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Abstract

The problem of orienting digital images of chest x-rays, which were captured at some multiple of 90 degrees from
tii « true orientation, is a typical pattern classification problem. In this case, the solution to the problem must assign

an instance of a digital image to one of four classes, where each class corresponds to one of the four possible
orientations.

A large number of techniques are available for developing a pattern classifier. Some of these techniques are
characterized by independent variables whose values are difficult to relate back to the problem being solved. If a
technicue is highly sensitive to the values of these variables, the lack of a rigorous way of defining them can be a
significant disadvantage to the inexperienced researcher.

This thesis presents experiments by the author to solve the chest X-ray orientation problem using four different
pattern classification techniques: genetic programming, an artificial neural network trained with back propagation, a
probabilistic neural network, and a simple linear classifier. In addition, the author will demonstrate that an
understanding of the design of a feature set may allow a programmer to develop a traditional program which does
an adequate job of solving the classification problem. Comparisons of the different techniques will be based not
only on their success at solving the problem, but also on the time required to find an acceptable solution and the
degree to which each technique is sensitive to the values of the variables which characterize it.

The thesis demonstrates that all of the techniques can be used to derive very accurate chest x-ray orientation
classifiers. While it is dangerous to generalize the results of these experiments to pattern classification problems n
general, the author will argue that the magnitude of the differences in performance between the different techniques
minimizes this danger. In particular, the experiments suggest that the linear classifier is so computationally
inexpensive that it is always worth trying, unless there is a priori knowledge that it will fail. The experiments also
suggest that genetic programming is much more computationally expensive than are the linear classifier, artificial
neural network, and probabilistic neural network techniques.

Of the four conventional pattern classification techniques which were examined, it will be shown that the artificial
neural network produced the most accurate classifiers for the x-ray orientation problem. In addition, the results of a
number of trials suggest that the final accuracy of the classifier is relatively insensitive to the values of the
parameters which characterize this technique, making it an appropriate choice for the inexperienced researcher.
With respect to the ability of the resulting classifier to accurately orient sample x-rays which were not included in
the training set, the artificial neural network performed well, when compared to the other techniques.

Although the classifiers produced by the genetic programming technique were significantly more expensive to
construct and were slightly less accurate than the best artificial neural networks, the results of genetic programming
experiments can provide isights into the problem being studied, which would be difficult to discern from the
classifiers produced by the other techniques. For example, one of the classifiers which was produced by genetic
programming uses only eight of the twenty feature values extracted from the sample x-ray. Not only does this
reduce the cost of extracting the feature values from an unknown sample, but the classifier itself would be much
more efficient to evaluate than the classifiers produced by any of the other techniques.
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1. Introduction

In order to investigate the problem of chest x-ray orientation, the author implemented classifiers using four different
pattern classification techniques: genetic programming, artificial neural networks trained with back propagation,
probabilistic neural networks, and simple linear classifiers. In addition, the author employed knowledge used in the
design of a particular feature set to develop a more traditional program which could also be used as a chest x-ray

orientation classifier.

Each of these classifiers was implemented using Sun C++ 3.1, and all of the experiments were executed on a Sun

SPARCstation 10 with 64 MBytes of RAM, running Solaris V2.3.

The author obtained 238 sample chest x-ray images from the Eastman Kodak Company Research Labs. Each
sample was repeatedly rotated 90 degrees to produce a sample image in each of the four target orientations,

resulting in a total of 952 sample images.

The original samples were 45x55 pixel, 8-bit gray-scale images. These were cropped about their centers to produce
square, 45x45 pixel images. Two feature sets were extracted from the 952 samples images, to be used in training

and evaluating the performance of the various techniques.

The simpler of the two feature sets was derived by summing pixel values across various paths through the image. A
second more complex feature set was designed to detect the orientation of the dark region which appears between

the lungs in typical chest x-ray images.

A number of experiments were performed in which a classifier was trained using a fraction of the sample images,
and the overall accuracy of the resulting classifier was evaluated using the remaining samples. Care was taken to
ensure that the samples used for training originated from a different set of the original 238 images than did the

samples used for evaluating the final classifier.

Experiments using the genetic programming and artificial neural network techniques require the selection of values
for a number of different independent variables which are difficult to relate to the problem being solved. The author
employed the Latin Squares technique to develop a suite of experiments which tested the classifiers against various

combinations of some of these settings.




This paper is organized as follows. Following this introduction are sections which describe each of the four pattern
classification techniques which were used to solve the chest x-ray orientation problem. Each of these sections

begins by briefly describing the technique, and concludes with a description of the author’s implementation of the

technique used in the experiments.

After the sections which describe the pattern classification techniques is a section which describes the sample x-ray
images used in the experiments and the two feature sets which were extracted from these images. Subsequent
sections of the paper will describe the experiments performed with each of the four techniques and two feature sets,

including the setup of the experiments and the results from these experiments.

Finally, the author describes his attempt to write a traditional program for orienting the x-rays and offers his

conclusions drawn from the results of the experiments described earlier.




2. Pattern Classification Techniques
This section of the paper describes the four different pattern classification techniques which were used to orient the
chest x-rays. Each description begins with some background about the technique and ends with details of the

implementation used in the experiments described in this paper.

2.1. Genetic Programming

In 1975, John Holland published Adaptation In Natural And Artificial Systems, which showed how the evolutionary
process can be applied to problems in adaptation. The technique of Genetic Algorithms was developed as a means

of using evolution to solve such problems and is the foundation upon which the Genetic Programming technique is

based.

2.1.1. Genetic Algorithms

With the simplest form of Genetic Algorithm, candidate solutions to a problem are represented by fixed-length
strings. A population of candidate solutions are randomly selected from the set of all possible solutions and the
individuals in the population are ranked according to their ability to solve the target problem. Based on the results
obtained for this population, a new population is drawn from the solution space and evaluated. This is repeated

until an acceptable solution is found.

A new population of candidate solutions is generated from the previous population by applying three different
methods of breeding: asexual reproduction, cross-over, and mutation. Asexual reproduction involves selecting a

candidate from the current population and copying it into the new population.

Figure 1: Example Of Breeding By Asexual Reproduction

Candidate Solution A: “A,; A, A3 Ay A5 Ag A; Ag Ay”
New Candidate Solution A’: “A; A, A3 Ay As Ag Ay Ag Ay”
(same as original)

Cross-over is done by selecting two individuals from the existing population and randomly selecting a point where

the strings representing the two solutions are crossed to produce two new candidate solutions.




Figure 2: Example Of Breeding By Cross-Over

Candidate Solution A: “Al Az A3 A4 A5 As A, Ag Ag”
Candidate Solution B: “B; B, B3 B, Bs B¢ B; Bg By”

Randomly Selected Cross-Over Position = 4

New Candidate Solution A’: “A; A, A; B, Bs Bg B; Bg By”
New Candidate Solution B’: “B; B, By Ay As Ag A; Ag Ag”

Like asexual reproduction, mutation involves selecting a single individual from the current population and copying
it into the new population. With mutation, however, one character in the new string is randomly selected and

changed to a different value.

Figure 3: Example Of Breeding By Mutation

Candidate Solution A: “A; A, Ay Ay Ag Ag A7 Ag Ay”
New Candidate Solution A’: “Al A2 A3 A4 A5 AG B4 Ag Ag"

While mutation can preserve variation in the resulting population, in practice it sees little use (Koza, 1992:105).
The relative frequencies by which asexual reproduction, cross-over, and mutation are used to generate the new

population of candidate solutions are tunable parameters of the application of the algorithm.

By relating the fitness of a candidate solution to the probability that it is selected for breeding, the Genetic

Algorithm directs the search for the optimal solution to the target problem. Selection is done with replacement, so
that the same solution may be selected to participate in a number of breeding operations. Holland showed that the
generation of the new population using these techniques was nearly optimal in minimizing the cost associated with

sampling the solution space (Holland, 1992:139).

2.1.2. Genetic Programming

John Koza has developed a variation on Genetic Algorithms called Genetic Programming. With Genetic
Programming, solutions to the target problem are represented by programs rather than simple strings (actually,

candidate solutions are stored as parse trees).




In his book, Genetic Programming, Koza argues that representing candidate solutions as parse trees instead of
strings increases the expressive power of the algorithm, without invalidating the work of Holland. Therefore, he
concludes that the algorithm described below is a near optimal inethod of sainpling a solution space consisting of

candidate programs (Koza, 1992:116).

Each node within a candidate parse tree represents an input or function. Terminal nodes are inputs or functions
which require no arguments. Non-terminal nodes represent functions which take one or more arguments. The

values of these arguments are found by evaluating child nodes in the tree.

Figure 4: Example Of A Genetic Programming Parse Tree

AND

OR NOT

input input input

In order to ensure that randonly generated parse trees and parse trees resulting from breeding are always valid
programs, Genetic Programining requires that the program inputs, function arguinents, and function return values be

of the same data type.

In a Genetic Programming experiment, a population of programs is randonly generated. Each meinber of the
population is evaluated against test data and the prograns are ranked as to their fitness for solving the target

problem. A new population is generated by breeding individuals from the previous population.

The terminal and non-terminal nodes available for program generation depend on the nature of the problein being
solved, and are part of the characterization of a particular experiment. The fitness mneasure used to associate a

numerical rating for the suitability of each candidate program in solving the target problen is also domain specific.

For example, in the experiments conducted by the author, each x-ray was reduced to a set of 20 feature values. The

set of terminal nodes used in the Genetic Prograinining experiments included one node for each of these 20 values,




plus one node for each of four integer constants: 0, 1, 2, and 3. The set of non-terminal nodes included addition, the

greater-than comparison operator, a conditional “if” operator, and bitwise AND, OR, and NOT operators.

The fitness of a particular solution was determine by evaluating the candidate program repeatedly against the feature
vectors associated with a fixed set of sample x-ray images. The low order two bits of the result of an evaluation of
the program was used to select from amongst the four possible orientation values. The fitness value assigned to the

program was simply the fraction of correctly classified training samples.

2.1.3. Creating The Initial Population Of Programs

The initial population of candidate programs is generated randomly using the sets of terminal and non-terminal
nodes defined for the experiment. Koza describes two methods of generating different shaped parse trees and then

recommends a hybrid method called “ramped half-and-half” (Koza, 1992:91).

The first of the two basic parse tree generation methods is the full method. The fu// method begins by selecting a
target depth for the parse tree. The tree is generated from the top down. When a node is needed as an argument to a
function in the previous level of the tree, a non-terminal node is randomly selected, if and only if the depth of the
current branch of the tree is less than the target depth. If the depth of the current branch is equal to the target depth,

a terminal node is randomly selected. Uniform probabilities are used for node selection.

Figure 5: A Parse Tree Generated By The “Full” Method

To| [Ty | | Ty T (Ta| | T,

The depth of each branch is the same (in this case, the target depth is 4)




The second of the two basic methods of parse tree generation is the grow method. With the grow method, only the
maximum depth of all branches is pre-defined. When a node is needed as an argument to a function in the previous
level of the tree and the depth of the current branch is less than the target maximum depth, then a node is randomly

selected from either the set of terminal or non-terminal nodes. This means that the lengths of the different branches

of the parse tree can vary.

Koza suggests that the selection of nodes at intermediate levels of the tree be made uniformly from the union of the
sets of terminal and non-terminal nodes (Koza, 1992:92). In practice, this leads to rather uninteresting parse trees

when the number of terminal nodes is significantly greater than the number of non-terminal nodes.

Figure 6: A Parse Tree Generated By The “Grow” Method

T, | Ty

The depth of each branch can be different (max depth is 5)

The ramped half-and-half method is a hybrid of these two methods of parse tree generation. With this method, half
of the initial population of parse trees is generated using the fu/l method and the other half is generated using the
grow method. The minimum target depth used to generate any tree is two. The maximum target depth is a tunable
parameter typically around six (Koza, 1992:116). The same number of parse trees are generated for each target

depth, using each of the two basic tree generation methods.




During the generation of the initial population of programs, duplicate parse trees are eliminated by replacing one of
the trees with a new tree with the same characteristics. Because the programs do not interact with one another, there

is no advantage to having duplicate programs in the initial population of a Genetic Programming experiment.

After the first generation of programs is created, the programs are evaluated against test data and are assigned
fitness values which define their relative success at solving the target problem. Subsequent generations of programs

are created by breeding individuals from the current generation.

2.1.4. Creating Subsequent Generations Of Programs

As with the general Genetic Algorithm, breeding is done by asexual reproduction, cross-over, and mutation. In this
case, cross-over is performed by randomly selecting a node in each of the parent programs. The sub-trees rooted at

these two nodes are then swapped to generate two programs for the new population (see Figure 7).

The mutation operation (which is rarely used and was not used in the experiments described in this paper) is
performed by pruning a randomly selected sub-tree of a selected program and replacing it with another randomly

generated sub-tree.

In addition to asexual reproduction, cross-over, and mutation Koza describes three methods of generating new
programs from an existing population of programs (Koza, 1992:107-112). Although described below, these

methods were not employed by the author in his experiments.

A permutation operation generates a new program by randomly re-ordering the arguments to one of the functions in
an existing parse tree. The editing operation modifies an existing parse tree by recursively applying a set of domain
independent and optionally domain dependent editing rules. Koza gives an example of a domain independent

editing rule as follows:

“If any function that has no side effects and is not context dependent has only constant atoms as
arguments, the editing operation will evaluate the function and replace it with the value obtained from
the evaluation” (Koza, 1992:108)

The final method of generating new programs is encapsulation. With encapsulation, a randomly selected sub-tree
of a randomly selected candidate program is wrapped by a new primitive, which then replaces the sub-tree in the
original program. The new primitive is like a subroutine. If mutation is being used to breed programs, the new

primitive can be used as a terminal node in the randomly generated parse-trees created by the mutation operation.
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Figure 7: Example Of Cross-Over In Genetic Programming

Parent A with Parent B with
randomly selected randomly selected
cross-over point As cross-over point B,

As with Genetic Algorithms, the relative frequencies with which the different breeding methods are employed in

generating a new population of programs are tunable parameters.

Programs are selected for breeding with a frequency which is proportional to their relative fitness at solving the
target problem. The same program can be selected to participate in multiple breeding operations, and because

asexual reproduction is also used during breeding, the same program can appear more than once in the new

population.




In his book, Koza describes other techniques which are useful for improving the rate at which a Genetic
Programining experiment converges to a solution. The author of this paper included two of these techniques in his

implementation: decimation and greedy over-selection.

Because the generation of the initial population of programs is almost purely random, there are likely to be a large
number of candidate programs in this first generation with extremely poor fitness ratings. Decimation provides a
fast way of eliminating the poorest candidate programs, by simply removing a fixed number of them from the initial

population, before breeding begins.

Even after employing decimation to trim the initial population of an experiment, the number of programs which
remain mnay be quite large. The probability that even the fittest candidate program is selected for breeding may be
relatively small. Greedy over-selection is a method which increases the probability that the programs which are

better candidate solutions are selected for breeding.

With greedy over-selection, the programs from the current population are divided into two groups. The first group
contains the fittest individuals which collectively account for some total fraction of overall fitness of the population.
The second group contains all of the other programs. When a program needs to be selected for breeding, a group is

randomly selected and then a program is randomly selected from amongst the candidate programs in the group.

The probabilities of selecting between the two groups are skewed to greatly favor the group of programs which
contains the fittest individuals. Once a group is selected, a program is selected based on the relative fitness of the
programs within the group. Koza’s rules of thumb are that the first group is selected 80% of the time and that the
fraction of total fitness which determines the division of programs between the two groups depends on the total

number of programs as follows (Koza, 1992:99):

Table 1: Koza’s Allocation Of Programs For Greedy Over-Selection

Number Of Programs Fraction Of Total Fitness From Group-1 Programs
1,000 32%
2,000 16%
4,000 8%
8,000 4%

10




2.1.5. Characteristics Of A Genetic Programming Experiment

With the inclusion of decimation and greedy over-selection, the set of tunable parameters associated with a genetic

programming experiment includes:

Table 2: Tunable Parameters For Genetic Programming Experiments

Terminal Set (the set of program inputs which can appear as parse tree leaves)
Function Set (the set of functions which can appear as nodes in the parse trees)
Fitness Measure (a method of assigning a numeric rating to the fitness of a program)

Population Size (number of programs in the initial population)

Maximum Number Of Generations (number of iterations during the experiment)
Maximum Depth Of Parse Tree In Initial Population

Maximum Allowable Depth Of Parse Tree During Experiment

Probability Of Cross-Over
Probability Of Asexual Reproduction
Probability Of Mutation

Probability Of Permutation
Probability Of Edit

Probability Of Encapsulation

Probability Of Selecting Leaf Node During Cross-Over
Fraction Of Programs Discarded By Decimation Step

Fraction Of Overall Fitness Allocated To Greedy Over-Selection Group-I
Probability Of Selecting Program From Greedy Over-Selection Group-I

Koza claims that the accuracy of the Genetic Programming algorithm is relatively insensitive to many of these
variables and he typically uses the same set of values for most of his experiments (Koza, 1992:114). In the
experiments described later, the author varies a small number of these parameters to evaluate the sensitivity of the

chest x-ray orientation problem to these values.

2.1.6. Implementing The Genetic Programming Simulator

The implementation of the Genetic Programming algorithm by Koza was done using LISP, because of the relative
ease with which individual programs, stored as s-expressions, could be manipulated. To perform the Genetic
Programming experiments described in this paper, the author developed a reasonably flexible implementation of the

algorithm using the C++ programming language.

11




Unlike LISP, C++ is a strongly typed language. To make the Genetic Programming environment as flexible as
possible, the classes described below are in general implemented as template classes, parameterized by the type of
data associated with the program inputs, function arguments, and function return values of the generated parse trees
(there is one data type for all of these). For clarity in the descriptions which follow, the author will forego the C++

template notation in references to class names after the first (e.g., Node<T> and Node will be used to refer to the

same class).

The most basic of classes in the design is the Node<T> class. Node is an abstract base class for all terminal and
non-terminal nodes which can appear in a parse tree. Derived classes are implemented for each type of non-
terminal node to be included in the experiment, and a single class, TerminalNode<T>, is used to represent the leaf

nodes of the parse trees.

Each derived class implements a small number of member functions which characterize the type of operation
performed by this class of node. These functions include the following functions which are declared pure virtual in

Node:

int args (void);
Returns the number of arguments required as input to this node. TerminalNode implements this
function to return zero. The integer add node described later returns the value 2, because it
requires two inputs: the left and right addends.

const char *name (void),
Returns a short descriptive name for the class of node, which is used when a parse tree is
displayed to the user.

Node *gnu (void);
Returns a new instance of the same exact class as the receiver of the gnu( ) call. This is used to
generate new nodes of a particular class at run time.

In the author’s original design for the simulator, each derivative Node also implemented a virtual function, eval( ),
which obtained the node’s inputs from its child nodes in the parse tree and combined these inputs to produce the
result for the node. For example:

int IntAdd::eval (void)

{
return ( child[0]->eval( ) + child[l]->eval( )} };

}

12



The mputs to the program were stored in an array, and each instance of TerminalNode was assigned an index into

the array. The implementation of eval( ) in TerminalNode simply returned the appropriate element of the input

array.

Because of the recursive calls to eval( ) in its implementation by non-terminal nodes, an entire parse tree could be
evaluated by calling eval( ) against the root node of the tree. While the author believes this to be good object-
oriented design, the evaluation of a parse tree then requires a number of virtual function calls, equal to the number
of nodes in the parse tree. Virtual function calls are relatively expensive when compared to the execution of a
switch statement, upon which a parse tree interpreter might be implemented. In fact, through a separate experiment,
the author estimated that a virtual function call of the form shown above requires about twice as much CPU time as

the execution of a switch statement (in the environment in which the experiments were conducted).

In order to avoid introducing an unfair bias against the Genetic Programming technique, the author implemented a
different approach to program evaluation. In this approach, a 4-byte code is associated with each class of non-
terminal node and each unique input value. For non-terminal nodes, the high-order bit of the code is set to
distmguish the code from that of a terminal node. For terminal nodes, this bit is not set and the code is equal to the

node’s index into the input array.

Through a process, which will be referred to as flattening, a parse tree is compiled into a one dimensional array of
these byte codes. Flattening is accomplished by calling a virtual flatten( ) function against the root node of the tree.
This function is passed a pointer to an array and a reference to an index variable which points to the next writable
position in the array. Each node responds to flatten( ) by calling flatten( ) against each child, and then pushing the

byte code which corresponds to the node itself, onto the end of the array:

void IntAdd::flatten (unsigned int *array, unsigned int &index)

{
child[l]->flatten (array, index};
child[0]->flatten (array, index);
array[index++] = IntAdd Byte Code;
}

In order to determme the size of the array required to hold the flattened version of a particular parse tree, Node also
implements a virtual function to return the number of bytes required to flatten the sub-tree rooted at a node. The

default implementation of this function, in class Node, is sufficient for most derived classes. That implementation

13



simply calls the function recursively against each child (summing the results) and then adds one, to account for the

byte-code of the node itself.

Thus, the flattening process requires two calls to virtual functions for each node in the parse tree. Fortunately, the
flattened parse tree will be evaluated a large number of times, resulting in a net savings of CPU time (in each of the
Genetic Programming experiments described later in this paper, the original implementation of the simulator was
tested and was found to be at least twice as slow as this new version, whose results are used for comparison with the

other classification techniques).

To evaluate the flattened parse tree, a Stack<T> class is needed to hold intermediate results. The stack provides an
inlined member function to push a value on to the stack, and another inlined function which pops the stack and
returns the value just removed. Starting with an empty stack, the evaluator function iterates through the array of
byte-codes. If the current byte-code is that of a terminal node, then the corresponding value from the input array is
pushed on to the stack. Otherwise, an inlined eval( ) function is called against the class of Node indicated by the
byte-code. This eval( ) function pops the required arguments from the stack, computes the result of the operation,
and pushes the result onto the stack. After the last element of the array has been processed, the stack contains a

single element which corresponds to the program result.

int evaluateByteCodes (unsigned int *array, unsigned int num_codes)

{
static Stack<int> s;
s.clear( );

for (int 1=0; i<num_codes; i++)
switch (array[i])
{
case IntAdd Byte Code: IntAdd: :eval (s); break;

default: s.push( TerminalNode<int>inputs[array([il] ):

}

return s.pop( );

inline void IntAdd::eval (Stack<int> &s)
{

s.push ( s.pop( ) + s.pop( ) ):
}

This design has the disadvantage that a hard-coded switch statement must be formulated in the implementation of

evaluateByteCodes( ), based on the set of non-terminal node types to be included in the experiment. Unfortunately,
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the design becomes even more obfuscated, with the introduction of the “conditional if”” operation as a type of non-
terminal node. The if-operator accepts three arguments. If the first argument evaluates to a non-zero value, then the
operation returns its second argument. Otherwise, the operation returns its third argument (thus the if-operator is
equivalent to the C++ *“? :”” operator). This operation could be implemented as follows:

inline void IntIf::eval (Stack<int> &s)

{

I

int argl s.pop( )
int arg2 = s.pop( );
int arg3 = s.pop( );

return (argl ? arg2 : arg3);

But this design is horribly inefficient, since all three arguments are evaluated, even though only one of the second
and third is actually needed (in the author’s experiments, there is no chance of side-effects being introduced by the
evaluation of a sub-tree, so the evaluation need not be done at all, if the result is not used). In order to prevent the
unnecessary evaluation of imused results, a way is needed to delay the evaluation of the latter two arguments to the

if-operator imtil a decision is made as to which will be evaluated and which will be ignored.

The author’s solution is similar to one which he later discovered was described by Keith and Martin
(Keith, 1994:294). First, a new byte-code called a “skip” code is introduced, which is composed of an identifying
flag and an array index value which represents the element to which the evaluator should proceed next. This new

skip code is used in the implementation of flatten for the class Intlf:

void IntIf::flatten (unsigned int *array, unsigned int &index)

{
child[0]->flatten (array, index); // encode 1°% arg
array[index++] = IntIf Byte Code; // add self to byte-code array
unsigned int save = index++; // leave room for “goto”
child[l]->flatten (array, index); // encode 2™ arg
array[save] = SkipFlag | (index+l); // “goto” points past 2™ arg
save = index++; // leave room for 2" “goto”
child[2]->flatten (array, index); // encode 3% arg
array([save] = SkipFlag | index; // “goto” points past 3™ arg

}

The flattened version of an Intlf operation requires two additional slots for the skip codes. This is the main reason

that the function which determines the number of array elements required by a flattened parse tree must be a virtual
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function. Unlike other Node eval( ) functions, the implementation of eval( ) for Intlf does not push a result value
onto the stack. Instead, it adjusts the index which is being used to walk through the array of byte-codes during
program evaluation:

inline void IntIf::eval (Stack<int> &s, int &i)

{

}

if ( s.pop( ) ) i++;

This function pops the stack to retrieve the first argument to the if-operator. If this argument is zero, then the eval( )
function does nothing. The next byte-code processed will be a skip code which causes the evaluator to jump past
the byte-codes associated with the if-operator’s second argument to the start of byte-codes associated with the if-
operator’s third argument. Subsequently, when that section of the byte-code array has been processed, the value

corresponding to the third argument will reside at the top of the stack, as if it had been returned by the if-operator.

However, if the first argument to the if-operator is non-zero, then the eval( ) function increments the index being
used by the evaluator, so that it will miss the skip code. At this point, the second argument to the if-operator will be
evaluated and pushed onto the stack. The byte-code which immediately follows the flattened second argument to
the if-operator is another skip code, which causes the evaluator to skip past the third argument, which does not need
to be evaluated. Thus, in either case, only one of the second and third arguments to the if-operator will be

evaluated.

In addition to the overrides of the pure virtual functions of class Node and the member functions related to program
evaluation, each derived class which represents a non-terminal node implements a special constructor which is used
only once, to register the class of non-terminal node in a static registry. The contents of this registry determines
which Node derivatives will be created and used during the Genetic Programming experiment. A single static
instance of the class is constructed using this constructor, to accomplish the registration. Here is an example of the

complete implementation of the integer addition node:
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const unsigned int IntAdd Byte Code = NonTerminalFlag | 0x00000001;
class IntAdd : public Node<int>
{

private:

static IntAdd a; // static instance used to register class
IntAdd (NodeType t) : Node<int>(t) { } // for registration

public:
static void eval (Stack<int> &s)
i s.push ( s.pop( ) + s.pop( ) );
int args (void) { return 2; }
const char *name (void) { return “+”; }
Node<int> *gnu (void) { return new IntAdd {(instance); }
unsigned int byte code (void) { return IntAdd Byte Code; }
void flatten (unsigned int *array, unsigned int &index)
{ child[1l]->flatten (array, index);
child[0]->flatten (array, index);
array[index++] = IntAdd Byte Code;
bi

IntAdd IntAdd::instance (NONTERMINAL);

When the object module for IntAdd is linked into an executable, the static instance of the class is automatically

registered at application startup. Registration involves storing a pointer to the instance in a static array of pointers

maintained by the Node class. At run time, a class of non-terminal node is randomly selected by choosing an

instance from this array. A new node of this class is produced by calling the gnu( ) function against that instance.

The registration of terminal nodes is handled a little differently, because there is only one C++ class to represent all

of the terminal nodes in the experiment. At application startup, a global function named numberOfInputs( ) is called

to determine the number of imique terminal nodes. This function must be provided by the experimenter. The value

returned by this function is used to create the correct number of instances of TerminalNode (one per input). These

instances are stored in another static array of Node pointers associated with the base class. At run time, when a new

terminal node is needed, one of the instances maintained by the Node class is selected at random and cloned using

the gnu( ) function implemented in TerminalNode.
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Each instance of TerminalNode maintains an index into a static array of input values (the size of this array is also
equal to the value returned by numberOfInputs( )). When a TerminalNode is created via gnu( ), the index value is
copied so that the new node points to the same input value. During the run, the array of input values is loaded

appropriately before a program is evaluated.

The Node base class maintains information about the node’s place within its parse tree. This information includes:

e A pointer to the node’s parent in the parse tree

e  An array of pointers to the node’s children in the parse tree

e The maximum depth of any sub-tree rooted at this node

e The number of non-terminal descendants of this node

e  The number of terminal descendants of this node

This information is used during the construction and breeding of parse trees through a number of helper functions
on the Node class (these functions describe the characteristics of the sub-tree rooted at the node and can return
specific elements of that sub-tree given a depth-first numeric index into the sub-tree). The class which uses these

member functions is the class whose instances represent the individual parse trees in the experiment, Program<T>.

Each Program stores a pointer to the root node of the parse tree it represents. The first time a Program is asked to
evaluate itself, it creates the flattened version of the parse tree by calling the flatten( ) function against the root node
of the tree. The Program then calls the global function, evaluateByteCodes( ), which was described earlier. The
flattened version of the parse tree is not discarded until the Program is deleted. Thus, it can be evaluated multiple

times.

In addition to storing a pointer to the parse tree and the byte-code array, Program maintains a number of other data

members including data members for:

e the number of times the program has been run (i.e., evaluated).

e the cumulative fitness assigned to the program for all runs thus far.
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e the number of hits scored by the program (a “hit” is scored each time the program returns an
exactly correct result and is useful if some non-zero amount of the fitness measure is awarded for

answers which are “close but not exact™).

e the probability that this program should be selected for breeding.

e the number of times the program has actually been selected for breeding

e adescription of how the program was produced (e.g., from cross-over) with data to identify the

parent program(s) which were bred to produce this program

Much of this data is simply gathered for measuring statistics of the experiment, although the fitness measure is used
to compute the selection probability and the selection probability is used during breeding to select programs at

frequencies which are proportional to their fitness at solving the target problem.

The Program class provides three methods for creating a new program. During the creation of the first generation
of programs within an experiment, a public constructor of Program is used to create new programs by either the
“full” or “grow” methods described earlier. Subsequently, a copy constructor is provided for asexual reproduction
and a breed( ) method is implemented for cross-over (mutation is also supported via a mutate( ) method, but the

author has not tested this).

Both the “full” and “grow” methods of generating a tree from scratch are implemented by Program via recursive
calls to its generateTree( ) member function. This function is passed an enumerated value to distinguish the method
of generation and a pair of values which represent the minimum and maximum depths allowed for the generated

tree.

The generateTree( ) function randomly selects a target depth, d, for the new tree, such that d lies in the range
between the specified minimum and maximum allowable. The C++ run-time library function erand48( ) is used for
this and all other situations in which random numbers are needed. Separate random number streams are used for

each decision, by maintaining multiple seed arrays. The “full” method of tree generation is implemented as follows:
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if ( d is less than or equal to one )

{
}

else

{

return a new, randomly selected, terminal node

create a new, randomly selected, non-terminal node n
for each argument required by n, generate a new sub-tree
by calling generateTree( ) recursively, with minimum and

maximum depth parameters both equal to (d - 1) (and using
the “full” method)

attach these arguments (i.e., sub-trees) to node n and return n.

This algorithm results in a tree in which the depth of each branch extending from the root is exactly equal to the
depth selected in the original call to generateTree( ). Program implements the “grow” method of tree generation
slightly differently than as described by Koza. In this implementation, there will always be exactly one branch
which reaches the target maximum depth for the tree. The generateTree( ) method implements “grow’” as follows:

if ( d is less than or equal to one )

{

}

else

{

return a new, randomly selected, terminal node

create a new, randomly selected, non-terminal node n
randomly select one of the arguments to n and create a
sub-tree for it by calling generateTree( ) recursively,
with minimum and maximum depths set to (d - 1) (and using
the “grow” method)

create the other arguments to n by calling generateTree( )
recursively with a minimum depth parameter of 1 and a
maximum depth of (d - 1) (again, the “grow” method is used
in these recursive calls).

attach these arguments to node n and return n.

This algorithm also differs from that described by Koza in that the depths of the various branches of the trees are
independent of the relative difference in the number of classes of non-terminal nodes and the number of different
inputs (i.e., terminal nodes). Thus the generated trees will not be artificially flattened when the number of mputs is

significantly greater than the number of classes of non-terminal nodes included in the experiment.
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The “full” and “grow” methods are only used to generate the initial, random population of programs evaluated as
part of the first generation of the Genetic Programming experiments. Later generations of programs are created by
breeding programs from the previous generation. The two methods of breeding employed in the experiments by the

author are implemented via the copy constructor of the Program class and Program’s breed( ) method.

The copy constructor is used for asexual reproduction of a Program during breeding. The counts for number of
runs, hits, and cumulative fitness are preserved in the new Program, but other data members, like the probability of
selection for breeding and the number of times the program was selected are not copied from the existing Program,

because these data members will depend on the results found in evaluating the other programs in the new

generation,

As an optimization, the fitness of a program produced via asexual reproduction is not recomputed for the new
generation of programs. Such evaluation would be a waste of time, since it is assumed that the fitness of a particular
program is independent of generation in which it appears. Obviously, this same optimization cannot be applied to
programs produced by cross-over, since the resulting programs will almost certainly be different than their parent

programs.

Cross-over is implemented in the breed( ) method of class Program. The method is passed a pointer to another
program (which serves as the second parent in the cross-over) and it returns the two programs which result from the

cross-over. Cross-over is implemented as follows:

1. Use the copy constructor of Program to produce two new programs which are identical in

structure to the two parent programs involved in the cross-over.
2. Randomly select a node from each of the two parse trees as the cross-over points.

3. Swap the sub-trees rooted at these two nodes by extracting each from its current parse tree and

inserting it in the other parse tree.

Even if both of the parent programs were in fact the same instance of class Program, the above algorithm works,
because the children are first produced by cloning, before the cross-over occurs. One situation which does require
special handling is when one or both of the cross-over points are the root nodes of the child programs. In this case,

an entire program is being replaced and the pointer stored to the root node in the Program object must be updated.
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The selection of a cross-over point is a two step process. First, a decision is made as to whether the cross-over point
should be a terminal or non-terminal node. The probability of selecting a terminal node in this step is a tunable
parameter. Next the root Node is asked for the number of nodes of the selected type which exist in the tree rooted at
that node. An index to one of these nodes is randomly generated and the root Node is asked to return a pointer to
the node which corresponds to this index, given a depth first ordering of terminal or non-terminal nodes. The node

which is returned becomes the cross-over point.

The two Program constructors and the breed( ) member function each implement a single step in the process of
generating a population of test programs. These steps must be repeated an appropriate number of times to produce
the complete population. The responsibility for generating and evaluating a population of programs falls to the

Generation<T> class.

A Generation maintains a collection of Program objects. The class provides two constructors for creating new
generations, a method to evaluate all of programs in the generation, and a method to save information about the
generation to a file. This information includes the programs themselves, as well as some performance statistics,

which will be described shortly.

The class Generation provides two constructors. The first constructor is the void constructor, which is used to
create the first generation of programs for an experiment. This constructor implements the “ramped half-and-half”
method of program generation described earlier, using the “full” and “grow” methods of parse-tree generation

implemented by Program.

The second Generation constructor is passed a pointer to an existing generation. This is not a copy constructor.
Instead, a new generation is produced by breeding the programs from the specified generation. The programs in the
existing generation must already have been evaluated and sorted according to their relative fitness. In addition, the
probability of selection for breeding must already have been computed for each program and a cumulative value for

this probability stored in each of the programs. Breeding proceeds as follows:

1. A method of breeding is selected at random. The frequency with which each of the methods is

selected is a tunable parameter of the experiment.

2. If the selected method is cross-over, then two programs from the previous generation are selected

at random for breeding. Otherwise, a single program is selected. The probability that a program is
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selected for breeding is proportional to its relative fitness within the previous generation of

programs. Selection is done “with replacement”.

3. The new program is produced (two programs in the case of cross-over) by calling the appropriate

method of the Program class.

4. Steps | through 3 are repeated until a complete population of programs is generated.

Currently, only two methods of breeding are supported by the class Generation: cross-over and asexual
reproduction. A method is selected by comparing a random number in the range 0.0 to 1.0 with the target
probability for cross-over. If this random number is less than the probability of cross-over, then the method selected

is cross-over.

The algorithm to select programs with appropriate selection frequencies is implemented as follows: a random
number is generated in the range 0.0 to 1.0. The sorted collection of programs are searched in order of decreasing
fitness, until a program is found whose cumulative probability of selection exceeds the random number. This
program is selected. Greedy over-selection is implemented during the assignment of selection probabilities, so the
division of the programs into two groups, as described for that technique, is implicit in the selection algorithm

described here.

Once the entire population of programs has been created, the Generation can be evaluated by calling its eval( )
method. Although the process of evaluating the fitness of each program in the generation is implemented in a
generic way, it depends on calls to a number of functions which are external to the class Generation and are

provided by the experimenter to tailor the algorithm to the problem being studied. These functions include:

int numberOfinputs (void)
This function, which was mentioned earlier, defines the number of different terminal nodes to be
registered at application startup.

int numberOfTests (void)
The evaluation of a program is broken down into one or more “tests”. At the start of a test, the
experimenter is asked to load the array of terminal node values with inputs appropriate to the next
test. Then, the experimenter is asked to evaluate each program in the population, one at a time,
and assign a fitness value to the program for this test.

The function numberOfTests( ) is called to determine the number of different tests which will be
performed. This number must be independent of the generation being evaluated, because
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programs produced by asexual reproduction are not reevaluated.

In the experiments described in this paper, a “test” consists of evaluating each program against the
feature set extracted from a single sample x-ray image. The number of tests is therefore equal to
the number of training samples.

The author’s Genetic Programming framework actually evaluates the entire population of
programs against only a subset of the tests indicated by numberOfTests( ). Then, after a selection
probability has been assigned to each program, the remaining tests are used to evaluate the “best
of generation” program. Since these latter tests never affect the selection of programs for
breeding, they serve as a good measure of the success of the algorithm at finding a solution which
is general enough to work well within the problem space represented by the test samples.

void loadlnputs (void)
This function is called at the beginning of each test, to prepare the array of terminal node values
for the start of the next test. In the experiments by the author, the set of inputs was exactly equal
to the feature values extracted from a single sample x-ray (in one of its orientations), plus some
constants. The implementation of loadInputs would populate the input array with values for a
single training sample.

The number of calls to loadInputs( ) for each generation is equal to the number returned by
numberQOfTests( ). The version of loadInputs( ) implemented by the author automatically restarts
at the beginning of the collection of training samples, after the features for the last training sample
have been loaded. The function correctly presumes that this restart occurs only when a new
Generation begins evaluating its programs.

void evalProgram (Program<T> *program, double &fitness, int &hits, ...)
The Generation class calls evalProgram( ) to obtain a fitness value for a specified program during
the current test. The fitness values of a single program are summed over all tests to produce the
program’s cumulative fitness, which is a measure of the program’s success at solving the target
problem.

In its simplest form, evaluating a program during a test involves calling the eval( ) function of the
Program and using the return value to assign a fitness value to the program for this test. Koza
gives examples where the evaluation of a program for a single test may involve multiple calls to
its eval( ) method, where each evaluation is used to adjusts the input array before the next call
(Koza, 1992:147).

In these cases, the fitness measure is often inversely proportional to the number of times the
program needs to be evaluated to satisfy some termination condition. This kind of test can be
implemented using this author’s framework, provided that the evalProgram( ) function restores the
input array to its original state before returning,

double adjustFitness (double fitness)
This function is called once per program after it has been evaluated against all tests. The fitness
value passed to this function is the cumulative fitness of the program determined over the course
of the tests. The experimenter can implement
adjustFitness( ) to apply some domain specific adjustment to the fitness measure.
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Because programs produced by asexual reproduction are not reevaluated, and their cumulative
fitness is not readjusted, the adjustment performed by this function must be independent of both
the characteristics of the current generation and the programs it contains. This restriction severely
limits what can be done by this function, and in practice, the author found no need to modify the
cumulative fitness values.

double perfectScore (void)
This function returns the adjusted fitness value that would be achieved by a program which
performed perfectly during all of the tests. One of the stopping criteria for the experiment is
finding a program whose adjusted fitness equals perfectScore( ).

int evaluateByteCodes (unsigned int *array, unsigned int num_codes)
This is the interpreter function described earlier. The actual return type depends on the type of
data associated with the program inputs and return values. The first argument is an array
containing a flattened parse tree. The second argument is the size of the array.

After all of the programs in a Generation have been assigned a cumulative fitness value, the programs are sorted in
order of decreasing fitness, using a heap sort (Lewis, 1982). If this is the first or second generation of the
experiment a decimation operation is optionally performed to eliminate the poorest performers. Next, a selection
probability is assigned to each program. This probability is computed based on the cumulative fitness of the
program relative to the cumulative fitness of the generation. The greedy over-selection technique, described earlier,

is used to adjust these probabilities.

A cumulative selection probability is stored with each Program, which is the sum of that program’s selection
probability and the selection probabilities of all programs which appear before it in the sorted list. This cumulative
probability will be used to select programs for breeding when the next generation of programs is created (as

described above).

Finally, the Generation optionally evaluates the fitness of the “best of generation” program against the subset of
tests which were not used in the earlier evaluation step. During this evaluation, the calls to evalProgram( ) are
passed a ConfusionMatrix, which the function populates with the results of these evaluations. The ConfusionMatrix
contains a two dimensional array of integers, where each row represents a correct result and each column represents
an observed result. The array element located at row R and column C is used to record the number of times the
result C was observed when in fact the correct result was R. This matrix is printed as part of the report which

summarizes the performance of this generation of programs.
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Also included in the report are elapsed and CPU time statistics for various operations performed by the Generation.
These operations include the creation of the programs, their evaluation, the sorting of the programs by fitness, the
decimation and the assignment of selection probabilities, and the evaluation of the “best of generation” program
against the test data which was not used earlier. Elapsed time is collected using the Timer class, which is

implemented using the Unix function gettimeofday( ). CPU time is collected using the CPUtimer class which uses

the function clock().

A generation report begins with the distribution of program sizes as measured by the minimum and maximuin
depths of any branch within the program (this information is most useful for verifying the correctness of the ramped
half-and-half algorithm in the generation of programs for the first generation). The distribution of program sizes is
displayed in a table like the following, which was extracted fromn the results of one of the experiments performed by
the author.
Generation 1:
generating population

distribution of program sizes

Max Depth
1 2 3 4 5 6 7 8 9 10 11+
Min Depth

1 0 0 0 0 0 0 0 0 0 0 0
2 - 200 47 29 27 13 0 0 0 0 0
3 - - 153 28 14 13 0 0 0 0 0
4 - - - 143 21 17 0 0 0 0 0
5 - - - - 138 16 0 0 0 0 0
6 - - - - - 141 0 0 0 0 0
7 - - - - - - 0 0 0 0 0
8 - - - - - - - 0 0 0 0
9 - - - - - - - - 0 0 0
10 - - - - - - - - - 0 0
11+ - - - - - - - - - - 0

During the evaluation of the programs and their ranking relative to their fitness, the Generation prints status
information, similar to the following:

evaluating programs (554 training samples)

adjusting final fitness values

sorting programs
decimating population and assigning probabilities

Next, the generation reports the timing data collected during the processing of this generation. These statistics are

broken down by the tasks outlined earlier:
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timing information (in seconds):

cpu time: generation 0.510
evaluation 7.280
sorting = 0.020
assign probs = 0.000
test b.o.g. = 0.010
total = 7.820
elapsed time: generation 0.507
evaluation = 7.412
sorting 0.020
assign probs = 0.004
test b.o.g. = 0.008
total = 7.951

The report created for a particular generation concludes with information about the top performers of the generation,
including the confusion atrix which resulted from evaluation of the “best of generation” prograin against tests

which were not used to determine selection probabilities:

Top 5 Programs

Prog# #Hits Fitness #Nodes MaxDepth

1 298 298.00 15 5
2 286 286.00 17 4
3 278 278.00 43 6
4 277 277.00 3 2
5 277 277.00 3 2

Best-Of-Generation Test Runs: runs=370, hits=177, fitness=177.00

Best-Of-Generation Confusion Matrix:

1 2 3 4 amb (responses)
1: 55 0 37 0 0
2: 19 19 42 12 0
3: 26 0 67 0 0
4: 15 19 23 36 0
Correct Answers: 177 ( 47.8% )
Incorrect Answers: 193 ( 52.2% )
Ambiguous Answers: 0 ( 0.0%)

The last column of the confusion inatrix is reserved for ambiguous answers, which were not possible in the author’s
chest x-ray orientation experiments. Correct answers are represented by the counts along the diagonal of the natrix,
beginning at the upper left corner. In this example, the program produced a correct response 47.8% of the time,

which while not particularly good, is considerably better than the 1-in-4 chance of a correct randoin guess.

In addition to the human readable report described above, the Generation also stores information about itself to a

file in binary form. This information includes the statistics included in the report, as well as the parse trees for each

27



of the programs (to save disk space, the experimenter can request that only a subset of the programs be saved from
each generation). Each parse tree is again flattened into a simple array of bytes, one byte per node. A table is
written to the file which maps each byte code to a string-based name and a number of arguments. This information

is used by another program, named GenerationReader, to reconstruct the parse trees.

Two other classes complete the Genetic Programming framework implemented by the author. The class Config
parses an iput file containing various parameters which control the execution of the experiment. These include the
tunable parameters listed in Table 2, as well as seed values for the various random number streams needed during

the experiment. Config provides static member functions for retrieving these values at run time.

Just as the class Generation manages a collection of programs, the class Experiment<T> manages a series of
generations, thereby conducting a complete Genetic Programming experiment. The constructor for Experiment
creates the first generation, evaluates that generation (via the eval( ) method of class Generation), and then enters a
loop, creating and evaluating subsequent generations. The Experiment class collects cumulative timing statistics,
which it reports following the report printed by the last Generation. It also displays the overall most fit program in

a human readable form (by calling a method on class Program).

The “best of run” program is displayed as a LISP s-expression. In the example which follows (from an actual run by
the author), the experiment includes five types of non-terminals: integer add (“+”), bitwise and (“&”), or ("), and

not (“~”), the greater-than comparison (‘“>"), and if-operator (“?”") described earlier. There were 20 inputs named

“i1” through “i20” and four constants: 0, 1, 2, and 3.
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Figure 8: “Best Of Run” Program Produced During A Genetic Programming Experiment

(? (> 12
i8)
(? i2
il6
i11)
(1 (> (? 112
i9
(> i2
(+ 1
i9)))
(? (+ 117
i4)
i5
19))
(? il15
(+ (+ (I (1 (~ 3)
(] (> 112
(2 (~ 14)
118
118))
(? 110
17
(> 18
110))))
(2 (] il1
(~ 113))
i5
i16))
(~ 3))
(~ (> (?2 (? (+ (] (+ 117
i9)
(? il12
i9
(~ (> 17
i5))))
i4)
i2
(| 118
19))
118
(+ 1
117))
(] 118

i9))))

The experimenter who uses the author’s Genetic Programming framework tailors the structure of the experiment by
linking the framework with modules containing the different non-terminal nodes to be included in the generated
programs, by specifying tunable parameters via the configuration file, and by writing the six global functions which

are used by the class Generation to determine the fitness of individual programs.
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The data type of program inputs and outputs is defined by the exact instantiation of the Experiment<T> template
created in the experimenter’s main( ) function, which is of the form:
int main (int argc, char *argv([])
{
Experiment<int> e(argc, argv);

return 0;

In this example, the data type for the program inputs and outputs is integer and all concrete derivatives of the Node

template which are linked with the program should be derived from the Node<int> instantiation.

2.2. Artificial Neural Network

The term “artificial neural network” is used to describe a variety of problem solving techniques which utilize a
directed graph of relatively simple processing units. This section describes a popular class of artificial neural
network, which the author used in his chest x-ray orientation experiments. The type of network is referred to as a

Jeedforward network trained by back propagation.

2.2.1. The Feedforward Neural Network

The general structure of a feedforward network is a directed graph of processing units grouped into an ordered
collection of layers. Each processing unit in layer N obtains its input from the outputs of one or more processing

units of layer (N-1) and provides its single output as an input to one or more processing units in layer (N+1).

The first layer is known as the input layer. The processing units in the input layer obtain their inputs from a source
external to the network. Normally the output of a processing unit in the input layer is exactly equal to the input
supplied to it. Thus, the input layer serves simply as the place where inputs are stored while they are used by the

next layer in the network (Schalkoff, 1992:237).

Feedforward networks are often applied to the problem of assigning a sample from a population to one of a fixed
number of classes. The sample is represented by a vector of features (numeric values representing different

measurements of the sample). The value of each feature is directed to a different processing unit in the input layer.
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Figure 9: General Structure Of A Fully Connected Feedforward Network

input layer \‘ hidden layers 4 output layer

constant “bias” inputs not shown

The last layer of the feedforward network is known as the output layer. Often there is one processing unit in the
output layer for each of the different classes to which a sample may be assigned. The goal is to produce a network
such that the output or response produced by the processing unit associated with the true class of a sample is large

while the responses produced by the other processing units in the output layer are small.

The layers of processing units which lie between the input and output layers are referred to as hidden layers.
Feedforward networks are, in practice, fully connected (Bailey, 1990:43). That is, each processing unit in any layer
after the first is provided a set of inputs which is exactly equal to the outputs of all of the processing units in the
previous layer. In addition, a constant “bias” input is often provided to each processing unit, which allows the
outputs of different processing units to differ when all of the external inputs to the network are at or near zero
(Rumelhart, 1994:87). Schalkoff suggests that, internally, the processing unit can treat this bias input exactly as any
other input, in which case the tuning of the bias values will occur during the adjustment of network weights, as the

network is adapted to the problem being solved (Schalkoff, 1992:249).

When a processing unit in the input layer is asked for its output, it simply returns the value which has been provided
to it. When a processing unit in a different layer is asked for its output, it obtains all of its inputs and from them it
computes the value of its output by evaluating its activation function. Typically, the same form of activation

function is used by all of the processing units in layers outside of the input layer.
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Although a large number of suitable activation functions can be used in feedforward neural network experiments, a
multi-layer network will have no advantage over a single layer network, if the activation function is linear
(McClelland, 1989:131). In addition, the method of training a feedforward neural network (which will be described
below) requires that the activation function have a continuous first derivative. One activation function which
satisfies these criteria and is often used in feedforward neural network experiments is the sigmoid activation

function:

Equation 1: The Sigmoid Activation Function

1
0, = 1+ et (Equation 1.1)
net; = Z(W,j inp;) (Equation 1.2)
j

where o is the result of the evaluation of the sigmoid function and is the output of unit i,
inp; is the 7" input of processing unit 1,
and w;; is a constant “weight” applied to the " input of processing unit i

The constant, A in the above equation is known as the gain parameter and controls the slope of the sigmoid
characteristic. It is usually set to one (Schalkoff, 1992:214), as was true in all of the author’s experiments.
Typically the weight constants, referred to simply as the network’s weights, are initialized to random values which

are then refined through an iterative process known as training.

2.2.2. Training By Back Propagation

During training, the network is exposed to a number of labeled training exemplars (i.e., samples whose classes are
known a priori). In each case, the output of the network is compared with the target output for that sample and all of

the weights in the network are adjusted so that the difference between the target and observed outputs is reduced.

The adjustment of weights proceeds from the output layer toward the input layer and is known as back propagation.
The goal of training by back propagation is to find the set of network weights minimizing the network’s error

function E, which describes the errors in output produced by the network as a function of the network weights.

During each training iteration, a particular weight w; ; is adjusted by an amount proportional to the gradient of E.

The formula which determines the amount by which each weight is adjusted is known as the generalized delta rule.
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In practice a small fraction of the adjustment from the previous training iteration is also added to the adjustment for
the current iteration, to prevent oscillations in the weight adjustment strategy. This additional adjustment is known
as a momentum factor (McClelland, 1989:136) and with the generalized delta rule leads to the following expression

for the adjustment strategy:

Equation 2: The Generalized Delta Rule With Momentum

OE
Aw;(n+) = —¢ [ﬁ) +m Aw;(n) (Equation 2.1)

i

where  w;; is the weight being adjusted (the weight for the 7" input of unit 1)
Aw;y (n+1) is the amount by which weight w; ; will be adjusted this iteration
Aw;; (n) is the amount by which weight w;; was adjusted in the previous iteration
€ is a constant known as the learning rate
m is the momentum factor constant

Because the exact error function is unknown, a method is needed for approximating the gradient which appears in

the previous equation. Schalkoff shows that the gradient can be decomposed as follows (Schalkoff, 1992:245):

Equation 3: Decomposition of Gradient Used In Generalized Delta Rule

JE ) )

o, = 0, inp, (Equation 3.1)
where

5—(—5Ej(@fj Equation 3.2

. = @, e, (Equation 3.2)

The first factor in Equation 3.2 is equal to the difference between the observed and target outputs for unit 1. The
second factor is equal to the value of the derivative of the activation function evaluated at net;. Because the target
output is known for each of the processing units in the output layer, the value of &; for these units can be computed

exactly (Schalkoff, 1992:246).
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Equation 4: Derivation of 6; For Output Layer Processing Units (sigmoid activation)

E,. = (0,=1) = {t;-0) (Equation 4.1)
4o ion 4.2
Ohet, = A0 (1-0) (Equation 4.2)
6 =10, (1-0)(t;~0) (Equation 4.3)

where t; is the target output of processing unit i

Unfortunately, the target outputs of processing units in the hidden layers are not known, so the value &; for these
units cannot be computed using Equation 4.3. Instead, a reasonable value of &; for a processing unit in layer N can

be computed recursively from the values for &; computed for the units in layer (N+1), as follows

(Schalkoff, 1992:247):
Egquation 5: Value &; For Processing Units In Hidden Layers
o = Ao, (1—0,)2(6}( W) (Equation 5.1)
k

where the sum is over all processing units which accept the output of unit 1 as
an input and wy; is the weight that unit k applies to the input corresponding to 1

Of note is the fact that the values of d; depend on the current set of weights in the next layer. Thus, a training

iteration involves three passes through the network:

1. The features for the training sample are applied as inputs to the network and are fed forward

through the network to compute the output of each processing unit

2. The 6; values are computed for processing units at the output layer using Equation 4.3 and then

Equation 5.1 is used to compute this value for processing units in earlier layers.

3. The values for Aw;; (n+1) are computed and added to each weight w;;, to produce the new set of

weights for the network

34



Typically, the training data must be applied to the network a number of times in order to produce an acceptable set
of weights. A single application of all of the training samples is referred to as a training epoch. Adjustments to the
weights can be done after each sample is evaluated, or the delta values computed for the weight changes can be

cached and applied only at the end of an epoch (Schalkoff, 1992:241).

When weights are adjusted after each training sample (as was done in the experiments conducted by the author of
this paper), it is important to randomize the order of the samples after each epoch. This eliminates the biases which
can occur in weight adjustments due to similarities or differences amongst neighboring training samples. This
shuffling of the training data is particularly important when momentum is included in the adjustment, since the

current adjustment now depends directly on the direction and magnitude of the previous adjustment.

2.2.3. Characteristics Of A Neural Network Experiment

While the number of tunable parameters associated with an experiment involving a feedforward neural network
trained with back propagation is considerably less than the number of parameters associated with a Genetic
Programming experiment, it is still quite difficult to relate the values of these parameters to the characteristics of the

problem being studied.

Table 3: Tunable Parameters For Artificial Neural Network Experiments

Network Topology (number of layers, processing units per layer, connectivity, etc.)
Gain Parameter ( A ) [assuming sigmoid activation function]

Learning Rate ( € )

Momentum Factor ( m )

Weight Adjustment Frequency (by sample vs. by epoch)

Kolmogorov’s Mapping Neural Network Existence Theorem shows that any problem which can be solved by a
feedforward neural network trained with back propagation can be solved by a network which contains exactly one
hidden layer, which consists of a number of processing units one greater than the number of units in the input layer
(Schalkoff, 1992:238). Unfortunately, the activation functions of the processing units are dependent on the nature

of the problem and Kolmogorov’s proof does not provide a method to construct these activation functions.
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Despite these limitations, in practice, most feedforward neural networks are constructed (at least initially) with a
single hidden layer (Bailey, 1990:44). The numbers of processing units in the input and output layers are
determined by the number of features per sample and the number of different classes to which the samples might be
assigned. As mentioned earlier, the network is typically fully connected, since it is easier to let the adjustments of

weights determine the degree to which a processing unit depends on a particular input than to predict those

dependencies a priori.

One might think that the number of processing units allocated to the hidden layer would be selected to agree with
that described by Kolmogorov, making the design of the network topology entirely deterministic for a given
experiment. In fact, this is not the case. The number of processing units in the hidden layer can affect the rate at

which training converges on a good set of weights, and it can affect the degree to which the network can generalize

(Bailey, 1990:46).

In the experiments which will be described in this paper, the author examines the sensitivity of this technique to
three tunable parameters: number of nodes in hidden layer, learning rate, and momentum. The experiments were

conducted using an object-oriented neural network simulator designed and implemented by the author in C++.

2.2.4. Implementing The Neural Network Simulator

In the simulator, the input layer is simply modeled with an array of values. Individual processing units in other
layers are represented by instances of class Node and its derived class oNode (whose instances represent processing
units in the output layer). The two classes differ in the way in which they compute J;, as one might expect from the

earlier discussion.

Each instance of Node maintains the following data about itself:
e A pointer to the Layer to which it belongs (the class Layer will be discussed below).
e  An index which identifies this nodes position in its Layer
e  The number of inputs (including the bias input) to this processing unit

e A pointer to an array of inputs (which this Node shares with the other Nodes in its Layer)
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* Anarray of weights (one weight per input, including the bias input)

e An array for holding a snapshot of weights

e The last 6; value computed for this processing unit

® An array which contains the last values computed for Aw; 5(n)

* A pointer to a location where the Node’s current output value can be stored

All of these data members are initialized at construction time. The Layer pointer, index, number of inputs, input
array pointer, and output location pointer are passed to the constructor. The other arrays are allocated and initialized
inside the constructor, including the array of weights, which are initialized to non-zero random numbers in the range
-0.5 to 0.5 (a static member function allows a random number seed to be set for use with the system’s erand48( )
function). The class oNode includes an additional data member which points to a location where the target output

of the node is stored during training iterations.

Node'’s fire( ) method implements the sigmoid activation function with a gain parameter of one. The function
assumes that the processing units in the previous layer have already been fired and that the current values in the

receiver’s input array are valid.

Two other member functions implement training via the generalized delta rule with momentum. The function
computeDelta( ), which is implemented differently by Node and oNode, computes the value of §;. This function
assuming that fire( ) has already been called against the nodes in the network. The other member function,

adjustWeights( ), updates the weights according to equation 2.1.

Node defies four functions which are used in generating reports during the execution of an experiment. These
functions print the last set of inputs to the node, the current values of the node’s weights, the last snapshot of weight

values, and a description of the node itself. The node description includes the current input, weight, and output

values.

With the exception of the input layer, for which there are no explicit processing units modeled, the simulator stores

the processing units in collections of type Layer. A Layer stores an array of pointers to its nodes and an array into
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which the nodes write their outputs. A pointer to this output array is given to each node in the next layer, as that

node’s input array, thus forming the output to input connections indicated by arrows in Figure 9.

To allow for a bias input in the next layer, each instance of Layer allocates one additional element in the output
array to which none of that layer’s nodes writes a value. This element is initialized to a constant value of one. The
nodes in the next layer treat this input like any other input, and the weight assigned to this input determines the
“resting state” of the node (i.e., the value of the activation function when all of the normal inputs to the processing

unit are at or very near zero).

The class QutputLayer is derived from Layer and differs in that it creates instances of class oNode instead of the
base class Node. The output layer class also allocates an additional array of doubles, which are used during training

to hold the target output values.

The class InputLayer, which is derived from Layer, also allocates two arrays of floating point values, one to hold
output values (just like any other layer) and a second array which holds the input values for the network. Because
an instance of InputLayer can contain nodes, it really models both the input and first hidden layers of the network.
The number of Nodes constructed by an instance of InputLayer is independent of the number of elements allocated

in the input array.

Layer objects store pointers to the next and previous layers in the network and can return pointers to the nodes they
contain, given a numeric index. The class InputLayer implements a fire( ) method which calls fire( ) against each
node in the input layer and any layers which follow. The class OutputLayer implements an adjustWeights( ) method
which calls computeDelta( ) against each node in the network (working backwards) and then calls adjustWeights( )

against each node.

Hidden layers after the first can be modeled by inserting instances of class Layer between an InputLayer and an
QutputLayer. In order to allow for a network which contains zero hidden layers, the simulator includes the class
InputOutputLayer, which is derived from both InputLayer and OutputLayer. Inheritance from class Layer is virtual,
so an instance of InputQutputLayer contains a single collection of nodes (one per network output), and represents a

one-layer network.
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Applications which use the author’s neural network simulation framework do not create the Layer objects directly.
Instead, the application creates an instance of class Net. The Net constructor is told the number of inputs to the
network, the number of outputs, the number of layers (one or more), and the number of processing units in each of

the hidden layers. The constructor creates the appropriate instances of the Layer classes and maintains pointers to

the first and last.

The Net object provides pointers to three arrays, which are actually allocated by the input and output layer objects.
These arrays include the inputs to the network, the latest outputs from the network, and the target outputs for the
network. The class includes a flag which indicates whether training is “on” or “off”. The fire( ) method of the Net
calls fire( ) against the InputLayer, and if training is on, it then calls adjustWeights( ) against the QutputLayer. The

application must populate the input array and target output array (if training is on) before calling fire( ).

Using this framework of classes the author of this paper implemented a neural network simulator for solving the
chest x-ray orientation problem. The simulator reads a configuration file which determines the following

characteristics of the experiment:
e the number of layers in the network
e the number of nodes in each hidden layer
e the learning rate parameter
e the momentum factor parameter
e the fraction of labeled exemplars which are used for training
e the number of training iterations to execute
e the frequency at which progress is reported to the user of the simulator

e arandom number seed for the random number stream which is used to assign the initial network

weights

e arandom number seed for the random number stream used to shuffle the samples during training.
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The labeled training samples (which are read from a separate file) are divided into two groups. The first group is
used for training (i.e., adjusting the weights of the network). The second group is used to evaluate the ability of the

network to generalize. The network weights are never adjusted based on these latter samples.

The program reads the feature data for all of the samples into memory. For each of the different features a minimum
and maximum value is determined by looking at the collection of labeled samples which are used during training.
These minimum and maximum values are then used to normalize the feature values (i.e., adjust the values so that

they are always in the range 0.0 to 1.0).

After the feature data has been normalized, the program creates a Net object and begins training it with first group
of samples. The feature values are stored in a two dimensional array, where the first index is a sample number and
the second index identifies a feature for that sample. The samples are shuffled prior to each training iteration by

randomizing an array of values corresponding to the first index of the feature matrix.

After a given number of training iterations (determined by data in the configuration file), the program displays a
snapshot of the current state of the network in the form of two confusion matrices. The first confusion matrix
displays the degree to which the network has successfully classified the training samples. The second matrix
displays the performance of the network against the samples which are not used for training the network. This latter

matrix indicates the degree to which the network is able to generalize.
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Figure 10: Sample Output For One Snapshot Of Neural Network Simulator

Training Pass 50 (2 runs):

0 1 2 3

0 137 0 2 0

1 : 0 138 0 1

2 : 1 0 137 0

3 : 0 0 0 138
Right Answers: 550 ( 99.3 percent )
Wrong Answers: 4 ( 0.7 percent )
Ambiguous: 0 ( 0.0 percent )

Elapsed Time = 29 seconds; CPU Time = 28 seconds

Test Samples (non-training data)

0 1 2 3

0 : 91 0 1 0

1 : 0 90 0 2

2 : 1 0 92 0

3 : 0 1 0 92
Right Answers: 365 ( 98.6 pexcent )
Wrong Answers: 5 ( 1.4 percent )
Ambiguous: 0 ( 0.0 percent )

Time To Run Test Samples 69ms (70ms CPU)

Best So Far Is Pass 42 With 99.1% Correct

A correct answer is one in which the output for the node corresponding to the true class of the sample is greater than
0.5 and the output for the other nodes in the output layer are all less than 0.5. If two or more output nodes return a
value of 0.5 or greater, the result is labeled ambiguous. The code which implements the confusion matrix in this
program does not collect data on the number of ambiguous responses by output class. Target outputs during

training are set to 1.0 for the correct answer and 0.0 for the incorrect answers.

During the run, the neural network simulator created for the chest x-ray orientation problem collects CPU and
elapsed time statistics for the period during which the network is being trained. The cumulative values for these
statistics are reported during each snapshot (near the center of the sample output in Figure 10) and are used when

comparing the cost of using the different pattern classification techniques presented in this paper.

41



2.3. Probabilistic Neural Network (PNN)

The two classification techniques described thus far used iterative approaches to improving the accuracy of the
classifier. Specht describes a different kind of neural network classifier, the probabilistic neural network (PNN),
which in theory, does not rely on iterative training, because the training data is actually stored in the network as the
network is constructed (Specht, 1988:525). Chettri and Cromp, show how an iterative technique of refinement can
be employed to reduce the number of exemplars which need to be stored in the network, reducing the time required

to evaluate the network for unknown samples (Chettri, 1993:187).

2.3.1. The Decision Rule

The PNN algorithm relies on the maximum a posteriori decision rule. Given Mclasses, let £ (X| S,) be the
probability density function associated with the measurement vector [i.e., sample] X, given that X is from class k.
Further, let P (S,) be the a priori probability that a random sample will belong to class S,. We then have the

following decision rule (Chettri, 1993:189):

Equation 6: Maximum A Posteriori Decision Rule (assigns X to class Sy if and only if...)
5,(X) 2 §,(X) forallje{0,1,..., M-1} (Equation 6.1)

where

6 (X) F XIS )P(S,) (Equation 6.2)

Equation 6.2 defines what is known as the discriminant function for class k. The description of this discriminant
function by Specht includes a factor which can be used to weight the values of the J; relative to the differences in
cost of the possible types of misclassification errors (e.g., assigning a sample to class S; when it is really of class S;)
(Specht, 1988:526). Although it is often the case that the a priori probability P (S,) will be known for each class, it

is unusual to know the probability density function f (X| S;), which is also a factor in the discriminant.

A pattern classification technique which is similar to the PNN technique is the Gaussian Maximum Likelihood
Classifier (GMLC) (Schalkoff, 1992:61). The GMLC assumes that the probability density function (pdf) is a

normal multivariate pdf, given by
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Equation 7: PDF For Gaussian Maximum Likelihood Classifier

1
eXP[—E X-p)" = (X- ﬂ)J

‘1/2

SX[S,) = (Equation 7.1)

(27z_)d/2 ‘ 3

where X and  are each dx1 vectors and xand £ are the population mean and (dxd) covariance matrix
for class k.

The PNN described by Specht uses an estimate for the pdf which does not rely on the values for the population
mean and covariance matrix (Specht, 1988:526). This results in a significant reduction in the time required to

construct the classifier, but can make the evaluation of the classifier less computationally efficient than the GMLC.

Equation 8: PDF For Probabilistic Neural Network Classifier

— ; i < (X_W;ci)T(X_W;ci)
SX|S,) = (27z_)d/2 o P, Zex |:_ 252

i=1

:I (Equation 8.1)

where  d is the number of features associated with a sample
P, is the number of exemplars of class k stored in the network
Wy is the 1% exemplar of class k
and o is a tunable “smoothing” parameter

Specht describe a feedforward neural network architecture in which each processing unit is responsible for
computing part of the discriminant function defined by Equation 6.2 and Equation 8.1 for one of the classes to
which a sample might be assigned (Specht, 1988:527). Although it may make sense to implement such a network in

hardware, there is no apparent reason for a software implementation to distribute the computation of a single

discriminant across multiple objects.

If the a priori probability of each class is the same and the number of stored exemplars is the same for each class,

then the discriminant function for class k can be simplified to the following:

Equation 9: Simplified Discriminant Function For Restricted Set Of PNN's

(Equation 9.1)

2

(X_W;ci)T(X_W;ci)
20
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Equation 9 is really a measure of the distance between the sample being classified and the various exemplars stored
in the network. If an exemplar is close to the sample, then the numerator in Equation 9 is small and corresponding
component of the sum is large. As the distance between the sample and exemplar increases, the component of the

sum decreases. Thus the class for which the discriminant function is largest is exactly the class whose exemplars

are closest to the sample.

Even in this simplified version of the PNN discriminant function, the cost of computing the discriminant increases
linearly as the number of exemplars stored in the network increases. Thus the goal in constructing a PNN is to

select smallest set of exemplars from each class which are sufficient to distinguish samples of that class.

2.3.2. Learning Vector Quantization (LVQ)

To construct PNN’s in which only a small number of exemplars are stored in the network, Chettri and Cromp used
the learning vector quantization (LVQ) technique to iteratively refine a small set of exemplars, selected randomly
from a much larger set of training data (Chettri, 1993:193). This technique does not directly affect the number of
exemplars stored in the network. Instead, LVQ modifies an existing set of exemplars to improve their classification
ability. As aresult, a small number of exemplars refined by LVQ can be used in place of a larger number of

unrefined exemplars.

The LVQ technique requires a number of passes through the full set of training data, during which each training
sample is used to adjust the value of one exemplar stored in the network. Each pass through the training data

proceeds as follows:
1. Randomly shuffle the training data.
2. For atraining sample X, locate the stored exemplar w,; which is closest to X

3. If Xis of class Sy, adjust W, so that it moves closer to X. Otherwise, adjust W, ; so that it moves

further from X.
4. Repeat steps 2 and 3 for the next training sample, until there are no more samples.

The measure of closeness is simply the distance between the two vectors X and W,;. The amount by which w,; is

adjusted is given by:
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Equation 10: Adjustment To Closest Exemplar During LVQ Training

+a(t) [x-w,] ifXes,

AW, = —a(t) [x-w,| ifXes,

(Equation 10.1)

where a (t) is the “learning rate”, which is a positive, monotonically decreasing function of the
training iteration number (i.e., the number of passes through the training data).

2.3.3. Characteristics Of A PNN With LVQ
When coupled with LVQ, the PNN for a particular sample space is determined by a relatively small number of

tunable parameters:

Table 4: Tunable Parameters For PNN Experiments

Number Of Exemplars Stored Per Class
Smoothing Parameter ( ¢ )

LVQ Learning Rate Function ( & (t) )
Number Of Training Iterations During LVQ

Chettri and Cromp suggest that the number of training iterations is typically between 500 and 10,000. They further
suggest that a good value for @ (t) is 1/t. In their experiments, conducted with this learning rate, they observed

little improvement after 500 training iterations (Chettri, 1993:193).

Specht claims that it is not difficult to find a reasonable value for the smoothing parameter, o, which appears in
Equation 8.1 and Equation 9.1, and that small changes to this parameter do not significantly affect the success of the
classifier. In addition, as the value of this parameter approaches zero, the PNN approxunates a “nearest neighbor”
classifier, m which a sample is assigned to the class from which was drawn that exemplar which is closest to the
sample. (Specht, 1990:113). Chettri and Cromp refer to work by Koontz and Fukunaga (Koontz, 1972) in which
the value of o was computed from the traming data. As Chettri and Cromp point out, the calculation requires

computing the covariance matrix, which the PNN technique was designed to avoid (Chettri 1993:191).
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2.3.4. Implementing The PNN Simulator
In the PNN simulator designed by the author of this paper, each of the parameters in Table 4 is configurable,

including the learning rate function, for which the program allows a certain degree of flexibility (described below).

Like the author’s feedforward neural network simulator, the behavior of the PNN simulator is controlled by data

stored in two configuration files. The first file contains the values of parameters which are specific to the PNN and

LVQ algorithms, including:

e the number of exemplars per class which will be stored in the network

e the number of training iterations

e the percent of all labeled sample data which is actually used for LVQ

e the value of the smoothing parameter, ¢

e aconstant, Ir, which is used in the second of two learning rate functions

e aflag which indicates which of the two forms of learning rate functions to use

¢ random number seeds for selecting initial exemplars and for shuffling training samples
The two forms of learning rate functions supported by the simulator are as follows:

Equation 11: Learning Rate Functions Supported By The PNN Simulator

a(t) =1/t (Equation 11.1)

a(t)

(1+Ir)/(1+1) (Equation 11.2)

where Ir is a constant, tunable learning rate parameter.

The first of these equations is identical to that used by Chettri and Cromp. During the first training pass, the value of
this function is 1.0 and simulator is simply swapping the exemplars for other training samples. The author of this
paper decided to effectively start training at iteration number two, and so the denominator of Equation 11.2 is
simply (1 + t). The learning rate parameter, /r, provides some control over the how quickly the learning rate

function approaches zero.
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The second configuration file used by the PNN simulator contains the labeled training data in the same format used
by the other programs described in this paper. As with the other programs implemented by the author, these
samples are divided into two groups: samples used for training of the classifier and samples used to test the ability

of the classifier to generalize. The relative sizes of these two groups is determined by a parameter in the first

configuration file.

In order to prevent floating point underflows during the calculation of the discriminant function, the PNN simulator
normalizes each component of the training sample vectors. When the sample data is read from the second
configuration file, the program keeps track of the minimum and maximum observed value for each of the different
features amongst those samples which are used during training. These minimum and maximum values are then

used to map each feature value into the range zero to one.

Once the data is normalized, the correct number of exemplars for each class are randomly selected from amongst
the samples which are available for training. Training then proceeds as described earlier, using one of the two
forms of learning rate function. The program periodically monitors the progress of the training by evaluating a
PNN based on the current set of exemplars against all of the available samples. After each of these points of

evaluation, the program displays a summary of the current performance in terms of a pair of confusion matrices:
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Figure 11: Sample Output For One Snapshot Of PNN Simulator

Snapshot 3 (after 5 training iterations)

Training Data Results:

0 1 2 3
0 : 134 2 1 4
1 : 0 137 2 1
2 2 0 136 2
3 : 1 1 1 137
Right Answers: 544 ( 97.0 percent )
Wrong Answers: 17 ( 3.0 percent )
Test Data Results:
0 1 2 3
0 : 83 8 1 1
1 1 82 10 1
2 : 2 0 83 9
3 : 7 1 1 85
Right Answers: 333 ( 88.8 percent )
Wrong Answers: 42 ( 11.2 percent )

Cum. Training Time: 5972 msecs (2290 cpu msecs)
Cum. Evaluation Time: 6071 msecs (2380 cpu msecs)

Best Snapshot So Far Is #2 (93.8 percent correct )

After the configured number of training iterations are performed, the PNN is evaluated one last time against the
training and test data and a final pair of confusion matrices is printed. Each snapshot includes cumulative elapsed
and CPU time statistics for training and evaluation of the PNN. At the end of the run, the current set of exemplars
are written to a file. In addition, the set of exemplars which corresponded to the best snapshot are also written to the

file.

2.4. Linear Pattern Classifier

Of the four pattern classification techniques described in this paper, the linear pattern classifier is by far the most
computationally efficient classifier to construct. Like the probabilistic neural network, the training exemplars are
stored in the classifier at construction time. Unlike the other three techniques however, no additional training of the

classifier is performed.
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2.4.1. Decision Boundaries

Where the sample space is represented by d-dimensional feature vectors, the linear classifier works by defining a
number of d-dimensional hyper-planes, each of which divides the sample space into two halves. One hyper-plane is

defined for each unique pairing of possible classes to which a sample might be assigned.

The hyper-plane associated with classes S; and S, is a boundary for deciding to which of the two classes an
unknown sample X is more likely to belong. All samples which lie on one side of the hyper-plane are considered

more likely to be of class S;, while the samples on the other side are considered more likely to be of class S,.

Figure 12: 2D Example Of Hyper-Plane Decision Boundary (Classes S; and S,)

sample space y more likely Si

* more likely S;

hyper-plane

As Figure 12 illustrates, a particular hyper-plane provides no information about classes other than the two for which
it serves as a decision boundary. By itself, the hyper-plane in the figure is insufficient to make a decision about the

exact class of an unknown sample.

However, the collection of all hyper-planes defined by the linear classifier divides the sample space into a number
of regions. In some regions, one class will be more likely than all of the others. A sample which is found to lie in
such a region is assigned to this most likely class. In Figure 13, the three hyper-planes divide the sample space into
six regions. The two uppermost regions form a larger region (bounded by the solid portions of the hyper-planes), in

which samples are more likely to be of class S; than either class S, or S;. Any sample found to lie in this region
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would be assigned to class S;. Even though some samples in this region are more likely of class S, than S; (and

vice versa), S; is more likely than either of these two classes, and the entire region is assigned to S;.

Figure 13: Sample Space Divided Into Regions By Three Hyper-Planes

sample space »

It is possible that the collection of hyper-planes will result in regions where ambiguities exist as to which class is
more likely than the others. In some cases, it may not even be possible to separate the different classes with hyper-

plane boundaries, as in the example shown in Figure 14.

Despite the fact that the two classes in Figure 14 cannot be exactly separated by a hyper-plane decision boundary, a
classifier based on the hyper-plane shown would still do a reasonable job classifying the majority of samples of

either class.
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Figure 14: Classes Which Cannot Be Separated By A Hyper-Plane Boundary

sample space

decision boundary?

2.4.2. The Linear Classifier

The creation of the pair-wise class decision boundaries and their use in classifying samples is implicit in the linear

classifier algorithm. The linear classifier isa (d+1)x M matrix, #, where d is the number of features in a sample

and M is the number of classes.

To classify an unknown sample X, one converts the d-dimensional vector, X, to a (d+1)-dimensional vector, X”, by
appending a value of 1.0 to the end of the vector (this converts the vector to its standard “homogeneous”
representation, and is necessary in order to allow decision boundaries which do not pass through the origin of the
sample space). The vector X/ is post-multiplied by #, resulting ina 1 x M result vector, R The result vector

contains a response value for each class. The sample X is assigned to the class which exhibits the greatest response.

Given n labeled traning exemplars, { Xz, Xz, ..., Xn }, the linear classifier matrix, W, is constructed by solving

Equation 12.1 (really a system of linear equations) (Schalkoff, 1992:99):
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Equation 12: Linear Classifier Equation

AW = B (Equation 12.1)
where
X, 1 x| X} x! 1
X2 l xl x2 cen xd l
2
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The matrix A contains all of the training samples, converted to homogeneous coordinates. Each row of the matrix B
is the target response vector for the training sample in the corresponding row of A. A row in B contains -1 in each
column which corresponds to a class other than the true class of the sample. The column of B which corresponds to
the true class of the training sample contains +1. The choice of values, +1 and -1, is not critical, provided that the

value for the correct class is larger.

Equation 12.1 can be solved for W by pre-multiplying both sides 