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The neutrino has been a theorized particle since the early 1900’s but its elusive nature has

made detecting, understanding, and characterizing it particularly difficult. Experiments

to detect neutrinos aim to better discern how this Standard Model particle interacts

with matter, its own unique properties, and its ties to the history of our universe. The

MINVERνA collaboration studies scattering cross sections by using five different nuclear

targets (water, carbon, iron, helium, and lead) to gain a wide array of data involving a

range of interaction types. These precision measurements directly reduce the systematic

uncertainties for larger neutrino experiments that search for neutrino oscillations (such

as NOνA and DUNE). Through this thesis, we aim to study MINERνA data to estimate

parameters needed to construct an experimental cross-section for neutral current (NC)

elastic neutrino-proton scattering events. We examine events within the 100 MeV to 10

GeV energy range as this contains the highest probability for the desired interaction. We

create criteria for differentiating between neutrino-proton versus neutron-proton events

to construct a Python script for selecting eligible NC scattering events.
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Chapter 1

Introduction

1.1 History of Neutrinos and Weak Interactions

Neutrinos were first theorized by Wolfgang Pauli in 1930 after he noticed inconsistencies

with conservation of energy, momentum, and angular momentum in the beta decay

process.[4] During radioactive beta-decay, the nucleus is transformed and releases an

electron as a result:

A
ZX → A

Z+1X
′ + e− (1.1)

Based on previously known physics of nuclear decay, the energy of the electron

produced in this reaction should have a definite value equal to the difference between the

energy of the daughter and parent nuclei; this would correctly account for conservation

of energy and momentum. In addition to this, the four-momentum of the observed

electrons should have a fixed value, independent of other factors; this is shown in Figure

1.1 by the red line. However, in 1914 James Chadwick used a magnetic spectrometer

and an electron counter to show that this was not the case. Instead, a smooth spectrum

of electron energies were produced, with a limit up to the expected Q value. Many

scientists initially disregarded these results, chalking them up to experimental error,

1



Introduction 2

until similar results were reproduced by Ellis and Wooster in 1927. This brought forth

the argument that energy was not, in fact, always conserved.[5]

Figure 1.1: Beta Decay Energy Spectrum

However, in 1930 Pauli presented a solution to this problem. He proposed that

an undetected particle must also be emitted from the nucleus during beta-decay. This

new particle must be quite light, similar in mass to the electron, and also be neutral,

to agree with charge conservation. Pauli named this proposed particle ”neutron” to

follow that naming scheme already established. However, after Chadwick’s discovery

in 1932 of another larger neutral particle, that we now know as the neutron, Enrico

Fermi dubbed the smaller of the two ”neutrino” meaning ”little neutral one.”[6] Fermi’s

work in identifying the process of neutron decay into a proton, electron, and what is

now classified as an anti-neutrino worked to combine Pauli’s theorized new particle with

Dirac’s positron and Heisenberg’s new model for a nucleus.

Figure 1.2: Beta Decay Feynman Diagram: a neutron and electron anti-neutrino
interact producing a proton and electron
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When postulating the β-decay process, Fermi based his theory off of the idea that

the production of electron-neutrino pairs was analogous to the emission of a photon

from an electron. Bethe and Peierls provided the first attempt at calculating an upper

bound for the neutrino-nucleus scattering cross-section. However, they found it to be

σ < 10−44 cm2. From this, they determined there was no feasible way of detecting

a neutrino. Despite the overwhelming opinion that neutrinos were an undetectable

particle, in 1946 Pontecorvo proposed a radio-chemical method for neutrino detection

that later allowed Davis to observe the first ever solar neutrinos: neutrinos born through

the process of nuclear fusion within the sun.

The approach to understanding and detecting neutrinos drastically changed in the

mid-20th century after the discovery of parity violations in weak interactions. Parity is

a way of describing the symmetry of a particle’s wave function. For most scenarios the

Law of Parity Conservation states that if a group of particles have definite parity, the

parity does not change as the group evolves with time. However, it was discovered that

in the beta-decay process parity was not conserved. This concept of non-conservation of

parity in weak interactions was further solidified by what is known as the θ − τ puzzle.

This puzzle came about as physicists worked to better understand the decay of strange

particles. In this puzzle, two seemingly separate particles, θ+ and τ+ decay into pions

via the following reactions:[7]

θ+ → π+ + π0

τ+ →

 π+ + π0 + π0

π+ + π+ + π−


The two particles had identical mass, spin, charge, etc, but the only difference in

the decays was the parity: +1 for θ+ and -1 for τ+. Lee and Yang proposed a solution

to this puzzle based on the idea of the non-conservation of parity. They concluded that

while parity was conserved in electromagnetic and strong interactions, there was not
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evidence of it being conserved for weak interactions. So θ and τ were actually the same

particle, now called the kaon. This better understanding of the weak force would allow

for the progress of theory surrounding neutrino interactions.

The unification of the electromagnetic, strong, and weak interactions gave rise to

the structure of the current standard model of particle phyics and laid the groundwork

for future neutrino theory. After the second World War, Fred Reines built the first

neutrino detector. His detector structure was based on the idea that neutrinos could be

found if a large enough test mass was placed near an atomic explosion. The goal was

to detect inverse beta decay using liquid crystal scintillators[8]: a process that is still

used today in experiments like the Super-Kamiokande neutrino detector. The process of

inverse beta decay shows the creation of a neutron and positron from the scattering of an

anti-neutrino off a proton: νe+p → e++n. This experiment proved even more insightful

than originally anticipated since the signal produced indicated that a neutrino source at

such high energy as a nuclear explosion was not actually necessary to produce adequate

data, and the high background level detected made it clear that cosmic rays interfered

with results. This sparked the initiative to house neutrino experiments underground in

the future.

Since this first detection of the electron neutrino, similar processes have been used

to detect tau and muon neutrinos. These are the three neutrino “flavors”, and they

come about from their corresponding charged leptons: the electron, the tau, and the

muon. These three types are considered the neutrino flavor eigenstates, which differ

from the neutrino mass eigenstates which are instead labeled 1, 2, and 3. The mixing of

these mass eigenstates in creation and annihilation combinations is what form the flavor

eigenstates and are what give neutrinos their mass. However, not only do neutrino have

the mass oscillations, they also exhibit flavor oscillations. This means that a neutrino

may vary its type over a period of time, e.g, an electron neutrino may be produced but

it later changes into a tau or muon neutrino. These new flavors of neutrinos can be

detected in ways analogous to the beta decay process, e.g., the decay of a pion into a

muon and a muon anti-neutrino.
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There are two main types of neutrino interactions: charged-current (CC) and

neutral-current (NC). CC interactions with matter are facilitated by W± bosons whereas

in NC interactions a neutral Z0 boson is exchanged. Within these, the interactions can

be classified as either elastic or inelastic, depending on if the state of the original nucleon

changes in the final product or not. This thesis will focus specifically on mid-energy NC

elastic scattering.

1.2 Neutrinos in the Standard Model

The Standard Model (SM) of particle physics characterizes all the known elementary

particles and their interactions with one another through the electromagnetic force and

the strong and weak forces. SM theory is based on the local gauge group:

SU(3)× SU(2)× U(1) (1.2)

These represent 3, 2, and 1 dimensional matrices, respectively, that describe the

different interactions. SU(3) represents color symmetry in strong interactions, and SU(2)

× U(1) is for weak isospin-hypercharge symmetry in weak interactions.

In the SM, each flavor of quark has the ability to come in one of three colors: red,

blue, or green. And within the SM, the interaction of charged particles is described using

quantum electrodynamics, and quantum chromodynamics describes the interactions of

colored particles. For each SU(n) matrix the number of gauge bosons associated with

it is n2 − 1 and U(1) has one gauge boson. So for the SM there are 12 gauge bosons:

eight gluons, W+, W−, Z0, and the photon.[9] Particles made of matter in the SM are

called fermions, which are further split into leptons and quarks.When represented in

the SM, neutrinos are a neutral and massless particle, however, due to the discovery of

neutrino flavor oscillations they must have mass.The final connecting piece in the SM,

is the Higgs Boson. This particle integrates the Higgs mechanism which is responsible

for the spontaneous creation of particle mass.
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Particles Interacting Forces
Quarks u c t Strong, EM, Weak

d s b

Leptons e− µ− τ− EM, Weak
νe νµ ντ Weak

Table 1.1: Elementary particles and their interacting forces

Figure 1.3: SM layout showing the grouping of particles [1]

1.3 Neutrino Oscillations and their Mass

As previously mentioned, neutrino oscillations were first theorized by Pontecorvo. The

idea was that neutrinos that were created with a specific lepton flavor: electron, muon,

or tau, could be measured later to have a different flavor. To understand the origin

of neutrino mass from flavor oscillations, first consider that the flavors themselves are

manifestations of flavor eigenstates, νl, where l corresponds to the flavor of the associated

charged lepton. Now, assume neutrinos also have mass eigenstates, νm, different from

the flavor eigenstates, and that the flavor states are generated through the coherent

superposition of the mass states:[10]
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νl =
3∑

m=1

Ulmνm, l = e, µ, τ (1.3)

Here Ulm is the Maki-Nakagawa-Sakata matrix, which includes mixing angles,

charge-parity contributions, and Majorana phases. The complexities of this mixing

matrix, while interesting, do not need to be discussed in detail for this thesis.



Chapter 2

Neutrino Scattering Theory

2.1 Background

Despite being proposed over a century ago, neutrino detection proved to be particularly

difficult due to their light mass and chargeless nature. In order to fully understand

the particle, and the way it interacts with matter, its intrinsic and extrinsic properties

must be found and studied. In the future, neutrino experiments such as DUNE (Deep

Underground Neutrino Experiment) and Hyper-Kamiokande aim to more precisely mea-

sure quantities such as the neutrino mass oscillations. But in order to design effective

detector instrumentation and accurately interpret the results, more information needs

to be known about neutrino-nucleon interactions. As briefly discussed in the Intro-

duction there are numerous variations of neutrino-nucleus scattering setups. And for

many already running experiments, the ultimate goal is to characterize and measure

the differential and integrated scattering cross-sections (DCS and ICS) of the different

reactions. For example, the COHERENT collaboration aims to detect coherent elastic

neutrino-nucleus scattering (CEvNS) which only exists in the low energy part of the

spectrum.

Independent of the type of interaction, when neutrinos interact with nuclei they

transfer energy and momentum. For CC interactions, a W± boson is exchanged while a

8



Electro-weak interactions 9

charged lepton is produced. However, in NC interaction, when a Z0 boson is exchanged,

the neutrino is present in both the initial and final state. In order to establish a complete

understanding of neutrino-nucleus interactions, both NC and CC processes should be

studied.

Of the two, NC interactions are particularly difficult to characterize since the

predicted cross-section is smaller than that of CC interactions, and the only detectable

products of a NC process are either the target recoil energy or the reaction products.

Whereas the charged lepton produced in CC interactions is much easier to detect. This

paper aims to characterize the background and cross-section for NC neutrino-nucleus

interactions at specifically the mid energy part of the spectrum, 100 MeV to 10 GeV.

This range was chosen since few analyses have been done focusing specifically on this

energy domain. Figure 2.1 shows neutrino cross-section with respect to incident neutrino

energy. As shown, MINERνA has collected data in about the 1-50 GeV range which

contains mostly resonant and deep-inelastic scattering but at the lower end also contains

a small portion of the quasi-elastic interactions.

Figure 2.1: Scattering Cross-section of Interactions at various energies[2]
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2.2 CC and NC Scattering Introduction

When exploring the two types of neutrino interactions, first principles of particle and

scattering physics should be defined. While the analysis of this paper focuses solely on

characterizing the NC elastic scattering of neutrinos, it is still worthwhile to breakdown

both processes for a more complete view. In the below figures are the Feynman dia-

grams that govern inverse muon decay and the β-decay process, both examples of CC

interactions.

Figure 2.2: CC Feynman Diagram for Inverse Muon Decay[2]

The NC scattering processes are another example of how neutrinos interact with

matter.

Figure 2.3: NC Scattering Feynman diagram

In order to characterize the incident and final state particles, the 4-momentum

must be known. 4-Momentum is a matrix that describes the x, y, and z components of

a particle’s momentum and its relativistic energy. This momentum is the generalization

of the classical three-dimensional momentum: p̄ =

[
px, py, pz

]
into four-dimensional



Electro-weak interactions 11

spacetime. The new momentum vector becomes

p =

[
p0, p1, p2, p3

]
(2.1)

where p0 ≡ E/C2, p1 ≡ px, p
2 ≡ py, and p3 ≡ pz. So the particles can be defined as:

pν = (Eν , p̄ν)

kµ = (Eµ, k̄µ)

pe = (me, 0)

ke = (Ee, k̄e)

where p represents the momentum of the incoming particles and k is the outgoing

momenta.

A full Feynman Dynamics derivation of the process, from the very basics to the

full description, can be found in Appendix A: Fundamentals of Feynman Diagram Cal-

culations through Appendix C: Differential cross-section for elastic NC neutrino-proton

scattering.

When data is collected in the MINERνA experiment, all 4-momentum vector quan-

tities are established with respect to the detector defined axis but later, axis transforma-

tions must be performed to find the vectors with respect to the beam coordinates. As

usual, the energy in the vector corresponds to the total particle energy: Ei
2 = Ti

2+mic
2.

However, these quantities are Lorenz variant, so when calculated in the cross-section

later a Lorenz invariant momentum must be defined: Q2 = −q2 = (pν − kµ)
2, this is the

4-momentum transfer.

In order to obtain elastic scattering, we focus on the mid-energy range (0.1 - 20

GeV). This energy range supports the study of elastic, quasi-elastic, resonance produc-

tion, and deep inelastic scattering.[11] For NC elastic scattering there are four possible

methods in which a neutrino can interact with a nucleon:
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νp → νp ν̄p → ν̄p
νn → νn ν̄n → ν̄n

and to find the differential cross-section, use the below formula:

dσ

dQ2
=

GF
2M2|Vud|2

8πEν
2 [A+

s− u

M2
B +

(s− u)2

M4
C]

s− u = 4MEν −Q2 −m2

(2.2)

A =
m2 +Q2

M2
[(1 + η)FA

2 − (1− η)F1
2 + η(1− η)F2

2 + 4ηF1F2

− m2

4M2
((F1 + F2)

2 + (FA + 2FP )
2 −

(
Q2

M2
+ 4

)
F 2
P )]

B =
Q2

M2
FA(F1 + F2)

C =
1

4
(FA

2 + F1
2 + ηF2

2)

where η = Q2/4M2 and,

F1(Q
2) =

(
1

2
− sin2 θW

)[
τ3(1 + η(1 + µp − µn))

(1 + η)(1 +Q2/M2
V )

2

]
− sin2 θW

[
(1 + η(1 + µp − µn)

(1 + η)(1 +Q2/M2
V )

2

]
− FS

1 (Q
2)

2

F2(Q
2) =

(
1

2
− sin2 θW

)[
τ3(µp − µn)

(1 + η)(1 +Q2/M2
V )

2

]
− sin2 θW

[
µp + µn

(1 + η)(1 +Q2/M2
V )

2

]
− FS

2 (Q
2)

2

FA(Q
2) =

gAτ3

2
(
1 +Q2/M2

A

)2 −
FS
A(Q

2)

2

Here τ3 can take the value of +1 for proton scattering and -1 for neutrons. The

strange axial form factor is determined by:

FS
A(Q

2) =
∆s

(1 +Q2/M2
A)

2

and ∆s and MA (the axial mass) have been found experimentally to be, respec-

tively, -0.15±0.09 and 1.06±0.05 (BNL E734) and 0.08±0.26 and 1.36±0.11 (MiniBoonE).[2]
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From Berestetskii et al.[12], a textbook on relativistic quantum theory, the most

basic form of the differential cross-section of neutrino-lepton scattering takes the form

of:

dσ

dq2
=

1

16π

|M |2

(s− (M +mν)2)(s− (M −mν)2)
(2.3)

where ℏ = c = 1. And the Jacobian used to transform from energy to angle based

cross section is:

dq2

dcosθµ
= 2|pν ||kµ| (2.4)

Within Equation 2.2, the variables s, u, and t are referred to as the Mandelstam

Variables. To work through the definitions of these variable, start by simplifying the

idea of a scattering interaction. Broken down into the most basic representation, in this

case, the interaction of neutrinos with protons is just the elastic collision of two objects

with each other. Since this type of interaction is so common in physical phenomena that

the Mandelstam variables were developed as a shorthand to express all the necessary

kinematics of the collision. Letters s, u, and t are defined as:

s = (p1 + p2)
2c2 = (p3 + p4)

2c2

u = (p1 − p4)
2c2 = (p3 − p2)

2c2

t = (p1 − p3)
2c2 = (p4 − p2)

2c2

(2.5)

Again, these are the four-momenta of each particle in the system. The Feynman

Diagrams that will represent this process can then be categorized into s-channel, u-

channel, and t-channel interactions. The variables are useful because they are inherently

Lorenz invariant, and can easily describe any two-body collision.[7]

Any two-body interaction can be visualized using the primitive schematic below:
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Here, particles 1 and 2 undergo some sort of interaction and out come particles

3 and 4. Further classifying the process types can be done by illustrating the three

possible ways that particles 1 and 2 can interact.

Thus allowing the cross-section expression to be written more succinctly and in a

way that is Lorenz invariant. In the case of this thesis, the interaction studied falls into

the t-channel category.

2.3 Electro-Weak Interactions

The electroweak force is the combination of two of the fundamental forces: electromag-

netism and weak interactions. Theory suggests that above a certain energy threshold

(∼246 GeV) the two forces act as one. In the 1960s, Glashow, Weinberg, and Salam pro-

vided groundbreaking insight to the unification of the two forces and its application to

elementary particle interactions. The Glashow-Weinberg-Salam (GWS) theory explains

the broken SU(2)×U(1) symmetry that predicts the massive W and Z bosons. Similar

to standard weak interactions, in the GWS model there are both charged and neutral

electro-weak interactions.

In this thesis, the scattering of neutrinos on protons is investigated. However, in

order to characterize the formula for the scattering cross-section, differential or other-

wise, the interaction must be broken down further. This process is simply the scattering

of a lepton (the neutrino) off of a collection of quarks (the proton).

The formalism of both weak and electro-weak interactions rest upon the idea of

symmetry. Similarly to the strong force, the weak force is short-range acting with the
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range being around 10−15 cm. But differing from the strong force, weak interactions

are caused by symmetry spontaneous breaking, which gives rise to the massive W and

Z bosons.

To understand how this symmetry can be broken, it is necessary to understand

the difference between global symmetry versus local gauge symmetry. Gauge symmetry,

or gauge invariance, refers to when the measurable or observable quantities of a field

remain constant under a configuration change. Local symmetry A global symmetry is

simply a local symmetry that is fixed at all points of spacetime

is what allows photons and gluons to be massless, so the only explanation for

the massive mediator particles is local gauge symmetry being spontaneously broken.

The Goldstone theorem states that a Goldstone boson, with no mass and zero spin, is

assigned to every broken global symmetry group. For the global U(1) group, the ground

state is not invariant under an infinitesimal transformation so there is broken symmetry.

Again in the U(1) case, if switched from global to local symmetry the assigned Goldstone

boson gains mass through its interaction with the gauge field.[13]

In the GWS theory, the weak interaction is mediated by the W± gauge bosons that

are massless. Similarly, the lagranian contains elements for massless electrons, muons,

and neutrinos. These particles are invariant in the local symmetry group and obey

gauge symmetry. Next, the Higgs field (a scalar field) is introduced which results in

spontaneous symmetry breaking. This allows electrons, muons, taus, and gauge bosons

to have mass, however not photons or neutrinos. Within this process, the Z boson and

the photon are generated by different combinations of the same two gauge fields: one

results in the massless photon, the other combination allows the Z boson to have mass.

The masses of the W and Z bosons can be determined using experimentally well-

known values: the Fermi coupling constant (GF ), the weak mixing angle (θw), and the

fine structure constant (α):

mW = (
απ

GF

√
2
)1/2

1

sin(θw)
mZ = (

απ

GF

√
2
)1/2

2

sin(2θw)
(2.6)
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where GF = 1.66×10−5 GeV−2 , sin2θw = 0.235 ± 0.005, and α = 1/137.04.

This explanation of how the weak force intermediary particles gain their mass is

necessary for constructing the final expression for the scattering cross-section.



Chapter 3

MINERvA Detector and

Experiment

The Main Injector Experiment to study ν-A interactions (MINERνA) is housed at Fermi

National Accelerator Laboratory (Fermi Lab) and is the first high-intensity beam to

study neutrino interactions with five different materials: water, helium, carbon, iron,

and lead. MINERνA’s location and unique detector design makes it significantly differ-

ent than other neutrino beam experiments, and its main goal is to study neutrino flavor

oscillations. The goal of understanding how neutrinos morph over time helps to give in-

sight into the conditions of the early universe. In addition, furthering our understanding

of neutrinos could prove helpful in studying dark matter and energy, and the questions

surrounding why there is more anti-matter than matter in the universe.[14]

3.1 Experimental Design

The high-intensity neutrino beam is generated at the main injector beamline (NuMI).

The neutrinos are created by bombarding a carbon target with protons; the target is

located in a focusing horn that directs the shattered carbon particles into a magnetic

field. As the charged particles, mostly made up of pions, travel along the decay pipe they

17
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decay into muons and muon-neutrinos, if positively charged, and anti-muons and muon-

antineutrinos, if negatively charged. There is then over 200 meters of rock and particle

absorbers that block anything from passing through except for neutrinos. Finally the

neutrinos enter a space called the ”detector hall”; this contains the experiments MINOS

(Main Injector Oscillation Search), NOνA, and MINERνA.

Since neutrinos are neutral particles, their interactions with matter cannot be seen

directly in the same way that charged particle interactions can. However, the charged

particles emitted from these scattering events are able to be ”seen” by common detector

instrumentation. Below shows a detail schematic of the MINERνA detector breakdown:

Figure 3.1: MINERνA Detector Setup[3]

From left to right: a steel shield; a scintillator veto wall which is used to capture

any large hadrons created by a neutrino interaction with the preceding rock and not

making it to the main detector region, and also tags any muons coming through as

”rock muons;” a cryostat of liquid helium as one of the nuclear target materials; then

comes the main body of the detector, which will be explained in more detail in a later

section; and continuing down the beamline is the MINOS near detector.[15]



Neutrino Scattering Theory 19

3.2 NuMI Beamline

This beamline produces muon neutrinos and antineutrinos from a 120 GeV proton source

bombarding a graphene target to produce pions. These particles enter the target hall

where focusing horns are used to funnel them into a beam. The focusing horn can be

in one of two orientations: the forward horn current (FHC) or the reverse horn current

(RHC). Depending on the type of current in the horn, the beam will consist of mainly

neutrinos if in FHC and antineutrinos if in RHC.[16] These pions are allowed to decay

into neutrinos within the decay pipe, thus forming a beam of purely neutrinos.[?]

3.3 Main Detector Body

As previously mentioned, the first nuclear target encountered is a cryostat of liquid

helium. This is followed by a region of water and then thin sheets of carbon, lead, and

iron. The detector is segmented along the main axis into hexagonal sheets. Each sheet

contains an inner detector (ID) with the active tracker region made of scintillators, a

side electromagnetic and hadronic calorimeter, and an outer detector (OD) made up of

scintillators embedded in steel; see Figure 3.2. These sheets are sandwiched together to

form the full detector.

The active tracker region performs the pivotal job of measuring energy loss per

unit length and the reconstruction of the neutrino interaction vertex. The layers of

hadronic and electromagnetic calorimeters serve to contain any hadrons produced in the

active tracking region.

From Figure 3.3, the positive y axis is defined straight upward and the positive

x-axis is to the left. The z-axis runs along the main detector axis with z=1200m defined

to be the front of the MINOS near detector, and the x-y plane origin is at the center of

the inner detector. The incoming neutrino beam angle makes a 3.34◦ angle with the y-z

plane which will be important in the later data analysis. Figure 3.2 also shows a side

view of the detector, clearly showing the full assembly of all the sheets.
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Figure 3.2: Main Body

Figure 3.3: Detector Cross Section

3.4 Data Collection and Simulation

Over the course of its lifetime, the MINERνA experiment collected 4 x 1020 protons

on target in the low energy range and 12 x 1020 in the mid energy range. The active
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tracking region is used to reconstruct neutrino interaction tracks through the detection of

the large charged hadrons: since neutrinos themselves are neutral and cannot be seen by

the detector. The experiment uses a code algorithm called GENIE to model the neutrino

interactions and final-state particle interactions are modeled by a GEANT4 simulation.

GENIE is a motion control device ”designed to capture time-lapse photography and real-

time video.” Whereas GEANT4 ”simulate[s] the passage of particles through matter.”

In this experiment GEANT4 is specifically used to model the electronics, scintillators,

and absorbers of the detector. A much more detailed explanation of the optical setup

and data collection and calibration can be found in L. Aliaga, et al.[14]

Later in this thesis, reconstructed muons are used heavily in the analysis, so it

is important to review the muon reconstruction algorithms used. The muons used,

appear first within MINERνA and continue to travel downstream to be collected in the

MINOS near detector. MINOS uses magnetics to determine the charge and energy of

the incoming muons.

In order to create reconstructed events, numerous parameters must be combined

to satisfy specific criteria. Any reconstructed muon track must have a matching one in

the MINOS detector: this is so its momentum and energy can be determined, and the

vertex needs to be in the active tracker region in the scintillator part of the ID.

3.5 GENIE

GENIE is one of the intermediary steps taken during the data collection process that

specifically focuses on the Monte Carlo generated events that are then utilized in the

Arachne simulation. The main goal of creating the software package GENIE was so it

would become a widely used neutrino event generator that could support interactions

with any nuclear target type and any neutrino flavor. It also has the capability to span

a wide energy spectrum to better encompass any future neutrino detection experiments;

the eventual goal is to be able to support an energy scope of ∼1MeV to ∼1PeV, but as of

right now GENIE only has the capacity to model interactions in the range of ∼100MeV
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to a few hundred GeV. Previous MC simulations tended to be created by and for each

individual neutrino experiment, GENIE was created to be a ”canonical” MC neutrino

event simulator that could be customized to any experiment’s needs and would be able

to evolve with any new findings in neutrino physics.[14]

For NC elastic scattering, GENIE uses the model from Ahrens, et al. [9] where

the axial form factor is:

GA(Q
2) =

1

2

GA(0)

(1 +Q2/M2
A)

2
(1 + η) (3.1)

from this model the default value for η is 0.12.

GENIE is a ROOT-based object orientated software structure, therefore, all in-

formation and data is stored in the ROOT tree framework: generated events are stored

in GHEP event trees which hold all the information about the generated particles, i.e.,

4-momentum transfer, charge, mass, name, position in the detector coordinate system,

etc. And these particles can be in the initial, intermediate, or final state. The event

record contains all the information about a given generated event which is then sum-

marized in the interaction summary. GENIE also has access to ROOT databases to

query information about different particles classes like MC PDG codes, names, decay

channels, etc.

GENIE modeled interactions create objects that combine initial and final state

objects with event kinematics, process type, and any other information associated with

such. This interaction object is used to generate the interaction summary object which

are then tagged together. After the full process of event generation, GENIE has the

capability to be access applications that act as wrappers for the detailed process. There

are many different applications that the user can interact with to be able to simulate

events. [17]
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3.6 GEANT4

Similarly to GENIE, GEANT4 is a C++ script based software system. However, unlike

GENIE it was not specially designed for neutrino physics work and has applications in

other sectors of HEP, nuclear, space, medical, and accelerator physics.[18] GEANT4 is

designed to be both a stand alone event simulator and a software that can be integrated

into other frameworks to accomplish simulation desires. This toolkit is comprised of an

event generator that houses all necessary kinematics, detector simulation, reconstruction,

and analysis. It also has the capabilities to support add-ons to the software to expand

its applications. Its main goals are to completely model the particle interactions with

nuclear targets and simulate the working detector; to do this it records the detector

geometry and materials; it simulates particle interactions with matter and implements

pathway tracking; and, it also contains a visualization framework that is built into the

easily navigable user interface.

Each of the categories shown in the diagram in Figure 3.4, work together to form

the complete GEANT system. Global contains the system of units, physical constants,

and the numerics; intercoms is the method that allows the visual user interface to connect

with the actual GEANT4 software; the other modules Material, Particle, and Geome-

try contain the geometry of the particle interactions and a detailed description of the

detector. These are all built into the module Track which is used in conjunction with

Processes and Digits+Hits to form the whole Tracking category. All of the tracked hits

are digitized and grouped into Events, these events are grouped together into different

runs based on beam and detector implementation.

All of the processes needed to create tracks of interactions rely on the information

stored in the Particles andMaterials modules. Particles uses the class G4ParticleDefinition

to contain information about particle charge, mass, spin, parity, etc. Within this class

there are subsections that classify the particles into leptons, mesons, bosons, baryons,

etc. This allows for the implementation of the particle classes within GEANT4. Mate-

rials is used to describe the physical properties of compounds, isotopes, single elements,



Neutrino Scattering Theory 24

Figure 3.4: GEANT4 top-down set up

and contains their radiation, energy loss, interaction length, etc. Materials also can

describe surface properties of different components.
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The main tracking process is done using a method called Smart Voxels. The

space is divided into smaller cubic voxels, but unlike the traditional grid structure of

ray-tracing voxel methods, the smart voxels used in GEANT4 are divided based on

an optimized axis and the subdivided volumes with similar sizes are grouped together

to improve memory and performance. These volume boundaries are used in conjunc-

tion with calculated trajectories to determine particle propagation. The propagation is

done in time-steps using a fourth order Runge-Kutta method, however, this order RK

integration works best with fields that are uniform or vary smoothly.

3.7 GAUDI

Just like in any other high energy particle experiment, MINERνA produces millions of

raw data points that need to be processed, reconstructed, and analyzed. GAUDI was

originally developed for the LHCb experiment to be used as the architecture connecting

the event simulation software, high level triggers, and the event visualization software.

The goal of GAUDI was to provide an object-oriented framework for subsequent soft-

ware releases that would be adaptable to new requirements and uses. The adaptability

aspect was most important so that it could be expanded to fit needs as they arose,

without creating completely new software frameworks for each task, which could lead to

duplication and fragmentation of computational effort.[19]

An important aspect of GAUDI is the distinction between data objects and algo-

rithm objects. GAUDI also chooses to separate persistent and transient data.

To form the detector description in the framework, GAUDI accesses the detector

description from the GEANT4 simulation toolkit. The detector data is stored in the

Transient Detector store, which is accessed by the Algorithms object. The transient store

also contains the logical detector structure, its geometrical elements, and the materials

that make up the detector. However, if needed, other aspects can be added. The unique

quality of the GAUDI Algorithms framework is that the connections between objects

in the different categories are only created if and when they are directly being used:
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otherwise they do not exist in the memory. This helps with speed of data access and

data storage management.[20]

3.8 Arachne

For the visualization of particle tracks and events, the MINERνA collaboration created

a web-based tool named Arachne. After the raw data is collected by the detector and

put through the GAUDI reconstruction framework, the information is stored in ROOT

files in the form of NTuples. When a user wants to view an event, the request accesses

the Arachne server and returns the relevant data to the JavaScript user interface for the

hit to be displayed. The display features a two-dimensional schematic of the scintillator

strips that connect to the PMT’s; this shows the individual hits, and some reconstructed

tracks from the desired event. There is also the option to display histograms of specified

variables, alongside the visual representation of the event. There is also an option for

a three-dimensional view of the event, that is implemented using a custom JavaScript

library.[21] This visualization software is explained further in the next chapter.
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Arachne Event Display

4.1 Setup

As previously mentioned, Arachne is the primary user interface utilized by MINERνA

to view the collected data hits. Each event is stored in the MINERνA database which

is used as the input for the display. The graphic includes various modules containing an

array of information associated with each event, as well as its Monte Carlo simulated

version. Each event is divided into cuts, entries, and slices which can be scrolled through

to view each data point. The modules include a time histogram showing the frequency

of hits as they enter the detector, PH histogram for displaying the energy spectrum, and

the slice info module with a numerical description of each slice.[22]

The most useful part of the visualization is done in the hit maps, big hit map,

and 3D display modules. In these, the user is able to see all of the PMT hits within

the detector as a function of 2D and 3D space. They also are segmented into the major

sections of the detector, so it is easy to understand where the interaction initially takes

place, and the effected components. The Monte Carlo module contains the information

for the simulation of the event, which can be toggled on and off in the hit maps, to see

how closely the actual data matches the simulation.

27
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4.2 Event Characterization

Take for example a DST file from the first subrun; in this case looking at the first entry

of the first cut:

Figure 4.1: Any stored DST file can be viewed by inputting its path into the Filename
search bar

This arachne provides complete slice information breakdown and an energy his-

togram:

Figure 4.2: The slice info module contains information about the chosen DST file, i.e,
total slices, length of time, total photo-electrons detected, and all visible energy. The
hit energy histogram provides a visual of the number of hits associated with different

energy deposits.
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Figure 4.3: This entry of the DST files contains four tracked particles that are po-
tentially protons
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The Monte Carlo truth information can be viewed in the MC module or the MC

Digraph:

Figure 4.4: The MC module provides information about the truth variables of the
simulation. This includes incident neutrino energy, final state energies, vertex location,

etc. The diagraph shows the scattering progression of the simulated particles

This specific file contains one tracked proton in Slice 1. To investigate this further,

Arachne allows the user to scroll through the time slices as well as toggling on and off

the MC truths.

Having the MC truth toggled on, it is easier to get a clearer understanding of what

the scintillator hits mean, and where ”invisible” particles are going.
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Figure 4.5: Both hitmaps show the same slice. Top diagram has MC on, here a 198
MeV neutron can be “seen” scattering downwards and depositing energy. The bottom
diagram has the MC tracking off, here the reconstructed track of a 187MeV proton is

clearly displayed

The Monte Carlo Digraph is useful for interpreting the untracked evolution of

the interaction. Neutrinos and neutrons are neutral and therefore cannot be tracked

inside the detector but the energy they deposit can be seen as PMT hits. Coupling the

diagraph with the MC overlay, it can be seen that the neutron heads towards the outer

detector and deposits a small amount of energy in the active tracker region before being

stopped in the OD. The tracking information can be viewed by clicking on either the

track itself, or the red or green dot. Doing so brings up a comment box that contains

values associated with the tracked event as well as estimates depending on if it is a

tracked proton or a tracked muon.
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Figure 4.6: selecting a track shows information about the track reconstruction: visible
energy (total energy of the hits associated with the track), direction w.r.t the beamline
axis, initial vertex position in detector reference frame, χ2/dof gives the reconstruction
accuracy, time length of the track, particle information if the track represents a muon,

particle information if it is a proton

Within the schematic, each PMT hit is represented by a small triangle meant to

mimic the scintillator slices in the actual detector. Each triangle is assigned a color

depending on the energy deposited; this ranges from white (no energy deposition) to

dark purple (high energy deposition), so the darker the color the higher the energy

signature. The simulated event displayed in the previous images shows the scattering

of a neutrino off a Pb nucleus. This knocks out a proton and a neutron that then

continue to interact with surrounding parts of the active tracker region. In the case of

the 178 MeV proton, it contains enough energy that a well-defined track was able to be

created. It can be seen depositing large amounts of energy over a short region before

loosing all momentum. In the case of the 198 MeV neutron, it appears invisible within

the detector (not tracked) however its particular hit signature is easily recognizable: no

hits or tracked particle then a seemingly sudden large deposition of energy. This large

energy deposition can be seen in the bottom outer detector region of the UZ hit map.

In order to estimate a neutron background for our data, we must go through these

simulated DST files to pick out events that contain nicely tracked protons that were

mostly likely hit by neutrons instead of neutrinos.
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Methods

The data supplied from the MinerνA collaboration is housed in ROOT files were infor-

mation about interactions and hits are compiled into NTuples and stored as trees. This

process is done using the formerly described GAUDI, GENIE, and GEANT4 softwares.

All of the data collection had been done previously and stored for later use, so the pro-

cess of obtaining and formatting the data was not part of this analysis. After externally

reformatting these into workable text files that could be read by Python libraries, the

data was in a usable configuration for what we wanted to investigate.

We began looking at the MC simulated rock muons since the most information

about them was known. Muons are also easily tracked and viewed using the MINOS

detector as well as their hits being visible in the MINERνA setup. This allow for

easier verification that the developed algorithm was giving us correct information. (An

explanation of the Python script analysis process will be described in further detail in a

later section).

We next examined MC events in the downstream ECAL, and those simulated

in the outer detector region. The hope with these files was that the simulated events

could begin to give us a profile of the background level of neutron scattering events

within out sample so we could later estimate a similar background in the actual data

sample. Following this, we characterized MINERνA vertex events to look at interactions
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specifically in the active tracker region. The simulated data samples we had available

contained sets in both the FHC and RHC orientation.

These data sets were largely formatted in the same way: individual rows contained

information about one ”hit”, where a hit is an energy deposit to a scintillator by a

particle (these are shown well in the Arachne chapter as different colored triangles in

the 2D detector schematic where colors correspond to the energy deposited). Each hit

contained information about the particle’s PDG (based on the MC numbering scheme),

vertex position (x, y, z), momentum vector (x, y, z), energy. And some, but not all, also

contained information about the run number, event number, and time. When obtained

from MINERνA databases, these sets were formatted as ROOT files. ROOT being

a C++ based software is incompatible with the Python script created to process the

events. Reformatting them into .txt files allow me to use PANDAS dataframes to more

quickly extract specific variables to confirm the profile of the dataset, and eventually to

produce visualization of varying relationships of the even hits.

5.1 Dataset Characterization

5.1.1 Script Validity Testing

The first step in any data analysis, or when working with any dataset, is to confirm that

the data being used is properly structured and that it, to a reasonable degree, contains

accurate information. By converting the text file into a PANDAS DataFrame, we were

able to investigate the dataset profile from a data science perspective to fully understand

the information available to me and what I could learn from it.

The dataset was structured in a way that each line represented a ”hit” and each

hit was a characterization of a detected particle. Each line in the data file contain in-

formation about that hit’s run number, event number, line number, index number, ipdg

(Monte Carlo particle numbering scheme), 3-momentum, total energy, spacial coordi-

nate, and time. The first hurdle, came in actually loading the text file into the Python
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workspace. This problem originated from the fact that many of the data lines in the file

had missing information and needed to be filtered out since they were unusable.

After removing the hits with missing information, I began investigating incoming

beam based on FHC and RHC data.

Particles PDG Scheme

proton 2212
neutron 2112

e− 11
νe 12
µ− 13
νµ 14
τ− 15
ντ 16

Table 5.1: MC pdg numbering scheme.

5.1.2 Data Filtering

After characterizing the data and determining that the PANDAS was the best python

package to use, I began work on calculating the neutron background.

As stated in Chapter 4, the detector consists of an inner detector and outer detector

which is preceded by rock. As the beamline passed through that rock, it has the potential

to interact with the rock and produce muons. Similarly, there is the potential for muons

produced in outer detector events to enter the inner detector and create hits. This

causes an issue since all neutral particles assigned to an event are labeled ”neutron”

however many will be neutrinos. The goal is to estimate how many of the events are

actually neutrons, no neutrinos, and create a background that can be subtracted from

the total dataset. In theory, leaving behind only neutrino events. This could be done

using simulated events, before applying it to the real dataset.

When attempting to calculate the neutron background, I found events that seemed

to contain upwards of twenty muons produced in a single interaction, which is statisti-

cally unfavorable. After reviewing the data, I realized that during the data collection

process separate runs re-used event numbers thus making it a non-unique value. It was
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necessary in having completely unique ways to group the data into separate events.

By altering the event number using run number and line number, I was able to create

completely unique identifiers for each actual event.

The first objective was to analyze the distribution of muon count vs neutron count

in each event. This is an important step in distinguishing between neutron and neutrino

events since more ”chaotic” scatterings favor a neutron hit over a neutrino one. The

first set of neutron data came from the rock simulation, as the beam passed through

the 250m of rock, and as externally generated particles interact with the inner detector,

there will be an influx of muons not generated by neutrino interactions. Looking at the

distribution of neutrons produced at the same time as muons gives us an idea of the

total neutron distribution. However, some of these could possibly be neutrinos.

After making all the event numbers properly unique, I still found that there were

events containing two and even three muons. However, those were so few in frequency,

and therefore statistically unlikely, I felt confident discarding those and focusing only on

the events containing zero or one muon.

Figure 5.1: Distribution of neutrons vs muons from rock simulation

After cutting down to look at only events with zero or one muon I was still left

with over ninety-nine percent of our original data points.
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Figure 5.2: Rock generated events with only zero or one muon

5.1.3 Energy Distribution

For my specific approach to finding the differential cross-section of neutral current scat-

tering is dependent on the relationship between scattering angle and incident energy. In

order to achieve this, further data manipulation to get the correct distribution. First,

the energy information in the hits contains the total energy of the final state particles.

I wanted the distribution with respect to kinetic energy (T) instead of total energy. To

find this I used the below formula:

Etotal = mc2 + T (5.1)

Here, the rest mass energy (RME) (mc2) is completely dependent on the type of

particle. So subtracting the RME from the total energy will result in the kinetic energy

of the particle. Similarly, the incident angle can be found from the particle momentum.

The momentum and coordinate information given in the data set is respect to the x-y-z

coordinates defined in the earlier sections. However, I want the angle with respect to

the beamline, so a coordinate transfer is necessary. Below is a schematic that visually

represents the axis transformation from the laboratory frame (unprimed) to the beamline

frame (primed).

This can be achieved using the standard coordinate transformation tensors:
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Figure 5.3: Axis Transformation Visual

Rx(θ) =


1 0 0

0 cos(θ) −sin(θ)

0 sin(θ) cos(θ)

 (5.2)

Ry(θ) =


cos(θ) 0 sin(θ)

0 1 0

−sin(θ) 0 cos(θ)

 (5.3)

Rz(θ) =


cos(θ) −sin(θ) 0

sin(θ) cos(θ) 0

0 0 1

 (5.4)

5.2 Selecting Eligible Events

The goal is to computationally select events that fit the profile of neutrino-proton scat-

tering and ones that are mostly likely neutron-proton scattering. If the datasets were

smaller, this would be done by hand through simply looking at each event and determin-

ing possibly usable ones. However, the full collection of data contains tens of millions of

events and is unmanageable to do by hand. In order to automate the process, we need
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to establish characteristics that separate interesting events from ones we do not need.

Some parameters of interest include:

- n tracks: number of tracks per event - trk time slice: recorded time slice for reco track
- n rawhits: number of raw hits per event - trk vis energy : visible energy of reco track
- n slices: number of slices per event - trk theta: angle of track w.r.t beamline
- n idhits: number of inner detector hits - trk chi2perDof : goodness of reco track fit
- n odhits: number of outer detector hits - trk phi : xy distribution of hits
- hit time slice: recorded time slice - trk nodes: distinguishes shorter vs longer tracks

The first level of distinction comes from data files containing cuts with one defined

track contained within the active tracker region. Looking for files with n tracks = 1 will

quickly filter out data that is not useful. Next, we have to differentiate between protons

that were scattered by neutrons versus neutrinos. This can be done by looking at the

frequency of inner and outer detector hits: outer detector hits indicate that it was

probably not a clean neutrino interaction in the inner detector. In addition to this,

shorter nicely modelled tracks are more likely neutrino scattering events.
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Results and Discussion

We obtained a distribution of scattering angle versus incident energy that was consistent

with what was physically expected. Within scattering experiments, scattering angle is

proportional to the inverse cotangent of kinetic energy: when graphed this creates the

exponential decay-like diagram that is shown below. It was also a consistent distribution

across the board: the higher the energy the smaller the scattering angle.

Figure 6.1: Dataset validity started by confirming that the scattering angle-kinetic
energy relationship for the particles followed θ ∝ cot−1(T )

The overall goal when characterizing scattering interactions is to find the total

cross-section of the process. Broken down, scattering cross-sections give the probability

that the specific scattering interaction will take place based on a certain variable: in

40
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particle physics this probability is often with respect to scattering angle or incident

particle energy.

The full expression for experimentally finding the total neutrino-proton scattering

cross-section is shown below:

σi = β

∑
j Uij

(
NDATA

j −NBKGD
j

)
ϵiϕiT

(6.1)

σ represents the cross-section based on the summation of data from reconstructed

(j ) events: where β is the material correction factor, Uij is the unfolding matrix, ϵi is

the efficiency, ϕi is the flux per bin, T is the number of nuclei, and the two N are the

number of data events versus the number of predicted background events. The criteria

for selecting data and background events using certain ROOT tree parameters is detailed

in section 5.2.

Within the constraints of this research project, the goal was to identify parameters

for selecting eligible NC elastic neutrino-proton events from the raw data file. This

would eventually allow for the calculation of NDATA
j and NBKGD

j . This was done by

characterizing the datasets for the MC simulated events: rock muons, DSE, etc, to create

a python script that would first verify properly formatted data, sift out any data lines

that did not contain adequate information, plot angle vs energy distribution to confirm

basic physics of the interaction, and finally, identify if the scattering process was done

by a neutrino or a neutron.Using MC events to do this was crucial since the truth tables

of the interactions were already known: we would know when the incident particle was a

neutrino, neutron, or even some other elementary particle. Once we were able to access

the raw data from the MINERνA collaboration we already had algorithms created to

properly format and process that large datasets.

We ultimately ran into roadblocks that prevented the actual selection of events

within the time frame of the thesis. However, with the algorithm created, a future

individual would be set up for success in moving forward with the raw data. Additionally,
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in the future, to calculate the full cross-section the unfolding matrix and the efficiency

would need to be estimated. The flux is a quantity calculated independently through

MINERνA instrumentation and is readily available to the researcher. The time available

for this thesis and with the available computing power made it unreasonable to attempt

estimating these other cross-section parameters.

Now, it is useful to document in detail the challenges faced during the research and

how they were addressed; in case it may be helpful for any individual who is interested

in picking up with project in the future.

Accessing MINERνA files and database:

All data files are housed in Fermi Labs protected databases, so without official

access they are unobtainable. Remote access to files and MAT download can be done by

another individual in the collaboration with proper authorization. The same thing can

be done for Arachne access. Extracting the data was done completely by my advisor

before being uploaded into a shared Google Drive for easy access.

MAT and ROOT installation:

Most of the collaboration uses a framework called MAT to access, view, analysis,

and eventually plot the data. Depending on the computer type and operating system in-

stalling this may not be possible. The collaboration has step-by-step instructions on the

installation of both MAT and ROOT. However, on my Windows 11 HP laptop ROOT

was functional and MAT was not. This prompted using Google Colab for file manipula-

tion and plotting instead of using the C++ algorithms in MAT. It was still possible to

view histograms of the .root data files but not analyze them in the desired fashion. This

may not be an issue for a future individual that has access to the installation directly

from the collaboration but still something to look out for.

Files with Non-unique Run Numbers:

Only MC simulated data files have the potential to have this problem because of

the way they are formatted. Each line of the data represents a particle hit within the
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detector and contains information about the particle PDG, vertex, momentum, energy,

time slice, and event number. Ideally, each event in a single data file would have a

unique number. However, we discovered that data collected at different run times would

reuse event numbers so particles would be grouped together into one event that actually

happen at two separate times. To alleviate this issue, a combination of event number

a line number was created to problem group hits in the same event, this way we could

look at energies, momentum, and angles for events separately. As stated, this was not

an issue with all of the data sets so part of the constructed python script checks for this

issue.

Not all MINERνA files “online”:

All MINERνA data is stored on tape and is accessible to be downloaded. However,

for data usage reasons it is not kept “online” at all times and requests for specific data

sets must be made for it to be brought “online”. Since the MINERνA project is nearing

the end of its days (no new data being taken), other active experiments are given priority

for their data. This can bring analysis to a standstill if there is no space online for more

files: a request could sit for weeks or even longer.

Data file size eats up too much RAM:

Using Google Colab was incredibly useful so that my advisor could see my work

in real time. However, only a small amount of RAM is allowed for the free account.

The data sets, even formatted as .txt files, contained multiple GBytes of information so

with normal approaches the Colab server would crash. This problem was addressed by

breaking up data sets into smaller chunks before loading into the server, using PANDAS

dataframes with the file loaded using loadcsv allowing it to load in one line at a time,

and by purchasing more RAM. Of course the last option is if nothing else works to solve

the problem. If the research is funded that cost could easily be covered. I simply footed

the bill because the extra RAM was crucial to completing the work.
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Improperly identified particles in the raw data and possible CC bias:

Our initial approach to separating out neutrino-proton and neutron-proton scat-

tering in the raw data was to pick out events containing slices with one tracked proton.

One nice track in the slice indicated there was mostly likely a decent neutrino interaction

that hit a proton with high energy. We found however that the only data returned using

this condition also contained a muon in the slice that had the same vertex position as the

proton: it was returning only charged current events. It may be that since MINERνA

has been primarily studying CC events, the reconstruction and tracking algorithms that

were developed are biased towards that type of interaction. This led us to investigate

other ways to identify neutrino events. Furthermore we noticed that within events con-

taining both protons and muons, often times the energy per hit associated with the

muons varied wildly. When doing a visible energy per node analysis of two different

particles both identified as muons, one had a low ratio of ∼ 3MeV/node (probably a

rock muon) but the other had ∼ 11MeV/node. The latter is more characteristic of a

proton than a muon so perhaps particles are being incorrectly tracked as well. This

prompted an investigation of the full data set and we found that most muons followed

the 3 MeV/node trend but there was also a significant number of “high-energy” muons

that sat under the proton energy peak, leading use to believe they are actually protons.

This could possibly explain way we were not able to computationally extract the events

we were looking for.

The Figure 6.2 shows a distribution of visible energy per node for the raw data set

lines containing one tracked proton. As can be seen, there are a large number of “high

energy” muons that more closely fit the profile of a 5MeV proton, meaning they may

have been mislabelled within the identification algorithm.
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Figure 6.2: Distribution of particle’s visible energy (MeV) per node for raw data files,
separated by muon or proton identification

Based on the mixing matrix calculated in Appendix C, and the basic formula for

two-body scattering cross section, we obtain a a range of σ ≈ 10−42 cm2 to 10−42 cm2

for incident neutrino energies of 100MeV to 10GeV. This is comparable to the values

found experimentally and recorded in the Particle Data Group.

Finding a total cross-section neutrino-proton elastic scattering in the mid-energy

range would be incredibly beneficial for upcoming neutrino experiments such as DUNE

in establishing calibration data for their detectors. Hopefully, with these insights about

the data and the process other individuals can pick up where the project was left off

with relative ease.

https://pdg.lbl.gov/
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Conclusion

Within the time constraints of this thesis, we were able identify a set of parameters for

finding neutrino-proton scattering events within the data collected by the MINERνA

experiment. Those events were characterized using a Python algorithm detailed in

Appendix D. We selected these parameters with the goal of eventually being able to

numerically characterize events as ones of interest, so that the number of data events

and number of estimated background events could be calculated in the future: one

component in estimating the full cross-section expression for these interactions. Moving

forward, efficiency and the unfolding matrix must be estimated, and the flux pr bin must

be retrieved from the collaboration to find a final estimate of the total cross-section.

In order to accomplish these future goals it would be more beneficial to approach

the process of data analysis using MINERνA’s already developed MAT framework that

is equipped to utilize the files in their raw format and has all the necessary parameters

self-contained. Using Python DataFrames for the neutron background analysis, though

better for visualizing the information, was cumbersome when it came to applying the

outcomes later: the process of converting ROOT files to .txt format to then filter and plot

proved computationally memory intensive in addition to being time consuming. It would

be better to keep the data in its original file format in the future and attempt to perform
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a similar analysis using ROOT plotting tools. Other challenges a future individual may

face , and their solutions, have been detailed in the Results and Discussion chapter.



Appendix A

Fundamentals of Feynman Diagram Calculations

When starting the journey of understanding neutrino interactions with matter, the first

step is to understand Feynman dynamics at its most basic level. Feynman diagrams are

the visual representation of processes that can be as simple as a single elastic collision,

or as complicated as neutrino deep inelastic scattering. In breaking down the scattering

process that applies to this specific thesis, the following Feynman diagrams have the

potential to provide a full description.

To begin the process of finding an expression for the differential cross-section,it is

essential to establish all possible variations of the desired interaction. In this case, the

only two possible orientations for neutral current scattering are shown in Figure A.1.

Figure A.1: Possible Feynman diagrams for ν-p+ scattering

For simple scattering, not yet adding QED or QCD, the next is to find the mixing

matrixM for the simple elastic scattering of the neutrino and proton view the Z boson as

the mediator particle. It is easiest to approach each diagram separately at the beginning.
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Let’s label the left interaction as Diagram A and the right as Diagram B. The basic steps

for calculating the dynamics in a Feynman diagram are to:

1. label all the incoming and outgoing momenta with p̄i, and any internal momenta

with q̄j

2. assign a -ig and (2π)4δ2(k1 + k2 + ...+ ki) to each vertex; when creating the delta

function, ki represents the 4-momentum of all particles at that specific vertex:

given a positive sign if the particle is incoming and negative if outgoing

3. for each internal line assign a i/(q2j −m2
jc

2), where mj is the mass of the internal

particle and qj is its 4-momentum. Also assign each internal line a (2π)−4d4qj

4. integrate over the internal momenta until the final expression is only in terms of

p̄i

5. cross out any remaining delta functions and multiply by i(2π)−4. The remaining

expression is M, the mixing matrix

. In its most basic form the total cross-section takes the form:

σ =
sℏ2

4
√

(p1 · p2)2 − (m1m2c2)2

∫
|M|2(2π)4δ4(p1 + p2 − p3...− pn)

×
n∏

j=3

1

2
√
p̄j2 +m2

jc
2

d3p̄j
(2π)3

(A.1)
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DIAGRAM A:

Step 1: the diagram to the right already has all incom-
ing, outgoing, and internal momenta labelled with unique
indices.

Step 2: there are two vertices, so there will be two -ig
’s. The top vertex vertex is given (2π)4δ4(p̄2 + q̄ − p̄3), the
bottom has (2π)4δ4(p̄1 − p̄4 − q̄)

Step 3: for the one internal line there is i/(q2−m2
Zc

2) and
(2π)−4d4q

Step 4: This gives the integral:

−i(2π)4MA =

∫
(−ig)2[(2π)4]2

i

q2 −m2
Zc

2
δ4(p̄2+q̄−p̄3)δ

4(p̄1−p̄4−q̄)
1

(2π)4
d4q

The goal is to allow the delta functions including internal momentum to go to one. To
do this let:

q = p̄3 − p̄2

The R.H.S of the equation then becomes after integrating over q:

−ig2(2π)4
1

(p̄3 − p̄2)2 −m2
Zc

2
δ4(p̄1 + p̄2 − p̄3 − p̄4)

Step 5: After crossing out δ4(p̄1 + p̄2 − p̄3 − p̄4) and multiplying by i(2π)−4 the final
expression for the mixing matrix of this scattering event is:

MA =
g2

(p̄3 − p̄2)2 −m2
Zc

2



Appendix A 51

DIAGRAM B:

The process for finding MB is identical to finding MA so
following the same steps as for Diagram A.

From Step 2 there is (−ig)2, (2π)8, δ4(p̄1 + p̄2 − q̄), and
δ4(q̄− p̄3− p̄4). Step 3 gives the same results as in Diagram
A since the mediator particle and process are identical.

Step 4 gives the following equation:

−i(2π)4MB =

∫
(−ig)2[(2π)4]2

i

q2 −m2
Zc

2
δ4(p̄1+p̄2−q̄)δ4(q̄−p̄3−p̄4)

1

(2π)4
d4q

The delta function that needs to be set to one is δ4(q̄ − p̄3 − p̄4). That is done by

setting q = p̄3 + p̄4. Integrating over q̄ and multiplying by i(2π)−4 gives:

MB =
g2

(p̄3 + p̄4)2 −m2
Zc

2

The expression for the total mixing matrix of the neutral scattering reaction is the simple

addition of the the mixing matrices for all the possible variation of the interaction.

Mtotal = MA +MB = g2
(

1

(p̄3 − p̄2)2 −m2
Zc

2
+

1

(p̄3 + p̄4)2 −m2
Zc

2

)
(A.2)

As previously stated, this expression for M is only for the scattering of two particles

assuming a simple interaction and not incorporating the intricacies of QED or QCD.

The next steps to finding the differential cross-section is to breaking down Mtotal

into measurable quantities in the lab frame of reference. The goal is to obtain the

cross-section in terms of only these quantities.
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The scattering process from this perspective takes the form:

Figure A.2: ν-p+ scattering in the lab reference frame

Using the formalism from the before calculations:

p1 = pp = (Ep,i, p⃗p,i) = (mpc
2, 0)

p2 = pν,i = (Eν,i, p⃗ν,i) = (
E2

c
, p⃗2)

p3 = pν,f = (Eν,f , p⃗ν,f ) = (
E3

c
, p⃗3)

p4 = pp,f = (Ep,f , p⃗p,f ) = (
E4

c
, p⃗4)

(A.3)

The next goal is to find the 4-momentum components of M in terms of particle

energy, and 3-momenta.

(p3 − p2) =

E3/c

p⃗3

−

E2/c

p⃗2

 =

(
E3 − E2

c
, p⃗3 − p⃗2

)

Let’s call pa = (p3 − p2) and p⃗a = (p⃗3 − p⃗2), using the mathematical and physical

identities:

(pa)
2 =

(
Ea

c

)2

− (p⃗a)
2 (A.4)

(⃗a± b⃗)2 = |⃗a|2 + |⃗b|2 ± 2a⃗ · b⃗ (A.5)

a⃗ · b⃗ = |⃗a||⃗b|cosθ (A.6)
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Applying Equation A.4 and then Equation A.5:

(p3 − p2)
2 =

(
E3 − E2

c

)2

− (p⃗3 − p⃗2)
2sdkjfbskdlhgfl

=

(
E3 − E2

c

)2

− |p⃗3|2 − |p⃗2|2 + 2p⃗3 · p⃗2sdkl

=

(
E3 − E2

c

)2

− |p⃗3|2 − |p⃗2|2 + 2|p⃗2||p⃗3|cosθ

Doing the same process for (p3 + p4) gives:

(p3 + p4)
2 =

(
E3 + E4

c

)2

− |p⃗3|2 − |p⃗4|2 − 2|p⃗3||p⃗4|cosθ

This transforms Equation A.2 into

Mtotal = g2

 1(
Eν,f−Eν,i

c

)2
− |p⃗ν,f |2 − |p⃗ν,i|2 + 2|p⃗ν,i||p⃗ν,f |cosθ −m2

Zc
2

+
1(

Eν,f+Ep,f

c

)2
− |p⃗ν,f |2 − |p⃗p,f |2 − 2|p⃗ν,f ||p⃗p,f |cosθ −m2

Zc
2


(A.7)

From Equation A.1, the square root in the denominator can be considerably sim-

plified:

(p1 · p2)2 = (m1c×
E2

c
+ p⃗2 × 0)2

= m2
1E

2
2 = m2

pE
2
νsdjgfll

µ =
√
(p1 · p2)2 − (m1m2c2)2

= (m2
1E

2
2 −m2

1m
2
2c

4)
1
2

=

[
m2

1c
2

((
E2

c

)2

−m2
2c

2

)] 1
2

= m1c|p⃗2| = m1c|p⃗ν,i|
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This simplification transforms Equation A.1 into

σ =
sℏ2

4|p⃗2|mpc

∫
|M|2(2π)4δ4(p1 + p2 − p3 − p4)

n∏
j=3

1

2
√
p̄j2 +m2

jc
2

d3p̄j
(2π)3

(A.8)

Calculating the product operator within the integrand

4∏
j=3

1

2
√

p̄j2 +m2
jc

2

d3p̄j
(2π)3

=

(
1

2
√
p⃗23 +m2

3c
2

d3p⃗3
(2π)3

)(
1

2
√
p⃗24 +m2

4c
2

d3p⃗4
(2π)3

)

=
1

4(2π)6

(
d3p⃗3√

p⃗23 +m2
3c

2

)(
d3p⃗4√

p⃗24 +m2
4c

2

)
khasf

Plugging this into Equation A.8

σ =
sℏ2

4|p⃗2|mpc

(
1

4π2

)∫
|M|2δ4(p1 + p2 − p3 − p4)

×

(
d3p⃗3d

3p⃗4√
p⃗23 +m2

3c
2
√
p⃗24 +m2

4c
2

)
(A.9)

Now using the conditions that

p⃗2 = 0sdkhfv

p0j =
√

p⃗2j −mjc

p0j are the rest mass energies of the respective particles

p01 =
E1

c
p03 = |p⃗3|

p02 =
E2

c
p04 = |p⃗4|

This is useful in simplifying Equation A.9

δ2(p1 + p2 − p3 − p4) = δ(p01 + p02 − p03 − p04)δ
3(p⃗1 + p⃗2 − p⃗3 − p⃗4)

= δ(
E1 + E2

c
− |p⃗3| − |p⃗4|)δ3(p⃗1 − p⃗3 − p⃗4)
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Applying the same method for calculating the delta function, let p⃗4 = p⃗1 − p⃗3.

This will give the differential cross section w.r.t the solid angle Ω

dσ

dΩ
=

(
ℏ
8π

)2 s

|p⃗2|mpc

∫ |M|2δ(E1+E2
c −

√
p⃗23 +m2

3c
2 −

√
(p⃗1 − p⃗3)2 +m2

4c
2)√

p⃗23 +m2
3c

2 −
√
(p⃗1 − p⃗3)2 +m2

4c
2

|p⃗3|2dp⃗3

(A.10)

It will be easier to integrate over p⃗3 by letting r ≡ |p⃗3|. So Equation A.10 becomes

dσ

dΩ
=

(
ℏ
8π

)2 s

|p⃗2|mpc

∫ |M|2δ(E1+E2
c − (

√
r2 +m2

3c
2 −

√
r2 + 2r|p⃗1|cosθ + |p⃗1|2 +m2

4c
2)√

r2 +m2
3c

2 −
√

r2 − 2r|p⃗1|cosθ + |p⃗1|2 +m2
4c

2

× r2dr (A.11)

Also let z ≡
√
r2 +m2

3c
2 −

√
r2 + 2r|p⃗1|cosθ + |p⃗1|2 +m2

4c
2. Then

dz

dr
=

rz − |p⃗1|cosθ
√

r2 +m2
3c

2√
r2 +m2

3c
2 −

√
r2 − 2r|p⃗1|cosθ + |p⃗1|2 +m2

4c
2

This transforms Equation A.11 into

dσ

dΩ
=

(
ℏ
8π

)2 s

|p⃗2|mpc

∫
|M|2

δ
(
E1+E2

c − z
)
r2

|rz − |p⃗1|cosθ
√
r2 +m2

3c
2|
dz (A.12)

Once again, to get right of the delta function, set z = (E1 + E2)/c. Leaving

dσ

dΩ
=

(
ℏ
8π

)2 s

|p⃗2|mpc
|M|2 r2

|r
(
E1+E2

c

)
− |p⃗1|cosθ

√
r2 +m2

3c
2|

=

(
ℏ
8π

)2 s

|p⃗2|mpc
|M|2 |p⃗3|2

||p⃗3|
(
E1+E2

c

)
− |p⃗1|cosθE3

c |
hdfafs

=

(
ℏ
8π

)2 s

|p⃗2|mp
|M|2 |p⃗3|2

|p⃗3|(E1 + E2)− E3|p⃗1|cosθ
hdfafl

(A.13)
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QED and QCD in Feynman Dynamics

B.1 Quantum Electrodynamics

The basis of the QED application to Feynman calculus rests on the mathematics used

by Dirac to develop his solution to the wave equation involving charged particles. It is

necessary to apply this since the incorporation of spin to Feynman calculus is complicated

by the spin-12 of quarks and leptons. Dirac’s goal was to find a solution to the wave

equation that was consistent with the relativistic energy-momentum formula but that

kept time to the first order. This created two first-order equations that could be applied:

(p0 −mc) = 0 (p0 +mc) = 0

However, this solution was not applicable when all orders of pµ were considered.

Dirac’s solution to this problem was to establish coefficients β and γ to solve:

(pµpµ −m2c2) = (βkpk +mc)(γλpλ −mc) (B.1)

where γλ is a set of matrices containing all solutions.

Need:

{γµ, γν} = 2gµν (B.2)
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{A,B} = AB +BA (B.3)

g =



1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1


(B.4)

g called Minkowski metric.

Bjorken and Drell convention gives:

γ0 =

1 0

0 −1

 (B.5)

γi =

 0 σi

−σi 0

 (B.6)

Note σi where i=1,2,3 and are called the Pauli spin matrices

σ1 = σx =

0 1

1 0

 (B.7)

σ2 = σy =

0 −i

i 0

 (B.8)

σ3 = σz =

1 0

0 −1

 (B.9)
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S =



a+ 0 0 a−

0 a+ a− 0

0 a− a+ 0

a− 0 0 a+


(B.10)

where

a± = ±
√

1

2
(γ ± 1) (B.11)

this γ = 1/
√
1− v2/c2 where σµν = i

2(γ
µγν − γνγµ)

B.2 Feynman Rules for QED

Similarly to the most basic of the scattering interactions, the process for calculating

QED interactions involves the same sequence of steps.

1. Once again, label all incoming and outgoing momenta with pi and all internal

momenta with qi

2. Now each vertex contributes a factor igeγ
µ where ge = e

√
4π/ℏc and e is the charge

of the electron. And again, each vertex is assigned a delta function, (2π)4δ4(k1 +

k2 + k3) , to conserve energy and momentum

3. Unlike before, the propogators for mediator particles in QED are the following:

i(γµqµ +mc)

q2 −m2c2
for electrons and positrons

−igµν
q2

for photonssdhfsdkfasfadl

And each internal momenta contributes a d4q/(2π)4

4. each incoming or outgoing particle contribute the following factors dependent on

their identity:
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Electrons :
{
Incoming: u
Outgoing: ū

Positrons :
{
Incoming: v̄
Outgoing: v

Photons :
{
Incoming: ϵµ
Outgoing: ϵ∗µ

Note that the electrons and positrons are simply stand-ins for any lepton particle

and anti-particle pair, excluding neutrinos.

5. The next sets are the same as before: integrate over the internal momenta and

compute M

6. The final new rule, is the rule of antisymmetrization. This rule means that a

minus sign must be included between diagrams that differ only in the incoming or

outgoing leptons

The final part of QED that will be useful in NC neutrino scattering is actually a

mathematical trick that makes finding M much simpler: Casimir’s Trick.

∑
all spins

[ū(a)Γ1u(b)][ū(a)Γ2u(b)]
∗ = Tr[Γ1(�pb +mbc)Γ̄2(�pa +mac)] (B.12)

where ”Tr” is simply the trace of the matrix.

Adding the electrodynamics formalism to the Feynman calculus helps to make

the final cross-section expression more accurate, however it still will not be a complete

picture of the event without taking into account the role chromodynamics plays in

neutrino-nucleon interactions.

B.3 Quantum Chromodynamics

The structure of chromodynamics is similar to that of electrodynamics, but color takes

the place of charge. Another important distinction between QED and QCD is that
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charge only comes as a single number which is either positive or negative, whereas,

there are three kinds of color: red, blue, and green, which adds greater complications.

Since quarks and, by extension, gluons can come in various colors and flavors, the

coupling constant that is one value for QED varies in QCD. It is determined by the

relative relationship between the number of flavors versus colors present:

a ≡ 2f − 11n (B.13)

where f is the number of flavors and n is the number of colors. At short distances,

this causes an increase in the coupling constant if there are more flavors and a decrease

if there are more colors.

For the purposes of the later derivation of the cross-section, the values from the

standard model are used where f = 6 and n = 3. This give a coupling value of a = -21,

meaning the QCD coupling decreases at short distances.

B.4 Feynman Rules for QCD

In Feynman calculus, the full coupling constant is expressed as a function of a:

gs =
√
4πas (B.14)

Like in QED, the specification of the particle’s state will be given with a Dirac

spinor. However, now that color is involved, there needs to be an addition three-element

column vector that tells whether the color is red, blue, or green:

c =


1

0

0

 for red,


0

1

0

 for blue, and


0

0

1

 for green (B.15)
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1. For external lines, if it is a quark/antiquark:

Quarks :

{
Incoming: u(s)(p)c

Outgoing: ū(s)(p)c†

Anti-quarks :

{
Incoming: v̄(s)(p)c†

Outgoing: v(s)(p)c

if it is a gluon:

Gluon :

{
Incoming: ϵµ(p)a

α

Outgoing: ϵ∗µ(p)a
α∗

2. Each internal line, gives a factor of:

Quarks and Anti-quarks:
i(�q +mc)

q2 −m2c2

Gluons:
−igµνδ

αβ

q2

3. Each vertex has a factor of:

Quark-Gluon:
−igs
2

λαγµ

In this case,om itting any all gluon only vertexes since they are not needed for this

upcoming derivation.

It is also useful to define the Gell-Mann ”λ-matrices”, which are as follows:

λ1 =


0 1 0

1 0 0

0 0 0

 λ2 =


0 −i 0

i 0 0

0 0 0

 λ3 =


1 0 0

0 −1 0

0 0 0



λ4 =


0 0 1

0 0 0

1 0 0

 λ5 =


0 0 −i

0 0 0

i 0 0

 λ6 =


0 0 0

0 0 1

0 1 0



λ7 =


0 0 0

0 0 −i

0 i 0

 λ8 =
1√
3


1 0 0

0 1 0

0 0 −2


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B.5 Weak Interactions

The final step that needs to be explained before attempting to create a full expression

for the neutrino-proton scattering cross-section is the effects of the weak interaction. In

Chapter 2 , the theory of electroweak interaction is explored more in depth, however the

mathematical breakdown of it’s application in Feynman calculus will be outlined here.

Just like interactions in QED or QCD, weak interactions have mediator particles

however the W and Z boson have mass, unlike the photon and gluon which are massless.

This changes the propagator element to:

−igµν − qµqν/M
2c2

q2 −M2c2
(B.16)

For processes where the q2 energies are much less that (Mc)2 this can be simplified

to:

−igµν
M2c2

(B.17)

Since, the work done in this thesis specifically focuses on neutral-current interac-

tions, I have chosen to omit the formalism for charged-current theory.

Once again, interaction vertexes contribute a factor specific to weak processes:

−igz
2

γµ(cfV − cfAγ
5) (B.18)

where gz = ge/(sinθwcosθw), ge = e
√

4π/ℏc, and θw = 28.75◦.

f cV cA 0

νe, νµ, ντ
1
2

1
2 0

e−, µ−, τ− -12 + 2sin2θw −1
2 0

u,c,t 1
2 - 4

3sin
2θw

1
2 0

d,s,b -12 + 2
3sin

2θw -12 0
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Differential cross-section for elastic NC

neutrino-proton scattering

Just like in Appendix A, the Feynman diagram structure is the same, however, cal-

culating the cross-section is more complicated once incorporating the QED and QCD

formalism.

Figure C.1: Possible Feynman diagrams for ν-p+ scattering

After establishing the possible diagrams for the interaction, the first step in the

process is the same as before: labelling the incoming, outgoing, and internal momenta

with their respective indices. For the second, step it is now necessary to classify the

involved particles based on their SM class and force by which they interact.

For neutrino-proton elastic scattering, there is an electroweak interaction. This

means that there will be components of both QED and QCD terms in the mixing matrix

expression. And, since the interaction is mediated via the Z-boson it is imperative that
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the correct propagator factor is used. Back in Appendix B.3, it was stated the the

for q2 energies much less that (Mc2) the propagator can be greatly simplified; in this

derivation, this initial assumption is made since the value (MZc)
2 is large. The factor

we get is:

−igµν
(MZc)2

(C.1)

Since there are two vertexes of interaction, there will be a factor of the QCD

weak process vertex factors, assigned to the interaction vertex of the neutrino with the

Z-boson:

−igZ
2

γµ(cfV − cfAγ
5) (C.2)

values for gz, f, cV , and cA can be found on page 54.

For the vertex where the proton and Z-boson interact, there is still QCD involved

and so that vertex gets assigned the factor:

−igs
2

λαγµ (C.3)

The λ-matrices can be found on page 53.

Other factors that contribute to the mixing matrix include:

1. u(s1)(p1)c for the incoming proton, ū(s4)(p4)c
† for the outgoing proton

2. v(s2)(p2)c for the incoming neutrino, v̄(s3)(p3)c
† for the outgoing neutrino

3. (2π)4δ4(p1 − p4 − q) and (2π)4δ4(p2 − p3 + q) where q≡ p1 − p4 or p3 − p2 from

conservation of momentum

4. the internal line gets d4q/(2π)4

Combining this will give the expression used to determine the mixing matrix, M,

via the same set of steps show in earlier appendices. OnceM is found, Casimir’s trick will

be used to determine ⟨|M|⟩2, before creating the final expression for the cross-section.
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Diagram A

−i(2π)4MA =

∫
[ū(s4)(p4)c

†
{
−igs
2

λαγµ
}
u(s1)(p1)c][v̄

(s3)(p3)c
† {igZγµ(cV − cAγ

5)
}
v(s2)(p2)c]

×
(

igµν
(MZc)2

)
(2π)4δ4(p2 − p3 + q)(2π)4δ4(p1 − p4 − q)

d4q

(2π)4

Letting q=p1−p4, the R.H.S becomes:

(2π)4
{
(−igs)(igz)

2(MZc)2

}∫
[ū(s4)(p4)c

† {λαγµ}u(s1)(p1)c] (igµν) [v̄(s3)(p3)c†

×
{
γµ(cV − cAγ

5)
}
v(s2)(p2)c]δ

4(p1 + p2 − p3 − p4)d
4(p1 − p4)

= i(2π)4
{

gsgz
2(MZc)2

}
[ū(s4)(p4)c

† {λαγµ}u(s1)(p1)c]

×[v̄(s3)(p3)c
† {γµ(cV − cAγ

5)
}
v(s2)(p2)c]

This gives:

MA = − gsgz
2(MZc)2

[ū(s4)(p4)c
† {λαγµ}u(s1)(p1)c][v̄(s3)(p3)c†

{
γµ(cV − cAγ

5)
}
v(s2)(p2)c]

Finding ⟨|M|⟩2:

⟨|M|⟩2 =
(

gsgz
2(MZc)2

)2

[ū(s4)(p4)c
† {λαγµ}u(s1)(p1)c][v̄(s3)(p3)c†

{
γµ(cV − cAγ

5)
}
v(s2)(p2)c]

×[ū(s4)(p4)c
† {λαγµ}u(s1)(p1)c]∗[v̄(s3)(p3)c†

{
γµ(cV − cAγ

5)
}
v(s2)(p2)c]

∗

To use Casimir’s trick define:

G1 ≡ [ū(s4)(p4)c
† {λαγµ}u(s1)(p1)c][ū(s4)(p4)c† {λαγµ}u(s1)(p1)c]∗

where

[ū(s4)(p4)c
† {λαγµ}u(s1)(p1)c]∗ = [(u(s4)(p4)c

†)†γ0 {λαγµ}u(s1)(p1)c]†

= ū(s1)(p1)c γ
0 {λαγµ}† γ0u(s4)(p4)c†

The same can be done if G2 is defined as the following:
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G2 ≡ [v̄(s3)(p3)c
† {γµ(cV − cAγ

5)
}
v(s2)(p2)c][v̄

(s3)(p3)c
† {γµ(cV − cAγ

5)
}
v(s2)(p2)c]

∗

where

[v̄(s3)(p3)c
† {γµ(cV − cAγ

5)
}
v(s2)(p2)c]

∗ = v̄(s2)(p2)c γ
0
{
γµ(cV − cAγ

5)
}
γ0u(s3)(p3)c

†

Casimir’s trick says that:

∑
all spins

G1 = Tr[λαγµ(��p1 +m1c)γ
0(λαγν)†γ0(��p4 +m4c)]

∑
all spins

G2 = Tr[γµ(cV − cAγ
5)(��p2 +m2c)γ

0(γν(cV − cAγ
5))†γ0(��p3 +m3c)]

Omitting the tedious algebra, these summations can be manipulated into the

forms: ∑
all spins

G1 = 4λαλα† (pµ1pν4 + pµ4p
ν
1 + gµν [m1m4c

2 − (p1 · p4)]
)
Thisish

∑
all spins

G2 = 4(c2V + c2A)
(
p2µp3ν + p3µp2ν − gµν [m2m3c

2 − (p2 · p3)]
)

Substituting them into their respective parts of the mixing matrix, the following

expression is obtained:

⟨|MA|⟩2 = 16λαλα†(c2V + c2A)

(
gsgz

2(Mzc)2

)2

(pµ1p
ν
4 + pµ4p

ν
1 + gµν [m1m4c

2 − (p1 · p4)])

×(p2µp3ν + p3µp2ν − gµν [m2m3c
2 − (p2 · p3)])

(C.4)

The constant λα is a collection of matrices called Gall-Mann ”A-matrices” and are the

SU(3) analogous version of the Pauli spin matrices in SU(2).

Diagram B

One of the most important aspects of using Feynman calculus to derive the scat-

tering cross-section is to consider all possible versions of the interaction. However, in

this case, it is unnecessary to consider anything other that Diagram A because the type
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of interaction doesn’t allow for scattering in the way that Diagram B represents. Dia-

gram B shows the decay of a proton and neutrino into a Z-boson, however this is not

physically possible so it can be disregarded. Allowing the final mixing matrix to only

have the contributions of Diagram A.

The mixing matrix is just one element of the full cross-section expression, but it

is also the most tedious derive. Now that it has been found, it is relatively easy to piece

everything together.
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Python script for data filtering

After loading the file, some contained information about the run number and event

number and this allowed us to examine multiple particles within a single event. However,

it was soon discovered that during the MINERνA data collection process event number

were often recycled, so hits were being grouped together by the python script that

shouldn’t have been. To alleviate this obstacle, a script was created to create unique

event numbers using particle run and line numbers.
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This part of the script only needs to be run for data files with non-unique event

numbers. To determine if a file fits this criteria, simply model number of muons per

event number; if it outputs counts greater than five mostly likely it is accounting for

multiple files with the same event number. After creating unique event numbers we can

group by them to look at individual events.
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We wanted to look at the scattering angle distribution based on particle energy.

To do that we first need to determine the particle’s momentum in the beamline reference

frame, where momentum in the files is w.r.t the detectors reference frame. This can be

done using rotation matrices since we know that the angle between the two is 3.34◦.
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Next, we apply this to all hits as well as finding the kinetic energy for each particle.

The energy in the files is made up of both rest mass energy and kinetic.
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