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Abstract
Gravitational wave science is dependent upon expensive numerical simulations, which provide the
foundational understanding of binary merger radiation needed to interpret observations of massive binary
black holes. The high cost of these simulations limits large-scale campaigns to explore the binary black
hole parameter space. Surrogate models have been developed to efficiently interpolate between simulation
results, but these models require a sufficiently comprehensive sample to train on. Acquisition functions
can be used to identify points in the domain for simulation. We develop a new acquisition function which
accounts for the cost of simulating new points. We show that when applied to a 3D domain of binary mass

ratio and dimensionless spins, the accumulated cost of simulation is reduced by a factor of about 10.
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1. INTRODUCTION

Einstein’s theory of General Relativity (GR), a geometric description of the interaction between
matter and spacetime, has been used to produce numerous testable hypotheses since its formu-
lation in 1915. Prominent hypotheses range from gravitational lensing to the existence of black
holes, regions of mass so dense that light itself is unable to escape. Although hypothesized to
exist by Schwarzschild in 1916, it wasn’t until 1971 with the discovery of Cygnus X-1 that physical

evidence of black holes was found [33].

Certain effects of gravity in the GR paradigm are only significant in extremely strong fields
or with extremely high velocities. While these conditions are rare, both of them are produced
during the merger of two black holes. Such mergers emit tremendous amounts of energy in the
form of gravitational waves. These waves are typically the only measurable output of binary
mergers, making them a uniquely valuable source of information about the universe’s most violent
conditions. After decades of research, the first gravitational wave signal was detected in 2015 by

the LIGO observatory [1].

The Advanced LIGO [23] and Virgo [2] instruments are now regularly observing gravitational
waves [1, 37, 38, 36]. However, these waveforms are inscrutable without some reference as to
the nature of the binary systems which produce them. To determine the parameters of the
binaries responsible, each measurement is compared directly or indirectly with predictions for the
gravitational radiation produced when binaries merge [40} 22} [3]. Numerical simulations provide
the authoritative (and often only) foundational insight into radiation generated during the late
stages of mergers [9]. However, these simulations are extremely expensive, making complete

exploration of the domain infeasible.

Some scientists have turned to surrogate modeling, a class of mathematical methods which
cheaply emulate an expensive objective function. Surrogate models have been widely applied
to gravitational waveform modeling [8, (16, [6, 34, 39, 4, [17| 7, [19] 130, [29] [14]], both to accelerate
existing approximations and to interpolate between detailed numerical relativity simulations.
Given a gravitational wave model evaluated on candidate binary parameters xj, a surrogate model
interpolates the waveform’s asymptotic amplitude and phase across the binary parameters x (and
time). However, to date these calculations all adopt a simplified way to select the initial training
points xx: they are usually selected with a greedy algorithm based on a fast approximation to the

true waveform [4], independent of the cost of simulating those parameters xj.

The process of collecting data to use in training a surrogate model is referred to as acquisition. The
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acquisition process is completely dependent on the scientific domain. For example, a geologist
estimating the distribution of a given mineral over an area could acquire new data by drilling
boreholes at specific sites. Analogous to this experimental example is the computational case:
a numerical researcher must make decisions about what parameter values to simulate to best
characterize a system of interest. If the cost of acquiring data is low, the acquisition strategy
is relatively unimportant. However, if data is costly to obtain, intelligent acquisition has high
potential to reduce the cost of building a surrogate model. Researchers commonly encode their
acquisition strategies into acquisition functions. These functions assign a value to each point in the
domain. The decision about what point to acquire next is made by maximizing (or minimizing)

the acquisition function.

In the case of numerical relativity, simulation cost is extremely high; furthermore, cost is heavily
dependent on the initial system parameters [24} [25]. Our novel contribution is to incorporate both
interpolator uncertainty and acquisition cost into our acquisition function. This approach balances
the goals of (i) accurately modeling the objective function over the entire domain by picking
points of maximum variance and (ii) minimizing total acquisition cost by minimizing the cost
of selected points. Importantly, our goal is not to create a surrogate model which rivals existing
surrogate models in accuracy or speed; it is only to demonstrate the potential of cost-weighted
acquisition when it comes to training a surrogate model with numerical relativity as cheaply as

possible.

This thesis is organized as follows. In Section [l we introduce surrogate modeling with an example
from the gravitational wave domain. We define the objective function we have chosen to learn,
then define acquisition functions to be tested. We introduce a workflow for acquiring data and
training a Gaussian process. In Section [[l| we examine the performance of the acquisition functions
and resulting surrogate models. In Section |[[V|we summarize the work and conclude with future
prospects for this research in|V| Note that this thesis is based on the work in the following paper,
which at the time of this writing has been accepted for publication in Physical Review D following

revision [13].
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II. METHOD

II.1 Surrogate Review by Example

To be concrete, we introduce surrogate modeling for gravitational waves by summarizing the
specific techniques adopted by Blackman et al. in [4] to generate a surrogate gravitational wave

model for precessing binaries. The complex dimensionless gravitational wave strain
h(t,0,¢;A) = hy(t,0,;A) —ihx(t,0,¢;A) (IL1)

is expanded in terms of its polarizations hi and hy, where t is time, § and A are polar and
azimuthal angles of wave propogation from the binary system, and A is the set of chosen
parameters to describe the system. Blackman et al. select black hole spin vectors and initial mass
ratio as parameters for their surrogate model; however, the method applies for any parameter of
interest. The angular dependence can be efficiently represented with a spin-weighted spherical

harmonic decomposition

o 1
h(t,6,¢:4) =Y Y H"(EA) Y1 (6,0) (IL2)

=2 m=—I
Following Blackman et al., we will focus only on the | = 2,3 modes, since higher-order modes
have minimal impact on systematic error. Their surrogate models seek to represent each mode

function hy,, (t,A) versus time and A.

Blackman et al.’s approach relies on discovering a finite set of greedy parameters
G={A TV, (IL3)

where 7T is a compact region of parameter space. They then perform NR simulations at each
greedy parameter, resulting in the greedy solutions {W(t; A;)}Y ;. They transcribe these solutions
into a regression model first by constructing an orthonormal linear basis B, = {ef(t) N | spanning

the greedy solutions so that

W(tA) ~ fciu)ei(t) (IL.4)
i=1

where coefficient c; is the inner product of W(t; A) with e/(t). In principle the greedy parameters
G may be found by iteratively comparing the approximation to the true function W(t;A) and

selecting the point of maximum error:
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En(A) =[| W(5A) = Y ci(A)e' () | (IL5)

M-

I
—

However, due to the high cost of full numerical simulation, dense evaluation of this error is not
feasible. Blackman et al. circumvent this by building a mock surrogate from a cheaper data source:
post-Newton waveform models. They assume that the greedy parameters found in construction of

GPN

the mock surrogate, , approximate the greedy parameters for the NR surrogate, and thus are

able to select training data at a reasonable cost.

Gravitational waves presented as functions of time have complicated dependence on time and
binary parameters, which adds additional artificial hurdles when attempting to interpolate them.
A powerful technique is to decompose the waveforms obtained by NR simulations into data
pieces which vary more slowly and thus are more easily modeled. These disparate models can
be combined to form a single surrogate model. Commonly the phase and amplitude of the
waves are used as the data pieces; however, for the precessing waveforms which Blackman et al.
are targeting, a more sophisticated decomposition is needed. First, each waveform is translated
into a coprecessing coordinate frame. Next, a Gaussian filter is used to remove the effect of
nutation of the frame’s rotational axis. Finally, the waveforms are decomposed into symmetric

and antisymmetric amplitudes and phases

Al = 2 (1R | | Fe) ) (w6)
P (6) = 5 (9 (0) (")) (17)

where 1 is the waveform in the coprecessing frame. The surrogate training data and output
are always expressed using this coprecessing-frame amplitude-phase decomposition. Similarly,
surrogate models can be constructed for the precessional dynamics themselves, needed to translate
between the simulation and coprecessing frame. Figure [I] illustrates the rationale for using
an amplitude-phase decomposition for the simple case of a nonprecessing binary black hole’s
dominant mode: in this amplitude-phase decomposition, the two salient functions involved in

h(t) are slowly varying in time (and versus binary parameters).

Now that amplitudes and phases for the decomposed waveforms have been extracted, interpolation
on the data can be performed. Blackman et al. use an empirical interpolant via Singular Value
Decomposition to unify the /i(t) waveforms into a single surrogate model Ws(t;A). Despite
relying on a SVD algorithm to find basis functions, Blackman et al. use a greedy algorithm to

select time points over which to interpolate with these functions. For a detailed discussion on



Master’s Thesis

0.1 -
0.0 -
—0.1 A

—2.5 -
—5.0 A

_7'5 -

50 A

_50 -

—-500 —-400 —-300 —-200 —-100 0 100
Dimensionless Time

Figure 1: Strain wave h(t) is depicted, as well as the wave’s decomposition into log amplitude and phase.
These smooth functions are more easily interpolated than the raw wave data and thus are used as

input to the surrogate model.

building reduced bases with SVD versus greedy algorithms, see Appendix B of [4]. Blackman
et al. use the so-called “empirical time" algorithm developed in [17]. Given a reduced basis
{e;}; whose span approximates the objective function (in our case, gravitational wave phase and
amplitude), the Empirical Interpolation Method (EIM) yields a set of m empirical times T; chosen
from the complete set of times f;. These times are selected by comparing the value of the empirical

interpolant

T (52) = 3 CiNe(t) L)
i=1

to the basis functions evaluated at all times, where the C; coefficients are the solutions to the
interpolation problem at the empirical times. At each step, one more basis function is added to
Z;[h](t; A); the time of maximum error is found and added to the set of empirical times T;. This
process continues until the number of times chosen is equal to the number of basis functions

m.
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Blackman et al. acquire data for their surrogate model by maximizing error between the true
function and the surrogate. Since NR data is far too expensive to obtain in the quantities needed
for this method, they evaluate a cheaper objective function to acquire new points. Another type of
acquisition function which may be more easily used with an expensive reference function is one
based on minimizing uncertainty rather than error. This formulation of the interpolation problem
lends itself to Gaussian processes, which provide quantification of uncertainty throughout the
domain. Therefore, we propose to focus on Gaussian processes as interpolators and measures of

uncertainty as a main ingredient in our acquisition functions.

II.2 Gaussian Process Interpolation

Gaussian processes fall under a broader class of methods known as stochastic processes. Simplisti-
cally, stochastic processes are a probabilistic representation of possible functions which may be the
source of data observations [32]. Given a data set D = (x;,y;), we seek a succinct representation
of all functions which map from vector inputs x; to scalar outputs y;. A stochastic process is
initialized as a prior distribution, predicated on the idea that little is known about the underlying
function before data is taken. It is then conditioned on data D using Bayes’ Theorem. A trained
stochastic process can be evaluated to provide new data in emulation of the underlying (objective)

function. For a straightforward 1-D example, see Figure

0 05 1 0 05 1
input, x input, x
Figure 2: A simple example from [32]. On the left, a stochastic process before training is depicted. All
functions contained by the prior distribution (gray) could explain the underlying function. On
the right, training data has been provided and the possible functions restricted. Note the mean
function (solid line) traveling through the data points, as well as the reduction in uncertainty near

those data points.



Master’s Thesis

Gaussian processes have been previously employed to perform the interpolation needed to
construct surrogate models and identify candidate points for followup analysis; see, e.g., [14],
which is similar to our cost-neutral approach. To define a Gaussian process we require a mean

function y and a kernel function k:

u(x) = E[f(x)] (1L9)
k(x,x") = E[(f(x) = p(x)) (f(x') = u(x'))] (I1.10)

where E denotes the expected value and f(x) is the objective function to be learned.

The choice of a kernel function is not a straightforward one. Since kernel functions encapsulate
assumptions about the function to be learned, prior knowledge of this function is useful. For this
introductory work, we use the simple and commonly-used squared exponential (SE) function with

added white noise, with the understanding that further investigation is worthwhile:

)2
K(xp,xq) = 0’]% exp {—(xpszq)} + o2 (I1.11)

where x, and x, are two inputs to the objective function, 0']% is the variance of the signal describing
f, 1 is the characteristic length scale, and U,% is the white noise variance associated with the data.
The SE function has the advantage of being easy to evaluate and interpret, and it yields smooth

interpolation between data points.

Consider the squared exponential kernel introduced above in eqn. oy, I, and o, are
termed hyperparameters because they are parameters of a non-parametric model [32]. These
hyperparameters are tuned during the training process to provide the best fit to the data. The
signal variance UJ% captures the uncertainty about the correlation between inputs. The white noise
term o2 allows for variability in the function even at points in the domain for which we have data;
it also improves the numerical stability of the training process in the absence of significant noise,
as is typical for computer simulation data. At high separation between inputs, the total variance
will be 0’} + 02. The remaining hyperparameter [ scales the correlation between nearby function
values. In short, a low-I data set will have rapidly changing target values, while a high [/ indicates

a slowly changing function.

Having chosen mean and kernel functions, the hyperparameters of the GP must be tuned to
provide the best fit to the data. These values are chosen by maximizing the marginal likeli-

hood, or the likelihood that the training data was produced by a process with a given set of
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hyperparameters:

P(y|x, 0) = /P(y|f, x, 0)df (I.12)

where 0 is a vector containing the hyperparameters, x is a point in the domain, y is the corre-

sponding output data, and f is the GP function [26].

The evaluation of a GP at a test point x. provides us with two quantities: the expected value f, of

the objective function, and the variance V of that value:

fe=kI(K+c2D)ly (IL.13)
VI[fi] = k(xs,x:) — kI (K + 21) "k, (IL.14)

Here k. is the kernel evaluated on the test point and the training data, K is the kernel evaluated
on the training data only, y is the target values of the training data, and I is the identity matrix.
This dual output is the primary motivation for using GPs in our simulation targeting: we are
provided with an estimate of the function value with f., the desired output of a trained surrogate,
but also with the uncertainty measure V. We will discuss how the variance is used to acquire new

data points in

II.3 Simulation Cost

Although Numerical Relativity (NR) simulations were not used for training this surrogate model,
we develop this model with the intent of directly targeting and interpolating NR simulations. As
our goal is a reduction of simulation and training cost, we develop a cost function to estimate the
expense of simulating points in the domain. Our colleagues estimate [24] the length of a simulation
scales approximately with mass ratio g, as does the resolution required to maintain accuracy;
therefore the cost dependence on mass ratio can be modeled as g%>. Meanwhile, dimensionless
spins of the two bodies have very little effect on the simulation cost until spin of 0.6 is reached.
Thereafter, the cost increases rapidly and diverges as spin approaches 1. After consulting with an

NR group [24], the following piecewise function models the cost-spin relationship:

1 x <06
S =L  06<x<09 (IL15a)
0.04
A=p)? 09 <x<x1
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For our chosen domain of mass ratio and spins for bodies 1 and 2, the cost function is as

follows:

C(q, x1,x2) = 0>+ S(x1) + S(x2) (IL15b)

where g is mass ratio %, my > my, and x1 (X2) is dimensionless spin magnitude for body 1

).

0.8

Spin Body 1
o
)]

e
~

0.2

0.0
1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

Mass Ratio

Figure 3: The estimated cost of a nonprecessing NR simulation versus binary mass ratio 4 and primary spin
X1,z as estimated by Eq. (I1.15). The color scale shows log(cost). For concreteness in this plot we
adopt xo,, = 0.

II.4 Acquisition

Acquisition refers to the collection of a data point, whether by experimentation or simulation.

In order to train our surrogate model most efficiently, we develop acquisition functions which
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assign a value to each point in the domain. Optimizers are used to maximize these acquisition
functions, and the resulting point in the domain is selected for the next simulation. An example

of acquisition function design for use with Gaussian processes is summarized.

In [35], Srinivas et al. formulate the Gaussian optimization problem in the context of selecting
locations for temperature sensors. It is desirable to find areas of highest temperature with the
minimal amount of sensors; this is analogous to choosing new points of an expensive objective
function to evaluate in search of maxima. The group chooses to focus on the kernel function used
in a Gaussian Process Upper Confidence Bound algorithm. The metric Srinivas et al. use is termed
regret: the cost of not knowing a priori the objective function (i.e. temperature map) maxima.
The group uses a greedy algorithm to pick a new data point x to maximize information gain like

SO:

X¢ = argmaxoy_1(x) (IL.16)
x€D

This acquisition function attempts to reduce uncertainty across the whole domain. Given this
model’s intent to find maxima in the temperature field, Srinivas et al. modify this function as

follows:

x¢ = argmax juy_1(x) + /%0y _1(x) (I1.17)
x€D

where B is a chosen constant. The first term drives the function to acquire points with expected
high reward (existing suspected maxima) and the second term pushes towards points with high
variance (read: uncertainty). In this way the acquisition function regulates the tradeoff between

exploitation of current suspected maxima and exploration of new areas in the domain.

Whereas Srinivas et al. balanced interpolator uncertainty (variance) against the goal of finding
peaks in temperature, we wish to formulate an acquisition function which balances the need
to find points of maximum uncertainty with the requirement of keeping simulation costs at

a minimum. Having defined variance and cost in Equations (II.14) and (II.15b), we can now

construct an acquisition function which quantifies our learning per unit cost:

A=G (I.18)

Maximizing this function at each step constitutes a greedy algorithm for learning as much about

the objective function as possible for the lowest cost.

10
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Figure 4: Example figure from [35] demonstrating data acquisition. (a) Underlying function: temperature
data. (b) and (c) Two iterations of data acquisition for the Gaussian Process. The dark line represents
the current posterior mean, while the gray regions indicates the confidence bounds on the GP. The

red circles show the selection of (b) an area of high variance and (c) an area near a maximum.

For the purpose of comparison, we test both a variance maximizing routine (see, e.g., [14]) and
a variance-to-cost ratio maximizing routine. For brevity, we will refer to these as V and V : C

routines, respectively.

II.5 Time Selection

The data available for a given point in parameter space is comprised of a complete gravitational
waveform which may be expressed in the frequency domain or the time domain. It is desireable
to select an optimal set of times (or frequencies) at which to measure the amplitude or phase of
each available GW and interpolate that data through parameter space, allowing us to reconstruct
any waveform in the domain. Splines are piecewise polynomials which interpolate across data
points, termed knots, by using constraints to ensure continuity and smoothness. We will rely on
the commonly-used natural cubic splines, which are comprised of cubic polynomials. The basic

constraints for natural cubic splines are as follows:
1. Each polynomial must be equal to the data at the knots surrounding it

2. The first and second derivatives of each polynomial must be equal to its adjacent polynomials

at interior knots

3. The second derivative of the first and last polynomials must be equal to zero at the first and

last knots

The algorithm for time selection proceeds as follows. Given a set of GWs associated with a set
of parameters, we seek a minimal subset of dimensionless time points T to fully characterize the

behavior of any waveform in the domain; we will therefore call this set characteristic time t.. To

11
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initialize the algorithm, five evenly-spaced time points are selected. The data corresponding to
these times are fed to SciPy’s interpld routine, which trains a cubic spline interpolator for each
available GW. We use this spline to interpolate across 50000 evenly spaced time points from -500

to +75 T, with 0 T corresponding to the moment of merger. The root-mean-square error

(if) (i) \ 2
1 & ¢ —¢c
RMSE (¢;) = — ) S S ;

. (IL.19)
i max ]cpj(,l

is computed at each time step across all splines. Here ¢ is the GW phase, j indicates one of
the 50000 time steps, n is the number of GWs available, ¢ is the fiducial spline, and ¢ is the
spline trained only on 7.. The time of maximum error is chosen to be added to the spline training
data. The process iterates until the maximum RMSE (¢;) falls below a desired threshold. These
characteristic time points and the corresponding values of phase or amplitude are used to train

Gaussian processes for interpolation across parameter space. New GWs can be constructed by

training new splines on the data interpolated by the GPs.

1I.6 Error Metric

We can evaluate the model’s performance at any point in the space 7 by comparing it to the source
of our data, IMRPhenomD. A brief discussion of mismatch, a common metric for quantifying
the difference between waveforms, is necessary. Given two waveforms, a fiducial wave h; and a
surrogate approximation h,, we require an objective measure of how well h; approximates /. For

a single mode we compute the match [10]:

~max | [, () (F)e? S df

(I1.20)
[[h1]] [[h2]]

This expression is evaluated using a white-noise detector power spectrum; alternatively, this
expression corresponds to the standard equally-weighted Hilbert space inner product in time or

frequency. Empirically we estimate the overlap from our discrete data using an inverse Fourier

O = maxIFT [N( . ) (hlﬂ (I1.21)
t B2l )\ [V

where N is the number of samples, /1 indicates a single wave mode in the frequency domain, and *

transform

represents the complex conjugate. Two waves identical to a constant factor will have an overlap of

unity; therefore to reframe as an error metric we compute the mismatch as

E=1-0 (11.22)

12
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We chose this approach since this surrogate model is intended to be generic, independent of any

detector’s power spectrum. For a more complete discussion of waveform mismatch, see [4].

I.7 Testing With Fast Aligned Model

Our surrogate modeling methods are similar in principle to those outlined in [4]. Given a physical
system parametrized by A € T, where T is a compact region in parameter space, we seek cheaply
evaluated functions of time W(#; A) that describe the system. For our model A includes mass ratio
g and spins (X1, and x»2;) of black holes in a binary black hole system and 7 encompasses a range

of mass ratios and spins for which an existing model is available.

Although NR is the eventual data source for this type of model, we begin with a more rapidly
solved method: IMRPhenomD [21]. IMRPhenomD is a phenomenological model which evaluates
the gravitational wave signal of black hole binaries throughout the inspiral, merger, and ringdown
phases. This model is capable of producing data for non-precessing black holes of mass ratio up
to 18:1 and dimensionless spin of 0.85, or 0.98 for 1:1 mass sytems. IMRPhenomD is a hybrid
model which incorporates both Effective-One-Body data and NR simulations for tuning. It has
demonstrated error of under 1% versus NR test waveforms [21]. We selected this model to enable
more rapid training of our surrogate model and thorough error analysis of the methods developed.
Its close approximation of NR results ensure translation of our methods to NR data acquisition

with similar performance.

Once our parameter space is populated following the method outlined in Sec. we turn to
the task of interpolating the data across both time and the parameter space. We seek a set of
dimensionless times Ty, ..., T for each value to be interpolated across parameter space which
characterizes the behavior of these values over time for all systems in the target region 7. Using
the method described in Sec. we choose characteristic times 7. for both phase and amplitude
of the GWs. Importantly, the times for phase and the times for amplitude are selected separately,
since the behavior of these two values is disparate. Once the characteristic times are selected,
Gaussian processes are trained on the value of amplitude or phase at each characteristic time for

all available gravitational waves.

To solve the surrogate model at any point in parameter space, first we evaluate the Gaussian
processes at all characteristic times for both amplitude and phase. Then we reconstruct the full
amplitude and phase curves in time using the natural cubic spline interpolant. These curves

can be used to reconstruct the original strain waveform /(). To get a succinct understanding of

13
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competing models” performance, we evaluate the wave mismatch [see Eqs. (I1.20) and (I.22)] at
select points distributed evenly through parameter space and take the L2 norm to produce a single
performance metric. We compute this error metric at strategically chosen intervals of acquisition

to understand the overall error trend as more points are acquired.

14
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Figure 5: The mismatch (I1.22) of two surrogate models over data acquisition. In blue the model acquires
new points based only on GP variance; in orange, the ratio of variance to cost. The variance-to-cost
acquisition function maximum error remains high in a small number of extremely high cost areas;

however, it is competitive across most of the parameter space.

To compare the performance of two acquisition functions of (a) variance maximization (hereafter
V) and (b) variance-to-cost ratio maximization (hereafter V : C), we devised the following test.
For parameter space 7 we chose the three dimensions upon which simulation cost relies: mass
ratio q and the spins x7 and x. Mass ratio g we allowed to vary from 1 to 5, while each x ranged
from 0 to 0.99. For the purposes of characteristic time, we chose a maximum L2 norm error of
0.0001 across all acquired waveforms, with a maximum number of characteristic time points of
200. Recall that for each characteristic time point, a Gaussian process will be trained on the data
from that moment in time for all acquired waveforms (see subsection [[L.5); therefore the cap of 200
is chosen to keep runtime reasonably low. We initialize the model with 50 data points selected
randomly through Latin Hypercube Sampling, and then begin the iterative process of training

and acquiring new data.

15
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III.1 Global Performance

A comparison of the two surrogate models is presented in Figure [5| For this figure, the mismatch
was measured at 1089 points evenly spaced in the three dimensional parameter space. Mass ratio
g was sampled in intervals of 0.5 from 1 to 5, and spins x; and x> were sampled in intervals
of 0.1 from 0 to 0.99. We use the median as a summary statistic of performance due to high
error at a small number of points dominating metrics such as mean or root-mean-square. For
completeness we also present the maximum mismatch within the parameter space. By the metric
of median mismatch vs number of acquired points, the V scheme slightly outperforms the V : C

scheme.

Reframing the problem as maximizing learning per unit cost rather than per data point acquired
reveals the advantage of the V : C acquisition function. Figure [6|shows the relationship between
mismatch and relative cost of acquired data points. While performance per cost is similar at
higher errors, as the error is driven lower by further data acquisitions the V : C routine strongly
outperforms the V routine. The V : C routine achieves comparable median mismatch across the

described domain for about an order of magnitude smaller cost.

III.2 Performance Over Parameter Space

The V : C methods achieve their improved global performance by sacrificing exploration and thus
accuracy in the most costly regions. To highlight this tendency, Figure [/] shows the mismatch
versus binary parameters after a fixed number of acquisitions. Notably, the maximum error
has actually increased when increasing training data from 350 to 500 points. This is caused by
overtraining in low-cost areas without the acquisition of any additional data in the highest-cost
region. While the V : C-derived surrogate model is competitive with the V model in most of

parameter space, it does not as reliably reproduce extreme-cost waveforms.

To date, nature has provided principally low-spin compact binaries, so a focus on low-spin
exploration seems warranted. However, high-spin binaries have considerable discovery potential
and interesting physics. A more thorough review of the science return of a given GW model based

on its accuracy in different regions of parameter space is required to better quantify this tradeoff.
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Figure 6: The relative acquisition cost of two surrogate models over median mismatch [Eq, ]. In blue
the model acquires new points based only on GP variance; in orange, the ratio of variance to cost.
The V : C acquisition function achieves the same median match error across the majority of the
parameter space with nearly an order of magnitude smaller cost once mismatch is driven below

10—4.

II1.3 Discussion

There are several key distinctions between the surrogate model developed here and the model
developed by Blackman et al. [4]. Perhaps the most important distinction is the use of a Gaussian
process as an interpolant rather than an SVD-based empirical interpolant. Using a Gaussian
process opened up the possibility of using the interpolator’s uncertainty (variance) about the
objective function in order to place simulations to acquire more data efficiently. This approach is
simpler and more direct than the method used in [4]; Blackman et al. had to resort to building
a mock surrogate to evaluate error between the interpolator and the data source, since NR
simulations are too expensive for this type of acquisition. This complicates the model training
process, and the use of variance as a stand-in for error circumvents this step and simplifies our

algorithm. However, as a non-spectral method, the specific GP interpolation adopted in this work
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Figure 7: A comparison of the mismatch of the V : C routine at two steps in the acquisition process. This 2D
slice of the 3D parameter space is taken with ), is set to 0.99 to include the highest cost regions.
Note that for most of the space, mismatch has decreased; however, at the highest cost point in the

domain (top right), mismatch has increased significantly, from £ = 0.03 to £ = 0.21.

converges relatively slowly versus the number of new simulations acquired. We expect that our
technique can be applied to scenarios with other empirically-estimated error metrics like the SVD

approach.

The second most important difference between the surrogate described in [4] and the model
presented here is incorporation of simulation cost. While both approaches seek to minimize the
total number of NR simulations required to train a model, our method gives consideration to
the variability in cost of the simulations themselves. While we did not directly compare data
acquisition cost between Blackman et al.’s model and our V : C model, we did use the variance
maximization routine V' as a stand-in for this comparison. We found that a cost savings of about
tenfold was gained by using the V : C acquisition function. Of course, due to its extremely rapid
(exponential) convergence, the asymptotic behavior of a spectral interpolation should be superior.
Our goal in this study is simply to demonstrate the utility of incorporating cost estimates into

surrogate simulation targeting.
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IV. CONCLUSION

In this paper we have discussed the utility of surrogate models in the gravitational wave domain.
Surrogate models have great potential to reduce the cost of astrophysical parameter inference.
Not only are they powerful in the context of astrophysics, but in many other fields where data
is expensive to acquire do surrogate models offer an optimal route to learning. Acquisition
functions, when tailored to the use case, can make the training process for a surrogate model
much cheaper and more effective. In our case, deriving an acquisition function which maximized
learning per unit cost lead to an savings of about 10 times over a routine which only maximized

variance.

Here we demonstrated how to incorporate simulation cost into a concrete strategy for iteratively
building a surrogate for gravitational waves generated by black hole binaries. By minimizing
the estimated (Gaussian process) variance per unit cost, we show how to target synthetic GW
simulations to assemble a comparable-accuracy surrogate at lower cost than a similar cost-neutral
approach. At the mismatch scales to 10~* and beyond, we demonstrated our method should be
about an order of magnitude less costly than a comparable cost-neutral approach over the same

parameter space.

Our results were demonstrative of the specific situations in which cost minimization will yield
significant savings. When an application is data-sparse due to high expense and there is high
variability in cost over the domain, the method we developed here will offer great utility. Problems
which are high-dimensional compound the effect of cost-minimizing acquisition. Further work is
needed on acquisition functions in conjunction with other classes of surrogate models. A more
rigorous study of the science return of a surrogate model depending on its accuracy could (a)
help quantify the downsides of cost-weighted acquisition and (b) open the possiblity of more
mature acquisition functions. More complete domains, and correspondingly more complex cost
functions, may be investigated. Section [V|lays out other potential avenues for research in the vein

of cost-effective surrogate modeling.

Though we focused on synthetic gravitational wave simulations specifically, our methods could be
directly transferable to other data-sparse domains with high-cost simulations, including as a wide

variety of applications in astrophysics involving compact object mergers.
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V. FuTture WoRrk

V.1 MOGPs

There are several promising areas for potential follow-up to the work presented here. One
closely-related method to pursue is that of multi-output Gaussian processes (MOGPs) [41]]. For
simplicity, in this model we used a combination of many single-output GPs independently trained
on different time steps. However, by doing so we neglect to consider correlation in value between
neighboring time steps. MOGPs are an avenue by which we could improve this surrogate model
by learning from the relationship between nearby output values for a given waveform, rather than
only from a single instant in time. In [11], Conti and O’Hagan extend single-output Gaussian
process emulators to multi-dimensional outputs with a particular focus on time series data. They

discuss three strategies for doing so:

1. Ensemble of Single-output GPs Model each time step as a separate GP, the method used in
this thesis. Conti and O’Hagan note that this method provides great flexibility due to the
independence of each GP, but does not capture the relationship between nearby time steps,

and thus they leave this option out of their testing.

2. Time input (TI) emulator Use time as an additional input to a single-output GP. This
approach expands the input space by one dimension, associating each output with a specific
time in addition to the other inputs. This method will encode the relationship between time
and the outputs of interest, but the time to train the GP will be greatly increased due to the

multiplication of the number of training points by a factor of the number of time samples.

3. Multi-output (MO) emulator Train a multi-output GP, with each output representing the

value of interest at time t.

In testing the TI and MO strategies, Conti and O’Hagan find that an MO emulator is able to
provide narrower and more reliable confidence intervals when trained on a dynamic mechanistic

model. MOGPs are a natural and potentially powerful extension to the work in this thesis.

V.2 Objective Function-Informed Acquisition

Our base acquisition strategy was predicated on the idea that a Gaussian process’ variance was a
suitable predictor of error. Notably, for any Gaussian process the sites of the variance maxima
depend only on the relative positions of available data points, not on the target output value. It

is likely that there is a relationship between the shape of the interpolant output and its error;
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for example, we may expect more error in a region where the interpolant is changing more
rapidly than in an area where the function is nearly flat. This information could be used to
place simulations in an even better estimation of error than variance alone. One simple way of
incorporating this into our current strategy would be to compute the GP’s gradient across the

parameter space and multiply its norm into the acquisition function (II.18):

_ Vi|[Vfcrl
C

In this way areas of more rapid change would be targeted, in conjunction with the preference for

A (V.1)

high variance and low cost.

V.3  Error Targeting and Resource Allocation

For the purpose of this work, NR was treated as a black box with predetermined cost for a given
simulation with desired BBH parameters. Furthermore, no consideration was given to the accuracy
of the NR data, nor to the requirements of downstream applications of the surrogate model (i.e.
parameter estimation). Decisions about simulation placement would benefit from a more thorough
analysis of (a) what accuracy is required and (b) what accuracy is available for training. Presently,
the mismatch & (eqn. between NR waveforms hiygr and the true waveform hey,er ranges from
10 to 1072, with a median mismatch of around 10~# [5]. In regions of the parameter space where
NR is accurate only to & = 1072, for example, it would be a waste of resources to place enough
simulations to emulate g to €& = 1073, since our goal is to emulate the true waveform /,y4c. On
the other hand, in regions where NR is able to achieve higher accuracies than needed, it would
be possible to run simulations with coarser grids, thereby lowering simulation cost to the point
where the mismatch between hiygr and fieyger is only as small as is needed. Fundamental to this
proposal is the need for reliable location-specific error bounds on surrogate models constructed
from NR. One simple way for estimating the error would be to leverage a leave one out strategy, in
which individual training data points are left out, the surrogate model is trained on the remaining
points, and the error at the left-out point measured [20]. This method could easily be added to
our acquisition strategy and provides location-specific error bounds; furthermore, the bounds
would be conservative since the final surrogate will contain all available training data. However,
training a surrogate model for every data point at every acquisition step would be quite expensive.
There are a number of possible strategies for reducing this cost (e.g. computing error at a sparse

selection of data points, or only at a subset of acquisition steps).

There may be more rigorous and computationally inexpensive methods for obtaining error bounds

on our surrogate model. For Gaussian processes specifically, recent work has been done to
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compute practical error bounds on regression of an underlying function with noise [15]. Here
Fiedler et al. argue the need for frequentist error bounds in safety-critical applications. While
the Gaussian process is a Bayesian statistical construct, Bayesian error bounds (in this case,
variance) are insufficient for these applications, since they provide no guarantee about worst
performance, only a probability distribution. While our application is not safety-critical, hard
limits on surrogate model error would allow us to construct a model to deliberate specifications
meeting the needs of downstream users, while saving cost by preventing overtraining. We note
that Fiedler et al.’s result, too involved to reproduce here, would not be straightforward to apply
to our work. The relationship between error in the Gaussian process’ estimation of waveform
values (amplitude and phase) and the mismatch £ is not immediately apparent and would require

its own investigation.

Further complicating this analysis is the fact that an NR-based surrogate model will likely
be trained on hybrid waveforms rather than pure NR waveforms. Hybrid waveforms are a
combination between GWs produced by a cheaper method (e.g. post-Newtonian/PN) and GWs
produced by NR. Hybrids take advantage of the fact that early-inspiral GWs are well-approximated
by cheap methods to reduce the NR computation required to produce a full waveform. However,
unifying NR and PN waveforms leads to a more involved error analysis [27]. It is possible to make
decisions about which stage of the inspiral to unify the two waveforms, with a heavy impact on
cost. A more holistic understanding of the mismatch requirements and error propogation through
the GW data pipeline-NR — hybrid — surrogate — parameter estimation—could reveal more

areas for cost savings.

V.4 Future Error Requirements

While current NR and its surrogates are sufficient for parameter estimation of the data measured
at current-generation GW detectors, these methods as they stand are not accurate enough for
the next generation of detectors planned for the 2030s. Piirrer and Haster [31]] estimate that to
prevent bias in parameter estimation with third-generation detectors, NR must improve mismatch
by an order of magnitude over present performance, and semianalytical models by at least three
orders of magnitude. Based on the convergence rates of surrogate models which rely on local
learning (e.g. Gaussian processes), error three orders of magnitude lower than present will require
an infeasible amount of training data. Future GW science would benefit greatly from interpolation
schemes with faster convergence. We use the term local as a shorthand for the concept that when

training a local model on data, the goodness of fit only improves in the neighborhood of a given
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added datum. In contrast, global methods enjoy improved fit across the entire domain as data is
added. An example of globally learning interpolators is a class of functions known as spectral
methods. Spectral methods involve summing smooth basis functions to approximate an objective
function:

N

u(x) =) axdy(x) (V.2)

k=0
where u is the approximating function, x is a point in the domain, N is the number of data points

(nodes), ¢y are the basis functions, and ay, are coefficients [18].

The relative convergence in terms of root-mean-square error from the objective function is demon-
strated in Figure [§ Note that at low data densities, even a suboptimal GP training routine
performs better than the global spectral method. However, as more data becomes available,
the spectral method achieves far superior convergence. It is noteworthy that spectral methods
require a predetermined placement of simulations in a grid, and cannot function without complete
population of this grid with data. Furthermore, to avoid poor behavior near the boundaries,
spectral methods require more dense sampling at the edges of the domain. This is a burdensome
requirement for NR, where cost increases near the borders of high spin and high mass ratio,
leading to an inordinately high training cost (for recent work on circumventing this requirement,
see [28]]). The accuracy achievable with densely trained spectral methods is not yet necessary for
GW science (see sec. [V.3), and for now the flexibility of GPs and cost-minimizing acquisition mean
that local methods are superior. However, eventually spectral methods will have the advantage in
the era of GW detectors like LISA [12]. Therefore, it is imperative to quantify the capabilities and
shortcomings of globally-learning methods, and to determine what cost-saving measures may be

possible.
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Figure 8: A convergence comparison between a globally learning method (spectral) vs locally learning (GP).
[Eq, (I1.22)]. These models were trained on a 2D Bessel function as a toy function of smoothness
comparable to the functions we interpolate in GW applications. Note that this GP was trained on

evenly spaced data, and better performance is achieved by our variance-maximizing routines.
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VIIL. APPENDIX

VII.1 Equations for Gradient Methods

The Jacobian of the variance of a Gaussian Process using a squared exponential kernel was derived

for use in a Python optimization routine:

Tn(X,) = 112 {(K—l + (1<—1)T) K*}T K. (X,E’"”) _ x(mlﬂ) (VIL1)

where ], is the mth element of the Jacobian, K is the kernel evaluated on the training data, K(X, X),
K, is the kernel evaluated at a given point, K(X,, X), and the superscript (m,:) represents the

entire mth row of a given matrix.
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