first replicate (1) and (6. Since
7r(SE) is a nonradial hypersurface in 7*Y \ 0, by Darboux’s theorem, microlo-
cally there is a canonical transformation from 7*Y \ 0 to T*R"~!\ 0 taking
Tr(SC) to mr(ST?), given by [@H). Similarly, 77 (SC) is a codimension three
submanifold of 7*X \ 0, which is maximally noninvolutive in the sense that
wT*X|nL(810) has rank 2n — 4. Thus, there exist defining functions p1, ps, ps for

71 (SY) with {p1,p2} = 1,{p1,p3} = 0, {pa, p3} = 0. By Darboux’s theorem, we
can find a canonical transformation from 7*X \ 0 to T*R" \ 0 mapping 71, (S)
to 7 (S7°) given by (IH).

Using @), mr(z, yn—1,0") = (d§ S, Yn—1, —0", —dy, . S), so (@) implies

_dyn71Sl{an:O:anrynfl} = ‘r?lel (26)
From 8), 1 (2, yn—1,0") = (z,d,S) and [[H) implies

dxnflS|{$7171202w71+y7171} =0 (27)

and

d"E7lS|{mnfl:0:mn+yn—l} = _‘r?zdwls’l{fbn71:0:rn+yn71} (28)
Relation (1) means that

S(JI, Yn—1, 9”) = SO(:EHa 9”) + xiflsl ((E, Yn—1, 9”) + (:En + yn—l)SQ(xu Yn—1, 9”)
(29)
From (Z0) we obtain

Sa (:Ev Yn—1, 0”)|{1n—1:O:wn+yn71} = _I721917 (30)

and hence

SQ(xv Yn—1, 9//) = _‘riol + .In,ng(IZ?, Yn—1, 9//) + (In + yn71)84(117, Yn—1, 9//)'
(31)
Identity (BIl) implies that

So (:Ev Yn—1, 0”)|{1n—1:O:wn+ynfl} = _I?ldmlS|{$7171:Ozwn+yn71}' (32)

Now, B) and B2) imply dw15|{mn11:0:mn+yn71} = 01, and from E9) we
have that d,, So = 61, so So = x101 + So(z’”,0""). At this point, our analysis
shows that the generating function has the form

S(x,yn-1,0") = 2101+ So(a",0") + ;1 S1(z', yn-1,0")
+ (xn + yn—l)[_xiel + :En—ISS (:E/a Yn—1, 9”) (33)
+ (:En + yn—1)54(xla Yn—1, 9”)]'

Next we consider the differentials drr and dnr,. One computes
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dz//e//S dzn,19”S dzng//S dyn—le//S dg//g//S

P 0 0 0 1 0
e 0 0 0 0 o
_dw”ynfls _dwnflynfls _dwnynfls _dynflynfls _de,,ynfls

Evaluating at S&, by (B3)), this becomes

dm//GIISO 0 0 0 dg//g// SO
0 0 0 1 0
drr|s, = 0 0 0 0 —1I,

0 S3  —2x,01 +254 254 0
By assumption, drgr has rank 2n — 3 at S&. Thus, So(z”,6"”) is nonde-

generate, S3l(z,  —0—z,+y,_}=0 and Sil{z, —0=z,+y._.} = Tnbi. We thus
have

Sg(.I/, Yn—1, 9”) = In7185($/, Yn—-1, 9”) + ({En + ynfl)SG(Ila Yn—1, 9”)7 (34)

and

Sa(@', yn—1,0") = 201 + 20—157(2", yn—1,0") + (xn + Yn—1)Ss (2, yn—1,0").

(35)
Similarly,
- 0 0 0 0
0 1 0 0 0
0 0 1 0 0
dﬂ'L =

dm”w”s dwnllﬂ,,s dmn;ﬂ”s dynf1w”S d‘guwus
dprrg, S duy_12n 1S Aenwn S Ay, 1w, S dorg, S
dyrry, S dz, 12,5 Az xS dy, 12,5 dorry,, S

Using relation ([B3]) again, we have

In_o 0 0 0 0

0 1 0 0 0

drils, = 0 0 1 0 0
. dm”m”SO 0 0 0 dg//m// SO ’

0 251 N Ss 0

0 N 284 - 217"91 284 - 217"91 0

where N = 53 + 0, ,S4.
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By the cross cap condition, the rank of drr | (4, 0=z, +y,_,} is 2n—2. Thus,
S3|{zn_1=0=zntyn_1} = 0 and Si|{z, ,—0=a,4yn._1} = Tnb1, and so we obtain
again relations ) and (BH). Putting together all the previous relations, the
generating function becomes:

S(Ia Yn—1, 0//) - $191 + gO(IWv 9/”) + xi_lsl ({E, Yn—1, 9//) + (:En + ynfl)znynflel

+ (:En +yn—l)[xi_lsf)(xuyn—laeﬂ)
+$n—l(xn + yn—l)sﬁ (JJ, Yn—1, 9”)
+(n + Yn1)2S7(x, ypn_1,0")].

Since Sy is nondegenerate, C N {x,_1 = &, = yn—1 = 0} is the graph of a
canonical transformation on T*R"~2; we may thus assume that C N {z, | =
T = Yn—1 = 0} = {(2”,0,0”,0;2"”,0,6”,0)}, so that So(z”,0") =z - 6", and
B8) becomes:

Sz, yn_1,0")=2"-0" + 22 S1(x,yn_1,0") 4+ (Tn + Yn_1)TnYn_161
+ (zn + ynfl)[xi—l‘%(xv Yn—1,0")
Tn—1(Zn + Yn—1)S6(T,Yn—1,0")
(zn + yn—1)257(557 Yn—1,0")]

Letting

M (z,yn—1, 9//) = 3331—185(337 Yn—1, 9”) + Zn—1(Tn + Yn-1)S6 (T, yn—1, 9//)
+(xn + yn—1)257(907 Yn—1, 9”)7

we now see that the Lagrangian C” is parametrized by the phase function

S(.’:C,yn717 0//) _ yl/ . 0//
_ (:C// o y//) 0"+ (ziynA + xnyi—l) 01 (37)
—I—:ci_lSl(:z:, Yn—1,0") + (20 + yn—1)M (2, yn-1,0").

x(z,y,0")
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We are now ready to prove ThmETl Composing F' on the left and right with
elliptic FIOs of order 0 associated with all of the canonical transformations of
T*X \ 0 and T*Y \ 0 used above, we can assume that the Schwartz kernel of
F is represented by an oscillatory integral with the phase function ([B1) and an
amplitude a € S™*3.

Let x be the phase function of F* F":

X = x(zyn") —x(z2¢")
(" =y") 0" + 22y + Zayi i+ 21 S1(2, Yn-1,1")
+(Zn + Yn- )M (2, yn—1,1") = (2" = 2")E" — 22 w016
2@ &1 — 2o 1512 8n-1,8") = (20 + Tn1) M (2,201, €").

We will use stationary phase in z” and n”: set d,»x = 0 and d,»x = 0,
where

dox = 0" ="+ (20 + Yn-1)0 M(2,yn-1,1") = (2n + n—1)02 M (2, 2-1,&")

422 1(0:081(2s 1o 1") — Do 1 (2, 001,E"))
dp, X = 21— Y1+ 2oyn-1+ 2n¥n_1 + (Zn + Yn-1)0n M (2, yn-1,1") + 25100, 51 (2, Yn-1,1")
dpX = zi —Yi+ (20 + Yn—1)0n, M (2, yn—1, n") + szz—lamsl(za Yn—1,1m"), 2<i<n-—2.

Notice that dg//n,,f( is nondegenerate. We may solve these equations implic-
itly for 2” and i in terms of the other variables:

77// = 5// + (2n + 2n1)0n M (2, 21, 5//) — (2n + Yn—1)0n M (2, yn—1, 77//)
2 (02081 (2, yn-1,1") — 020 S1(2, 2n—1,€"))
zio= Yi— (Gt U100, Mz, yn-1,1") — 22 _109,51(z,yn-1,7"), 2<i<n—2
2 = oY1= ZaYn-1 — Znlp—1 — (Zn + Yn-1)0: M (2,yn-1,1") — 22109, S1(2,yn—1,1").

The phase x then becomes:

=n

= (@ =y &+ 2 (Yn-1— 1)l + (Vi — 7 _1)&
+(2n + yn—l)M(Za Yn—1, 77//) - (Zn + ZCn_l)M(Z, Tn—1, 61/)
+2727,71(Sl (Zu Yn—1, 77//) - Sl (27 LTn—1, §H)) + C(JI, Y, z, 6”7 77//)
= (33// - y//) : 5// + (Yn-1 — Infl)[(zrzz + 2n(Yn—1 + Infl)) &1
+Z’r27,71§1U(Z’n«*15 Zny Tn—1;Yn—1, 5//) + N(anla Zny n—1,Yn—1, 5//)]
and the amplitude becomes @ € S?™*!. Note for use below that, in the sta-
tionary phase calculation, n” = ¢” at {z,—1 = yn—1}. Thus, both U and N

vanish at {z,_1 = yn—1}, and so do any derivatives of U and N tangential to
{Infl - ynfl}-
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Repeating the argument from §5, we make a singular change of variables,

0, = & 1<i<n-2,
Opn—1 = _(272151 + Zn(ynfl + «Infl)é.l + 21217151[](27 Tn—1,Yn-1, gl/a 77”)
+N (2, 2n-1,Yyn-1,€",0")).

‘We have
Vibp1w = —(22, 100U +22_16,0., , U+, N,
2277,91 + (Infl + yn71)91 - aan + Zi_lazn U)7
22 .
so that [V.0,—1| =0 iff z,_; = —82"71N+QZ;&016 2= and
2
Zp = _m"*lgy"*l — aan+Z§07119182nU' At these points,
(Tn—1+ Yn—1)* 2 2
Op1 = 12— I 4Hp _N—-——1(9, N 16010, U
1 1 1 491U( W N+ 25,1010, ,U)
1
—— (0., N +22_,0,0.,U)?
491( n +Zn—l 1 n )
2
. (Jin—l"zyn—l) 0, + P

By the comment above, P and its tangential derivatives vanish at
{In,1 - ynfl}-

As in the model case, it follows that Kp«p(z,y) has an oscillatory integral
representation,

Tn— n— 2
/ =08 )bt (Gu =SS0 =P} 0 oo,

where a € S?™~1(2n — 2,n — 1,1). On the region {|p| < c[¢|}, the new
phase function, ¢(x,y; 0; p) is a multi-phase for a pair (A’,C’) in the sense of
DefBRE ¢(x,y;0;0) parametrizes the diagonal Lagrangian A’ and ¥ (z, y; 6; p)
parametrizes a Lagrangian C’. Hence, the contribution to F*F from this re-
gion is in IPY(A,C) for some p,l € R, and the orders of F*F are computed
using Remark 3.7 in the same way as for K in the model case in §5, so that
p=2m— 3 and [ = 1. On the other hand, the contribution from {|p| > c|¢|} is
handled in the same way as for K for the model case in §5, giving an element
of I?m=3(C) c I?™ 22 (A, ).

Next, we show that C is a two-sided fold; the fact that C' is symmetric just
follows from AU C = C! o C. We have:
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~ Tp—1+ Yn—1 14
C={( o on1,0" 001~ =—5=—p— -0, P;
Y Yn—1,0",0n1 + Tn=1 t¥n-t ynilp + ﬁayn,lp) :
2 01
2
PR Gl sk e VS S Sy
4 61
:vi—yiJreﬁ&giP:O, 2<1<n—2,
1
p (Tp-1+ Yn-1)? p (Tn-1+yn-1)® »p
v g 1 1Py, 1 5,00 P =0}

The coordinates on C are (2", xn-1,yn—1,0"). Note that p = —(xp—1—Yn—1)01
2
and 0,1 = W@l + P; thus, y; and y; become:
Yi = — (Tp_1 —Yn—1)00, P, 2<i<n—2,

and

(xnfl - ynfl)(xnfl + yn71)2
4

y1 =1 + + (Tn-1 — Yn—1)0s, P.

We now consider the projections 7 and 7p,.

mr(@” opn_1,Yn_1, 0" )

(Tn1 = Yn-1)(@n—1 + Yyn-1)°
4

2" — (21— Yn—1)00 P, Yn—1;

0" (@n—1+ Yn—1)BYn—1 — Tn—1)

= (xl +

+ ("Enfl + yn71)891P,

01+ P — (xn—1— yn—l)aynfrp)

4
and
(2" xp1,0" Y1)
n— n— 3 n—1 "7 Yn—
- (xllvxn—l;eua (x L1y 1)4(1 e 1)91 + P+ (xn—l - yn—l)amnlp> '
One easily computes

I, 0 0 0
dnr — 0 1 0 0
L=l 0 0 Lo 0
0 . D
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where D = %91 + ayn—lp - 6I7171P + (‘Tn—l - yn_l)agn—lyn—lp7 and
thus det dm, = D. By the earlier comments, we see that D is a defining function

for {x;,—1 = yn—1}, and thus the critical set for 7;, (and hence 7g) is

Slé =81(mr) = {D(@", zn-1,Yn—1,0") =0} = {zp_1 = yn_1}.

The kernel of dry, is spanned by 6?} —-
71, has a Whitney fold singularity. ~
Similarly, with respect to the coordinates (z1, 2", yn—1,0",2,—1) on C (re-

ordered for convenience) and (y1,y"”, yn—1;1",n—1) on T*Y,

Since Ker dry, is transversal to TSlé ,

1 .
A B . .
dng = 0 0 1 0 0
0 0 0 Ih—2 O

. . -D

where A = _(xn_l - yn_l)ag”';vlp and B = In_g — (xn_l - yn_l)ag///m///P.
Hence, det drgp = D, as well, and Ker dng is spanned by 8‘2—71, which is

again transversal to TSlé . Hence, mg is also a Whitney fold, and thus Cis a
symmetric, two-sided fold, with A N C = SE.

Remark 6.4. If F is the linearized forward scattering operator for the marine
geometry, under the assumptions of (i) at most fold caustics; (ii) the caustic
surface is nowhere horizontal; and (iii) 7.(S¢) is nonradial, then combining
[27] with the analysis in §4 yields that F € I'"% (3, x (0,T),Y;C), with
C a folded cross cap. By Thm. 6.1, we thus obtain that the normal operator
F*Fel$s (Y, YA, é) with € C (T*Y \ 0) x (T*Y \ 0) a two-sided fold.

Remark 6.5. An interesting question, particularly relevant for the marine seis-
mic imaging problem, is whether (under an ellipticity assumption on F), F*F
can be inverted, at least modulo operators mapping H® — H*~2"t9 for some
8 > 0. Note that, by Remark Bl the order of F*F on C' \ A is % less than
on A\ C. However, the standard technique of parabolic decomposition (see
[9) only results in a decomposition F*F = Ty + Ty with T} € Izm% (A) and
Thel zmé (C) . Since C' is a two-sided fold, there is further loss of L derivatives

in terms of Sobolev mapping properties [20]. We hope to return to this question
in the future.

References

[1] G. Beylkin, Imaging of discontinuities in the inverse problem by inversion
of a generalized Radon transform, J. Math.Phys. 28 (1985), 99-108.

[2] J.J. Duistermaat, Fourier integral operators, Birkh&user, Boston, 1996.

30



[3] J.J. Duistermaat and V. Guillemin, The spectrum of positive elliptic oper-
ators and periodic bicharacteristics, Inv. math., 29 (1975), 39-79.

[4] H. Federer, Geometric measure theory, Springer Verlag, New York, 1969.

[5] R. Felea, Composition calculus of Fourier integral operators with fold and
blowdown singularities, Comm. P.D.E; 30(13) (2005), 1717-1740.

[6] M. Golubitsky and V. Guillemin, Stable mappings and their singularities,
Springer-Verlag, New York, 1973.

[7] A. Greenleaf and A. Seeger, Fourier integral operators with fold singulari-
ties, J. reine ang. Math., 455 (1994), 35-56.

[8] A. Greenleaf and G. Uhlmann, Nonlocal inversion formulas for the X-ray
transform, Duke Math. Jour., 58(1) (1989) , 205-240.

, ,  FEstimates for singular Radon transforms and pseudo-
differential operators with singular symbols, Jour. Func. Anal., 89 (1990),
220-232.

, , Composition of some singular Fourier integral operators
and estimates for restricted X-ray transforms, Ann. Inst. Fourier (Greno-

ble), 40(2) (1990), 443-466.

[10]

[11] , , Composition of some singular Fourier integral operators
and estimates for restricted X-ray transforms, II, Duke Math. Jour., 64(3)

(1991), 415-444.

[12] V. Guillemin, Cosmology in (2+1)-Dimensions, Cyclic Models , and Defor-
mations of M 1, Annals of Math. Studies,121, Princeton Univ. Pr., 1989.

[13] V. Guillemin and G. Uhlmann, Oscillatory integrals with singular symbols,
Duke Math. Jour. 48(1) (1981), 251-267.

[14] S. Hansen, Solution of a hyperbolic inverse problem by linearization, Comm.
P.D.E., 16 (1991), 291-309.

[15] L. Hormander, Fourier integral operators, I, Acta math., 127 (1971), 79—
183.

[16] , The Analysis of Linear Partial Differential Operators, III,

Grundlehren math. Wiss. 274, Springer Verlag, Berlin, 1985.

[17] A. ten Kroode, D. Smit and A. Verdel, A microlocal analysis of migration,
Wave Motion, 28 (1998), 149-172.

[18] G. Mendoza, Symbol calculus associated with intersecting Lagrangians,
Comm. P.D.E, 7 (1982), 1035-1116.

[19] R. Melrose, Marked Lagrangians, lecture notes, Max Planck Institut, 1987.

31



[20]

[21]

22]

23]

24]

[25]
[26]

[27]

(28]

29]

30]

[31]

R. Melrose and M. Taylor, Near peak scattering and the corrected Kirchhoff
approximation for a convex obstacle, Adv. in Math., 55(3) (1985), 242-315.

R. Melrose and G. Uhlmann, Lagrangian intersection and the Cauchy prob-
lem, Comm. Pure Appl. Math., 32(4) (1979), 483-519.

M. Morin, Formes canoniques des singularites d’une application differen-

tiable, C.R. Acad. Sc. Paris, 260 (1965), 5662-5665.

, Formes canoniques des singularites d’une application differen-

tiable, C.R. Acad. Sc. Paris, 260 (1965), 6503-6506.

C. Nolan, Scattering in the presence of fold caustics, SIAM J. Appl. Math.,
61(2) (2000), 659-672.

, personal communication.

C. Nolan and W. Symes, Anomalous reflections near a caustic, Wave Mo-
tion, 25 (1997), 1-14.

, Global solutions of a linearized inverse problem for the acoustic
wave equation, Comm. in P.D.E., 22 (1997), 919-952.

Rakesh, A linearized inverse problem for the wave equation Comm P.D.E,
13 (1988), 573-601.

C. Stolk, Microlocal analysis of a seismic linearized inverse problem, Wave

Motion, 32(3) (2000), 267-290.

A. Weinstein, On Maslov’s quantization condition, in Fourier Integral Oper-
ators and Partial Differential Equations, J. Chazarain, ed., Springer-Verlag,
New York, 1975.

H. Whitney, The general type of singularity of a set of 2n — 1 smooth
functions of n variables, Duke Math. Jour., 45 (1944), 220-293.

DEPARTMENT OF MATHEMATICS AND STATISTICS
ROCHESTER INSTITUTE OF TECHNOLOGY
ROCHESTER, NY 14623

rxfsma@rit.edu

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF ROCHESTER
ROCHESTER, NY 14627
allan@math.rochester.edu

32



	An FIO Calculus for Marine Seismic Imaging: Folds and Cross Caps
	Recommended Citation

	Introduction
	Fourier integral operators and singularity classes
	Distributions and operators associated  to two cleanly intersecting Lagrangians
	Fold caustics in the marine geometry
	Model case
	Composition calculus in the general case

